ȷURNAL F�ZIQNIH DOSL�DȷEN^ t. 1, ˝ 2 (1997) s. 156–168

JOURNAL OF PHYSICAL STUDIES v. 1, No 2 (1997) p. 156–168

NOV� REZUL^TATI DL˚ FUNKC�` ROZPOD�LU KVANTOVIH SISTEM BAGAT^OH QASTINOK

¨. O. Vakarquk L~v˛vs~kiȷ derıavniȷ un˛versitet ˛men˛ ¨vana Franka, kafedra teoretiqnoÝ f˛ziki UkraÝna, 290005, L~v˛v, vul. Dragomanova, 12 (Otrimano 30 grudnffl 1996)

Zaproponovano metod rozrahunku matric~ gustini sistemi totoınih qastinok, fflkiȷ İruntu‚t~sffl na qastkovomu p˛dsumovuvann˛ rffld˛v, wo vinikat~ pri rozklad˛ povnoÝ NqastinkovoÝ matric˛ gustini ˛deal~nogo kvantovogo gazu za matricfflmi gustini niıqogo N −s porffldku. Znaȷdeno u fflvnomu viglffld˛ virazi dlffl odno- ˛ dvoqastinkovoÝ matric~ gustini bagatobozonnoÝ sistemi, fflk˛ pri niz~kih temperaturah perehodfflt~ u v˛dom˛ virazi z teor˛Ý osnovnogo stanu boze–r˛dini. k ˛ dlffl ˛deal~nogo gazu, vinika‚ toqka neanal˛tiqnost˛ cih veliqin, fflka pov’fflzana z kondensac˛‚ Boze–Aȷnxtaȷna. Otriman˛ rezul~tati legko uzagal~nt~sffl na vipadok bagatoferm˛onnih sistem, wo dast~ zmogu dosl˛dıuvati ne lixe vlastivost˛ nadplinnogo^4He, a ȷ takih sistem, fflk elektronniȷ gaz ta r˛dkiȷ^3He.

Klqov˛ slova: matricffl gustini, r˛dkiȷ gel˛ȷ, λ-pereh˛d, boze–kondensat.

PACS number(s): 05.30.-d; 67.40.-w; 67.55.-s

I. VSTUP

Meta naxih dosl˛dıen~ — rozrahunok s-qastin-kovih matric~ gustini (s = 1, 2, . . .) sistemi N vza‚mod˛qih qastinok na osnov˛ otrimanogo avtorom ran˛xe [1] novogo virazu dlffl statistiqnogo operatora v koordinatnomu zobraıenn˛. C˛ veliqini nesut~ vaılivu ˛nformac˛ pro vlastivost˛ bagatoqastinkovih sistem. Fur’‚–zobraıennffl odnoqastinkovoÝ matric˛ gustini fflvlffl‚ sobo funkc˛ rozpod˛lu qastinok za ˛mpul~sami, fflka, zokrema, dozvolffl‚ dosl˛dıuvati take c˛kave fflviwe, fflk kondensac˛ Boze–Aȷnxtaȷna v bagatobozonn˛ȷ sistem˛. D˛fflgonal~n˛ elementi dvoqastinkovoÝ matric˛ gustini ‚ parno funkc˛‚ rozpod˛lu, fflka viznaqa‚ prostorove roztaxuvannffl dvoh qastinok ˛ eksperimental~no dobre viznaqa‚t~sffl u difrakc˛ȷnih dosl˛dah. Za dopomogo cih funkc˛ȷ moına takoı rozrahuvati termodinam˛qn˛ veliqini sistemi bagat~oh t˛l. L˛teratura z teor˛Ý funkc˛ȷ rozpod˛lu ta matric~ gustini v problem˛ bagat~oh t˛l ‚ nadzviqaȷno qislenno ˛ mi v˛dsila‚mo qitaqa do v˛dpov˛dnih dıerel ıurnal~- nogo ta monograf˛qnogo harakteru, poqinaqi z fundamental~nih prac~ M. M. Bogolbova [2–4].

Poqnemo z togo, wo navedemo tut z [1] rezul~tat dlffl povnoÝ matric˛ gustini sistemi N bezsp˛novih qastinok masi m, roztaxovanih v ob’‚m˛ V z koordinatami r_1, ..., r_N :

R_N (r_1, ..., r_N |r^′_1, ..., r^′_N ) = R^o_N (r_1, ..., r_N |r^′_1, ..., r^′_N )

×P_N (r_1, ..., r_N|r^′_1, ..., r^′_N ), (1.1)

tut perxiȷ mnoınik — matricffl gustini ˛deal~nogo gazu qastinok z perenormovano vnasl˛dok m˛ıqastinkov˛Ý vza‚mod˛Ý maso,

R^o_N (r_1, ..., r_N|r^′_1, ..., r^′_N ) = 1 N! ( m^∗ 2πβh̄^2 )_{3N/2}

× ∑ Q (±)^Qe^{− m} ∗ 2βh̄2 ∑_N j=1 (r_j −r^′_{Qj} )^2 . (1.2)

P˛dsumovuvannffl za Q v c~omu viraz˛ v˛dbuva‚t~sffl po us˛h r˛znih perestanovkah ˛ndeks˛v xtrihovanih koordinat qastinok, priqomu verhn˛ȷ znak “+” v˛dpov˛da‚ statistic˛ Boze–Aȷnxtaȷna, a niın˛ȷ “−” — statistic˛ Ferm˛–D˛raka. P˛dsumovuvannffl za hvil~ovimi vektorami q v termodinam˛qn˛ȷ granic˛ (N → ∞, V → ∞, N/V = const), fflk v˛domo, perehodit~ v ˛nteİruvannffl za pravilom ∑ q → V ∫ dq/(2π)^3. Parametr β = 1/T , de T — temperatura sistemi. Perenormovana masa m^∗ u granic˛ niz~kih temperatur viznaqa‚t~sffl z r˛vnfflnnffl m m^∗ = 1 − 1 3N ∑ q≠0

(α_q − 1)^2 α_q (α_q + 1)

, (1.3)

de

α_q = √ 1 + 2N V ν_q / h̄^2q^2 2m ,

ν_q = ∫ e^{−iqR}Φ(R)dR — koef˛c˛‚nt Fur’‚ energ˛Ý vza‚mod˛Ý pari qastinok Φ(R).

Drugiȷ mnoınik u viraz˛ (1.1) v˛dpov˛dal~niȷ za vza‚mod˛ m˛ı qastinkami. V˛n zaboronffl‚ perekrivannffl qastinok, wo ‚ nasl˛dkom Ýhn~ogo sil~nogo v˛dxtovhuvannffl na malih v˛dstanfflh. U granic˛ visokih temperatur ceȷ mnoınik dor˛vn‚ klasiqnomu bol~cman˛vs~komu faktoru, a v granic˛ niz~kih temperatur

P_N (r_1, ..., r_N|r^′_1, ..., r^′_N ) (1.4)

= exp a_0 + 1 2 ∑ q≠0

a_2(q)(ρ_qρ_{−q} + ρ^′_qρ^′_{−q}) ,

de funkc˛ffl

a_2(q) = − 1 2 (α_q − 1), (1.5)

ρ_q = 1 √ N N∑ j=1 e^{−iqrj} , (1.6)

ρ^′_q = 1 √ N N∑ j=1 e^{−iqr′j} .

Veliqina a_0 = −βE_0, de energ˛ffl E_0 dor˛vn‚ energ˛Ý osnovnogo stanu sistemi boze–qastinok u nabliıenn˛ Bogolbova [3, 4],

E_0 = N(N − 1) 2V ν_0 − 1 4 ∑ q≠0

h̄^2q^2 2m (α_q − 1)^2. (1.7)

Zauvaıimo, wo mi naveli tut viraz (1.4) dlffl veliqini P_N u tak zvanomu nabliıenn˛ haotiqnih faz. V c~omu nabliıenn˛ vona ne zaleıit~ v˛d statistiki. V nastupnomu nabliıenn˛, fflke vrahovu‚ triqastinkov˛ ˛ viw˛ korelfflc˛Ý, faktor P_N zaleıit~ ˛ v˛d statistiki qastinok, ˛ v˛d vza‚mod˛Ý m˛ı nimi. B˛l~x detal~na ˛nformac˛ffl, v tomu qisl˛ ȷ temperaturna zaleın˛st~ veliqin m^∗, a_0, a_2(q), navedena v [1].

II. ROZKLADI DL VIZNAQNIK¨V

Matric gustini ˛deal~nogo gazu (1.2) moına zapisati u takomu viglffld˛:

R^o_N (r_1, ..., r_N |r^′_1, ..., r^′_N ) (2.1)

= 1 N! Δ_N (1, 2, ..., N|1^′ , 2^′ , ..., N^′ ), de veliqina

Δ_N (1, 2, ..., N|1^′ , 2^′ , ..., N^′ ) (2.2)

= | | | | | | | |

K_{11}′ K_{12}′ K_{13}′ . . . K_{1N} ′ K_{21}′ K_{22}′ K_{23}′ . . . K_{2N} ′ K_{31}′ K_{32}′ K_{33}′ . . . K_{3N} ′ . . . . . . . . . . . . . . . K_{N1}′ K_{N2}′ K_{N3}′ . . . K_{NN} ′

| | | | | | | |_± ,

K_{ij}′ = ( m^∗ 2πβh̄^2 )_{3/2} e^{− m} ∗ 2βh̄2 (ri−r ′ j )^2 (2.3)

u vipadku bagatoferm˛onnoÝ sistemi ‚ zviqaȷnim viznaqnikom N-go porffldku. Dlffl vipadku bagatobozonnoÝ sistemi cffl veliqina p˛d nazvo permanent takoı rozkriva‚t~sffl za pravilom dlffl viznaqnik˛v, odnak us˛ dodanki berut~sffl z˛ znakom “pls”. C˛ dva vipadki poznaqen˛ u (2.2) znaqkom “±”. U zv’fflzku z cim budemo vıivati dlffl oboh vipadk˛v nazvu “viznaqnik”. Nadal˛ dlffl viznaqenost˛ mi budemo rozglffldati sistemu boze–qastinok. Ostatoqn˛ rezul~tati legko uzagal~nt~sffl ˛ na bagatoferm˛onn˛ sistemi, wo ȷ bude zrobleno.

Z meto zruqnost˛ ta sprowennffl zapis˛v mi vvedemo tut skoroqene poznaqennffl dlffl koordinat qasti- nok

(r_1, r_2, ..., r_N) → (1, 2, ..., N)

(r^′_1, r^′_2, ..., r^′_N ) → (1^′ , 2^′ , ..., N^′ ),

fflkimi nadal˛ budemo koristuvatis~ odnakovo m˛ro z poperedn˛mi, spec˛al~no ne roblfflqi wodo c~ogo zastereıen~.

Sprobu‚mo teper zobraziti viznaqnik N-go porffldku u viglffld˛ rozkladu za viznaqnikami woraz menxogo porffldku, aı do viznaqnika nul~ovogo porffldku Δ_{N=0} = 1. Budemo rozglffldati qastkov˛ vipadki. Spoqatku v˛z~memo viznaqnik (2.2), d˛fflgonal~- niȷ po us˛h ˛ndeksah, ˛ zapixemo ȷogo u viglffld˛

Δ_N (1, 2, ..., N|1, 2, ..., N) = K_{11}Δ^{(1)}_{N−1} + ∑ 1<i≤N K_{1i}K_{i1}Δ^{(1,i)}_{N−2} + ∑ 1<i<j≤N (K_{1i}K_{ij} K_{j1}

+K_{1j} K_{ji}K_{i1})Δ^{(1,i,j)}_{N−3} + ∑ 1<i<j<l≤N (K_{1i}K_{ij} K_{jl}K_{l1} + K_{1i}K_{il}K_{lj} K_{j1} + K_{1j} K_{ji}K_{il}K_{l1}

+K_{1j} K_{jl}K_{li}K_{i1} + K_{1l}K_{lj} K_{ji}K_{i1} + K_{1l}K_{li}K_{ij} K_{j1})Δ^{(1,i,j,l)}_{N−4} + . . . . (2.4)

Mi vveli skoroqen˛ poznaqennffl: Δ^{(1)}_{N−1} — viznaqnik N − 1 porffldku bez ˛ndeksu 1 ˛ d˛fflgonal~niȷ po us˛h rexta ˛ndeksah Δ^{(1)}_{N−1} = Δ_{N−1}(2, 3, ..., N|2, 3, ..., N); Δ^{(1,i)}_{N−2} — viznaqnik N −2 porffldku bez ˛ndeks˛v 1 ta i ˛ d˛fflgonal~niȷ po us˛h rexta ˛ndeksah ˛ t.d. Ceȷ rozklad moına otrimati, rozpisuqi na perxomu kroc˛ vih˛dniȷ viznaqnik po perxomu stovpqiku. Na drugomu kroc˛ otriman˛ viznaqniki N − 1 porffldku znovu rozpisu‚mo takim qinom, wob u nih ne bulo veliqin K_{ij} z ˛ndeksom 1. Posl˛dovno d˛qi takim qinom, mi otrima‚mo viraz (2.4).

Rozglfflnemo teper viznaqnik (2.2) d˛fflgonal~niȷ po us˛h ˛ndeksah, okr˛m perxogo. D˛qi takim samim sposobom, wo ȷ u poperedn~omu vipadku, znaȷdemo

Δ_N (1, 2, ..., N|1^′ , 2, 3, ..., N) = K_{11}′ Δ^{(1)}_{N−1} + ∑ 1<i≤N K_{1i}K_{i1}′ Δ^{(1,i)}_{N−2} + ∑ 1<i<j≤N (K_{1i}K_{ij} K_{j1}′

+K_{1j} K_{ji}K_{i1}′ )Δ^{(1,i,j)}_{N−3} + ∑ 1<i<j<l≤N (K_{1i}K_{ij} K_{jl}K_{l1}′ + K_{1i}K_{il}K_{lj} K_{j1}′ + K_{1j} K_{ji}K_{il}K_{l1}′

+K_{1j} K_{jl}K_{li}K_{i1}′ + K_{1l}K_{lj} K_{ji}K_{i1}′ + K_{1l}K_{li}K_{ij} K_{j1}′ )Δ^{(1,i,j,l)}_{N−4} + . . . . (2.5) Vipixemo takoı rozklad dlffl vipadku viznaqnika z dvoma perximi ned˛fflgonal~nimi ˛ndeksami Δ_N (1, 2, 3, ..., N|1^′ , 2^′ , 3, ..., N) = K_{11}′ Δ_{N−1}(2, 3, ..., N|2^′ , 3, ..., N) +K_{22}′ [ Δ_{N−1}(1, 3, ..., N|1^′ , 3, ..., N) − K_{11}′ Δ^{(1,2)}_{N−2} ]

+K_{12}′ Δ_{N−1}(2, 3, ..., N|1^′ , 3, ..., N) + K_{21}′ [ Δ_{N−1}(1, 3, ..., N|2^′ , 3, ..., N) − K_{12}′ Δ^{(1,2)}_{N−2} ]

+Δ^∗(1, 2, 3, ..., N|1^′ , 2^′ , 3, ..., N) + Δ^∗(1, 2, 3, ..., N|2^′ , 1^′ , 3, ..., N), (2.6) de viznaqniki N − 1 porffldku zadat~sffl rozkladami (2.5), a veliqina Δ^∗(1, 2, 3, ..., N|1^′ , 2^′ , 3, ..., N) = ∑ 3≤i ∑ <j≤N (K_{1i}K_{i1}′ K_{2j} K_{j2}′ + K_{1j} K_{j1}′ K_{2i}K_{i2}′ )Δ^{(1,2,i,j)}_{N−4}

+ ∑ 3≤i<j<l≤N [ (K_{1i}K_{il}K_{l1}′ K_{2j} K_{j2}′ + K_{1l}K_{li}K_{i1}′ K_{2j} K_{j2}′ + K_{1i}K_{ij} K_{j1}′ K_{2l}K_{l2}′

+K_{1l}K_{lj} K_{j1}′ K_{2i}K_{i2}′ + K_{1j} K_{ji}K_{i1}′ K_{2l}K_{l2}′ + K_{1j} K_{jl}K_{l1}′ K_{2i}K_{i2}′ ) (2.7)

+(K_{1i}K_{i1}′ K_{2j} K_{jl}K_{l2}′ + K_{1i}K_{i1}′ K_{2l}K_{li}K_{i2}′ + K_{1j} K_{j1}′ K_{2i}K_{il}K_{l2}′ + K_{1j} K_{j1}′ K_{2j} K_{ji}K_{i2}′ ) ] Δ^{(1,2,i,j,l)} N−5 + . . . Mi ne budemo navoditi rozkladi dlffl nastupnih qastkovih vipadk˛v, zvaıaqi na Ýhn grom˛zdk˛st~. Tim b˛l~xe, wo rozglfflnutih niıqe rozklad˛v, fflk mi pobaqimo dal˛, dostatn~o dlffl uzagal~nennffl ostatoqnih rezul~tat˛v na dov˛l~niȷ vipadok.

III. ROZKLADI DL MATRIC^ GUSTINI

Za oznaqennfflm [3] odnoqastinkova matricffl

F_1(r_1|r^′_1) = V Z_N ∫ dr_2 . . . ∫ dr_N R_N (r_1, r_2, ..., r_N |r^′_1, r_2, ..., r_N ), (3.1)

de statistiqna suma

Z_N = ∫ dr_1 . . . ∫ dr_N R_N (r_1, ..., r_N |r_1, ..., r_N ). (3.2)

Z urahuvannfflm (1.1), (2.1) ta (2.5) otrima‚mo rozklad dlffl odnoqastinkovoÝ matric˛ gustini:

F_1(r_1|r^′_1) = V Z_N ∫ dr_2 . . . ∫ dr_N P_N (r_1, r_2, ..., r_N |r^′_1, r_2, ..., r_N ) 1 N! Δ_N (1, 2, ..., N|1^′ , 2, ..., N)

= N N! { K_{11}′ P^{(N−1)}

1 (1|1^′ )(N − 1)! + (N − 1)(N − 2)! ∫ K_{12}K_{21}′ P^{(N−2)}_2 (1, 2|1^′ , 2)dr_2

+ (N − 1)(N − 2) 2! 2(N − 3)! ∫ dr_2 ∫ dr_3K_{12}K_{23}K_{31}′ P^{(N−3)}_3 (1, 2, 3|1^′ , 2, 3) (3.3)

+ (N − 1)(N − 2)(N − 3) 3! 2 · 3(N − 4)! ∫ dr_2 ∫ dr_3 ∫ dr_4K_{12}K_{23}K_{34}K_{41}′ P^{(N−4)}_4 (1, 2, 3, 4|1^′ , 2, 3, 4) + . . . } , de P^{(N−s)} s (1, 2, ..., s|1^′ , 2, ..., s) = 1 Z_N ∫ ... ∫ Δ_{N−s}(s + 1, ..., N|s + 1, ..., N) (N − s)! ×P_N (1, 2, ..., N|1^′ , 2, ..., N)dr_{s+1}...dr_N . (3.4)

Vvedemo operator K̂ takiȷ, wo

(K̂)_{11}′ = K_{11}′ ,

(K̂^2)_{11}′ = ∫ K_{12}K_{21}′ dr_2, (3.5)

(K̂^3)_{11}′ = ∫ dr_2 ∫ dr_3K_{12}K_{23}K_{31}′ , . . . . . . . . . . . . . . . . . . . . . . . . . .

Vvedemo takoı operac˛ userednennffl:

(K̂)_{11}′ = K_{11}′ P^{(N−1)}_1 (1|1^′ ),

(K̂^2)_{11}′ = ∫ dr_2K_{12}K_{21}′ P^{(N−2)}_2 (1, 2|1^′ , 2) (3.6)

(K̂^3)_{11}′ = ∫ dr_2 ∫ dr_3K_{12}K_{23}K_{31}′ P^{(N−3)}_3 (1, 2, 3|1^′ , 2, 3), . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

U rezul~tat˛ rffld (3.3) zgorta‚t~sffl, ˛ v simvol˛qn˛ȷ form˛ otrimu‚mo ostatoqniȷ viraz dlffl odnoqastinkovoÝ matric˛ gustini

F_1(r_1|r^′_1) = V N ( K̂ 1 − K̂ ) 11^′

. (3.7)

Mi povernemos~ p˛zn˛xe do rozrahunku funkc˛ȷ P^{(N−s)} s (1, 2, ..., s|1^′ , 2^′ , ..., s^′ ), a zaraz zaȷmemos~ dvoqastinkovo matrice gustini

F_2(r_1, r_2|r^′_1, r^′_2) = V Z_N ∫ dr_3... ∫ dr_N ×R_N (r_1, r_2, r_3, ..., r_N|r^′_1, r^′_2, r_3, ..., r_N). (3.8)

P˛dstavimo v ce oznaqennffl virazi (1.1), (2.1) ta rozkladi (2.6), (2.7). Budemo po qerz˛ dosl˛dıuvati dodanki, fflk˛ vinikat~ pri c~omu. Rozglfflnemo perxiȷ dodanok, wo v˛dpov˛da‚ perxomu qlenu z rozkladu (2.6). Vikoristovuqi rozkladi (2.5), (2.6), dlffl perxogo dodanku v (3.8) ma‚mo

V^2 N!Z_N K_{11}′ ∫ dr_3... ∫ dr_N Δ_{N−1}(2, 3, ..., N|2^′ , 3, ..., N)P_N (1, 2, 3, ...N|1^′ , 2^′ , 3...N)

= V^2 N! K_{11}′ { (N − 2)!K_{22}′ P^{(N−2)}_2 (1, 2|1^′ , 2^′ ) + (N − 2)(N − 3)! ∫ dr_3K_{23}K_{32}′ P^{(N−3)}_3 (1, 2, 3|1^′ , 2^′ , 3)

+(N − 2)(N − 3)(N − 4)! ∫ dr_3 ∫ dr_4K_{23}K_{34}K_{42}′ P^{(N−4)}_4 (1, 2, 3, 4|1^′ , 2^′ , 3, 4) + ... } (3.9)

= V^2 N(N − 1) { K_{11}′ K_{22}′ + K_{11}′ (K̂^2)_{22}′ + K_{11}′ (K̂^3)_{22}′ + ... } = V^2 N(N − 1) × K_{11}′ ( K̂ 1 − K̂ ) 22^′ .

Tak samo znahodimo virazi ˛ dlffl rexti dodank˛v:

F_2(r_1r_2|r^′_1r^′_2) =

V^2 N(N − 1) K_{11}′ ( K̂ 1 − K̂ ) 22^′

+ K_{22}′ ( K̂ 1 − K̂ ) 11^′

(3.10)

+ K_{12}′ ( K̂ 1 − K̂ ) 21^′

+ K_{21}′ ( K̂ 1 − K̂ ) 12^′

− K_{11}′ K_{22}′ − K_{21}′ K_{12}′ + ( K̂ 1 − K̂ − K̂ ) 11^′ ( K̂ 1 − K̂ − K̂ ) 22^′ + ( K̂ 1 − K̂ − K̂ ) 12^′ ( K̂ 1 − K̂ − K̂ ) 21^′ } .

Otıe,

F_2(r_1r_2|r^′_1r^′_2) =

V^2 N(N − 1) ( K̂ 1 − K̂ ) 11^′ ( K̂ 1 − K̂ ) 22^′ + ( K̂ 1 − K̂ ) 12^′ ( K̂ 1 − K̂ ) 21^′

(3.11)

Ceȷ viraz moına zobraziti u viglffld˛ viznaqnika:

F_2(r_1r_2|r^′_1r^′_2) =

V^2 N(N − 1)

| | | | | |

(_K 1−K ) 11^′ (_K 1−K ) 12^′ (_K 1−K ) 21^′ (_K 1−K ) 22^′

| | | | | | . (3.12)

Proste v˛dsteıuvannffl znak˛v u rozkladah viznaqnik˛v u rozd˛l˛ II da‚ zmogu uzagal~niti ceȷ rezul~tat ˛ na antisimetriqnu statistiku:

F_2(r_1r_2|r^′_1r^′_2) =

V^2 N(N − 1)

| | | | | |

(_{K̂} 1∓K̂ ) 11^′ (_{K̂} 1∓K̂ ) 12^′ (_{K̂} 1∓K̂ ) 21^′ (_{K̂} 1∓K̂ ) 22^′

| | | | | | ± . (3.13)

Oqevidnim ‚ takoı uzagal~nennffl na vipadok s-qastinkovoÝ matric˛ gustini:

F_s(r_1, r_2, ..., r_s|r^′_1, r^′_2, ..., r^′_s) =

V^2 N(N − 1)...(N − s + 1) Det ( K̂ 1 ∓ K̂ ) ij^′ , (3.14)

i = 1, ..., s; j^′ = 1^′ , ..., s^′ , de simvol Det oznaqa‚ viznaqnik abo permanent s-go porffldku.

IV. FUNKC¨Õ P^{(N−s)}_s (1, 2, ..., s|1^′ , 2^′ , ..., s^′ )

Budemo rozglffldati viraz dlffl matric˛ (3.4) fflk seredn‚ znaqennffl po ˛deal~nomu rozpod˛lu dlffl sistemi z (N − s) qastinok. Priqomu rozglfflnemo b˛l~x zagal~niȷ vipadok, koli vs˛ prav˛ ˛ndeksi matric˛ P^{(N−s)}_s ‚ xtrihovanimi:

P^{(N−s)} s (1, 2, ..., s|1^′ , 2^′ , ..., s^′ ) = Z^0_{N−s} Z_N ⟨P_N (1, 2, ..., s, s + 1, ..., N|1^′ , 2^′ , ..., s^′ , s + 1, ..., N)⟩^0_{N−s}, (4.1) de simvol userednennffl ⟨...⟩^0_{N−s} = 1 Z^0_{N−s} ∫ dr_{s+1}... ∫ dr_N (...)R^0_N (s + 1, ..., N|s + 1, ..., N), (4.2)

a statistiqna suma sistemi (N − s) ˛deal~nih qastinok

Z^0_{N−s} = ∫ dr_{s+1}... ∫ dr_N R^0_N (s + 1, ..., N|s + 1, ..., N). (4.3)

Teper vrahu‚mo v (5.1) fflvniȷ viglffld (1.4) matric˛ P_N :

P_s(1, 2, ..., s|1^′ , 2^′ , ..., s^′ ) = Z^0_{N−s} Z_N e^{2a0} ⟨exp 1 2 ∑ q≠0

a_2(q)(ρ_qρ_q + ρ^′_qρ^′_q) ⟩^0_{N−s}. (4.4)

Vvedemo veliqini

ξ_q = 1 √ N s∑ j=1 e^{−iqrj} , ξ^′_q = 1 √ N s∑ j=1 e^{−iqr′j} , (4.5)

tak wo

ρ_q = √ N − s N ρ^{N−s}_q + ξ_q, ρ^′_q = √ N − s N ρ^{N−s}_q + ξ^′_q, ρ^{N−s}_q = 1 √ N − s N∑ j=1+s e^{−iqrj} . (4.6)

Oqevidno, wo pri s = 0, ρ^N_q = ρ_q, ξ_q = ξ^′_q = 0.

Teper

P^{(N−s)} s (1, 2, ..., s|1^′ , 2^′ , ..., s^′ ) = Z^0_{N−s} Z_N e^{2a0} exp 1 2 ∑ q≠0

a_2(q)(ξ_qξ_{−q} + ξ^′_qξ^′_{−q})

⟨exp ∑ q≠0

a_2(q) √ N − s N ρ^{N−s}_q (ξ_q + ξ^′_{−q}) exp [ ∑ q a_2(q) N − s N ρ^{N−s}_q ρ^{N−s}_{−q} ] ⟩^{N−s}_0 . (4.7)

Zauvaıimo, wo statistiqnu sumu Z_N takoı moına zapisati u viglffld˛ seredn~ogo znaqennffl za ˛deal~nim rozpod˛lom sistemi z N qastinok

Z_N = Z^0_N e^{2a0} ⟨exp ∑ q≠0

a_2(q)ρ_qρ_{−q}⟩^N_0 . (4.8)

Viraz (5.4) moına takoı zapisati ˛ fflk userednennffl za rozpod˛lom sistemi (N − s) vza‚mod˛qih qastinok:

P^{(N−s)} s (1, 2, ...s|1^′ , 2^′ , ..., s^′ ) = Z^′_{N−s} Z_N ′ exp ∑ q≠0

a_2(q)(ξ_qξ−q + ξ^′_qξ^′_{−q})

(4.9)

× ⟨exp ∑ q≠0

a_2(q) N − s N ρ^{N−s}_q (ξ_q + ξ^′_q) ⟩_{N−s},

⟨(...)⟩_{N−s} = 1 Z^′_{N−s} ∫ dr_{s+1}... ∫ dr_N (...) exp ∑ q≠0

a_2(q) N − s N ρ^{N−s}_q ρ^{N−s}_{−q} R^0_{N−s}(r_{s+1}, ..., r_N |r_{s+1}, ..., r_N ),

de xtrihovana statistiqna suma

Z^′_{N−s} = ∫ dr_1...dr_N exp ∑ q≠0

a_2(q) N − s N ρ^{N−s}_q ρ^{N−s}_{−q} R^0_{N−s}(r_{s+1}, ..., r_N |r_{s+1}, ..., r_N ). (4.10)

Userednennffl legko vikonati v nabliıenn˛ “odn˛‚Ý sumi po q”, zobraıaqi rezul~tat u viglffld˛ eksponenti v˛d sumi nezv˛dnih seredn˛h v˛d veliqini ρ^{N−s}_q . Vrahovuqi, wo vnasl˛dok translfflc˛ȷnoÝ ˛nvar˛fflntnost˛ ⟨ρ^{N−s}_q ⟩_{N−s} = 0, a seredn‚

⟨ρ^{N−s}_{q1} ρ^{N−s}_{q2} ⟩_{N−s} = S^{N−s}(q)δ_{q1 , −q2} (4.11)

v˛dm˛nne v˛d nulffl lixe za umovi, wo q_1 + q_2 = 0, de S_{N−s}(q) — parniȷ strukturniȷ faktor sistemi N − s vza‚mod˛qih qastinok, znahodimo

P^{(N−s)} s (1, ..., s|1^′ , ..., s^′ ) = Z^′_{N−s} Z^′_N (4.12)

× exp 1 2 ∑ q≠0

a_2(q)(ξ_qξ_{−q} + ξ^′_qξ^′_{−q}) + 1 2 ∑ q≠0

a^2(q) N − s N S^{N−s}(q)(ξ_q + ξ^′_q)(ξ_{−q} + ξ^′_{−q})

U c~omu ı nabliıenn˛ legko otrimu‚t~sffl ˛ statistiqna suma (5.11)

Z^′_{N−s} = Z^0_{N−s} exp − 1 2 ∑ q≠0 ln [ 1 − 2a_2(q) N − s N S^{N−s}_0 (q) ] , (4.13)

de S^{N−s}_0 (q) — parniȷ strukturniȷ faktor sistemi N − s ˛deal~nih qastinok.

Strukturniȷ faktor, zvaıaqi na oznaqennffl (4.11), moına zobraziti fflk funkc˛onal~nu poh˛dnu po a_2(q) v˛d logarifma statistiqnoÝ sumi ˛ z urahuvannfflm (4.13) znahodimo, wo

S^{N−s}(q) = S^{N−s}_0 1 − 2a_2(q)S^{N−s}_0 (q)

. (4.14)

Nadal˛ nas bude c˛kaviti termodinam˛qna granicffl, koli N → ∞, V → ∞, a gustina N/V = ρ = const. Dlffl statistiqnoÝ sumi (5.14) z urahuvannfflm togo, wo s/N ‚ malo veliqino, znahodimo

Z^′_{N−s} = Z^0_{N−s} exp − 1 2 ∑ q≠0

ln[1 − 2a_2(q)S_0(q)] − s N ∑ q≠0

a_2(q)S_0(q) 1 − 2a_2(q)S_0(q) − s N ∑ q≠0

a_2(q) 1 − 2a_2(q)S_0(q) ρ ∂S_0(q) ∂ρ (4.15)

Dlffl otrimannffl c~ogo rezul~tatu mi skoristalis~ tim, wo pri s/N → 0

S^{N−s}_0 (q) = S^N_0 (q) −

∂S^N_0 (q) ∂N + ... = S_0(q) − s V ∂S_0 ∂ρ + ... = S_0(q) − s N ρ ∂S_0(q) ∂ρ + ..., (4.16)

de parniȷ strukturniȷ faktor sistemi N ˛deal~nih qastinok u termodinam˛qn˛ȷ granic˛ S_0(q) = S^N_0 (q), a krapkami poznaqen˛ vneski, wo znikat~ v c˛ȷ granic˛ u viraz˛ dlffl Z^′_{N−s}.

Dlffl parnogo strukturnogo faktora sistemi N vza‚mod˛qih qastinok S(q) = S^N (q), z (4.14) znahodimo

S(q) = S_0(q) 1 − 2a_2(q)S_0(q)

. (4.17)

Teper mi moıemo zapisati ostatoqniȷ rezul~tat dlffl matric~ z (4.12) u termodinam˛qn˛ȷ granic˛: P^{(N−s)} s (1, ..., s|1^′ , ..., s^′ ) = z^sp_s(1, ..., s|1^′ , ..., s^′ ), (4.18)

p_s(1, ..., s|1^′ , ..., s^′ ) = exp − 1 2 ∑ q≠0

a_2(q)(ξ_qξ_{−q} + ξ^′_qξ^′_{−q}) (4.19)

+ 1 2 ∑ q a^2(q)

S_0(q) 1 − 2a_2S_0(q)

(ξ_q + ξ^′_q)(ξ_{−q} + ξ^′_{−q}) − s N ∑ s≠0 a_2(q) 1 − 2a_2(q)S_0(q) ,

a parametr

z = z_0 exp − 1 N ∑ q≠0 a_2(q) 1 − 2a_2(q)S_0(q) ∂ ∂ρ [ρ(S_0(q) − 1)]

, (4.20)

de z_0 = lim_{N→∞} Z^0_{N−1}/Z^0_N — aktivn˛st~ sistemi ˛deal~nih qastinok.

Legko znahodimo d˛fflgonal~n˛ elementi matric˛ (4.19), fflk˛ mat~ viglffld bol~cman˛vs~kogo rozpod˛lu

p_s(1, ..., s|1, ..., s) = e^− ∑ 1≤i<j≤s Φ̃(|r_i−r_j |)

(4.21)

z efektivnim bezrozm˛rnim potenc˛ffllom

Φ̃(R) = − 1 N ∑ q≠0

2a_2(q) 1 − 2a_2(q)S_0(q) e^{iqR}. (4.22)

Odnoqastinkova matricffl gustini

p_1(1|1^′ ) = p_1(R) (4.23)

= exp 1 N ∑ q≠0

a^2(q)S_0(q) 1 − 2a_2(q)S_0(q)

(e^{iqR} − 1) ,

R = r_1 − r^′_1. (4.24)

U vipadku bagatobozonnoÝ sistemi pri T → 0, koli S_0(q) → 1, c˛ virazi zb˛gat~sffl z virazami, otrimanimi avtorom ran˛xe [5]. Priqomu zv˛dsi moına otrimati v˛dnosnu k˛l~k˛st~ qastinok, wo mat~ ˛mpul~si, fflk˛ dor˛vnt~ nul (boze–kondensat):

N_0/N = lim

|r_1−r^′_1|→∞

p_1(1|1^′ )

× exp − 1 N ∑ q≠0

a^2(q)S_0(q) 1 − 2a_2(q)S_0(q)

(4.25)

Znaȷdemo z (4.19) neobh˛dn˛ dlffl nas matric˛, ned˛fflgonal~n˛ lixe za perximi ˛ndeksami. Elementarn˛ obqislennffl dat~ p_s(1, 2, ..., s|1^′ , 2, ..., s) = p_1(1|1^′ )

×( s∏ j=2 √ p_2(1, j)p_2(1^′ , j)) ∏ 2≤i<j≤s p_2(i, j), (4.26)

de parn˛ funkc˛Ý rozpod˛lu

p_2(i, j) ≡ p_2(i, j|i, j) = p_2(|r_i − r_j |)

= e^{−Φ̃(|ri−rj |)}. (4.27)

Narext˛ zapixemo we odin qastkoviȷ vipadok:

p_2(1, 2|1^′ , 2^′ ) = p_1(1|1^′ )p_1(2|2^′ ) × p_1(1|2^′ )p_1(2|1^′ ) p_1(1|2)p_1(1^′ |2^′ ) √ p_2(1, 2)p_2(1^′ , 2^′ ). (4.28)

V. ODNOQASTINKOVA MATRIC GUSTINI

Povernemos~ do virazu (3.7). Rozglfflnemo vipadok simetriqnoÝ statistiki. Z urahuvannfflm (4.18) ta (4.26), vipixemo posl˛dovno qleni rozkladu (3.7), fflk˛ podan˛ virazami (3.6). Otıe,

(K̂)_{11}′ = zp_1(1|1^′ )K_{11}′ ,

(K̂^2)_{11}′ = z^2p_1(1|1^′ ) ∫ dr_2K_{12} √ p_2(1, 2)K_{21} √ p_2(2, 1),

(K̂^3)_{11}′ = z^3p_1(1|1^′ ) ∫ dr_2 ∫ dr_3K_{12} √ p_2(1, 2)K_{23}p_2(2, 3)K_{31}′ √ p_2(3, 1^′ ) √ p_2(3, 1)p_2(1^′ , 2), (5.1)

(K̂^4)_{11}′ = z^4p_1(1|1^′ ) ∫ dr_2 ∫ dr_3 ∫ dr_4K_{12} √ p_2(1, 2)

×K_{23}p_2(2, 3)K_{34}p_2(3, 4)K_{41}′ √ p_2(4, 1^′ )p_2(2, 4) √ p_2(1, 3)p_2(1, 4)p_2(1^′ , 2)p_2(1^′ , 3), . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dra K_{1i} ta K_{j1}′ v cih virazah suprovodıut~sffl mnoınikom √ p_2(1, i) ta √ p_2(j, 1^′ ); ˛nx˛ ffldra K_{ij} mat~ mnoınik p_2(i, j). kbi ne bulo we dodatkovih mnoınik˛v, to rffld (3.7) dlffl odnoqastinkovoÝ matric˛ legko p˛dsumovu‚t~sffl xlfflhom perehodu do ˛mpul~snogo zobraıennffl. Tomu naproxu‚t~sffl dumka vrahuvati c˛ dodatkov˛ mnoıniki fflk popravki. Dlffl c~ogo doda‚mo odinic do koınogo z nih ˛ v˛dn˛ma‚mo ÝÝ — v˛dhilennffl v˛d odinic˛ ˛ ‚ popravko. Takim qinom otrima‚mo rezul~tat:

F_1(1|1^′ ) = p_1(1|1^′ )g(1|1^′ ), (5.2)

g(1|1^′ ) = 1 N ∑ q (zK^∗_q )^2 1 − zK_q + ze^{−β h̄2 q22m} + ∑ l≥3 z^lD^{(l)}_q , (5.3)

de koef˛c˛‚nti Fur’‚

K^∗_q = ( m^∗ 2πβh̄^2 )_{3/2} ∫

e^{−iqR}p^{1/2}_2 (R)e^{− m} ∗ 2βh̄2 R 2 dR,

K_q = ( m^∗ 2πβh̄^2 )_{3/2} ∫ e^{−iqR}p_2(R)e^{− m} ∗ 2βh̄2 R 2 dR, (5.4)

a popravki

D^{(l)}_q = ∫ e^{−iqR}D^{(l)}(1|1^′ )dR, R = r_1 − r^′_1,

D^{(3)}(1|1^′ ) = ∫ dr_2 ∫ dr_3K_{12} √ p_2(1, 2)K_{23}p_2(2, 3)K_{21}′ √ p_2(3, 1^′ ) {√ p_2(1, 3)p_2(1^′, 2) − 1 } , (5.5)

D^{(4)}(1|1^′ ) = ∫ dr_2 ∫ dr_3 ∫ dr_4K_{12} √ p_2(1, 2)K_{23}p_(2, 3)K_{34}p_2(3, 4)

×K_{41}′ √ p_2(4, 1^′ ) { p_2(3, 4) √ p_2(1, 3)p_2(1, 4)p_2(1^′, 2)p_2(1^′, 3) − 1 } , . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .

Koına nastupna popravka ma‚ dodatkove ˛nteİruvannffl za koordinatami qastinok.

Ceȷ rezul~tat bez dovedennffl ta bez urahuvannffl popravok buv opubl˛kovaniȷ nami poperedn~o v [6].

Popravki D^{(n)}_q , wo vrahovut~ bagatoqastinkov˛ korelfflc˛Ý moına, perenormuvavxi veliqinu K_q, zapisati ˛ v znamenniku perxogo dodanka v (5.3):

g(1|1^′ ) = 1 N ∑ q e^{iqR} (5.6)

× [ (zK^∗_q )^2 1 − zK̃_q + ze^{−β h̄2q22m∗} ] ,

K̃_q = K_q + 1 − zK^q (K^∗_q )^2 ∑ n≥3 z^{n−3}D^{(n)}_q (5.7)

× 1 + 1 − zK^q (K^∗_q )^2 ∑ n≥3 z^{n−2}D^{(n)}_q (−1) .

Z urahuvannfflm perxoÝ popravki

K̃_q = K_q + ( 1 − zK_q K^∗_q )_2

D^{(3)}_q + ... (5.8)

Parametr z viklqa‚t~sffl za dopomogo oqevidnoÝ umovi F_1(1|1) = 1, fflka f˛ksu‚ toȷ fakt, wo k˛l~k˛st~ qastinok dor˛vn‚ N: 1 N ∑ q [ (zK^∗_q )^2 1 − zK̃_q + ze^{−β h̄2 q22m∗} ] = 1. (5.9)

Rozpod˛l qastinok za ˛mpul~sami da‚t~sffl Fur’‚– zobraıennfflm matric˛ (5.3)

N_p = N V ∫ e^{−ipR}F_1(1|1^′ )dR, (5.10)

R = r_1 − r^′_1.

Otıe, k˛l~k˛st~ qastinok, wo mat~ ˛mpul~s p,

N_p = 1 V ∑ q N^0_{p−q} [ (zK^∗_q )^2 1 − zK̃_q + ze^{−β h̄2q22m} ] , (5.11)

de funkc˛ffl

N^0_p = N V ∫ dRe^{−ipR}p_1(R)dR (5.12)

viznaqa‚ rozpod˛l za ˛mpul~sami pri niz~kih temperaturah. Pri viklqenn˛ vza‚mod˛Ý, fflk legko baqiti, virazi (5.6) (5.9) (5.11) perehodfflt~ u v˛dpov˛dn˛ virazi teor˛Ý ˛deal~nogo kvantovogo boze–gazu.

Zauvaıimo takoı, wo viraz (5.6) vifflvlffl‚ fazoviȷ pereh˛d — kondensac˛ Boze–Aȷnxtaȷna. Matematiqniȷ mehan˛zm c~ogo prehodu pov’fflzaniȷ z ˛snuvannfflm sk˛nqennogo rad˛usa zb˛ınost˛ rffldu dlffl odnoqastinkovoÝ matric˛ gustini. Rad˛us zb˛ınost˛, wo f˛ksu‚ veliqinu z, viznaqat~ z umovi zK̃_0 = 1. Detal~n˛ dosl˛dıennffl c~ogo fflviwa budut~ zroblen˛ v okrem˛ȷ robot˛. Mi ne budemo zupinffltis~ takoı˛ na dovedenn˛ uzagal~nennffl cih viraz˛v na statistiku Ferm˛ — voni oqevidn˛: v us˛h rozkladah po z pered parnimi stepenfflmi z znaki “+” neobh˛dno zam˛niti na “−”.

VI. PARNA FUNKC¨ ROZPOD¨LU

Dlffl togo, wob otrimati fflvniȷ viraz dvoqastinkovoÝ matric˛ gustini (3.11), treba rozrahuvati veliqini tipu

( K 1 − K ) 11^′ ( K 1 − K ) 12^′

= (K_{11}′ + ∫ K_{13}K_{31}′ dr_2 + ...)(K_{22}′ + ∫ K_{24}K_{42}′ dr_4 + ...)

= zK_{11}′ zK_{22}′ P_2(1, 2|1^′ , 2^′ ) + zK_{11}′ z^2 ∫ dr_4K_{24}K_{42}′ P_3(1, 2, 4|1^′ , 2^′ , 4)

+zK_{22}′ z^2 ∫ dr_3K_{13}K_{31}′ P_3(1, 2, 3|1^′ , 2^′ , 3) + ... = P_2(1, 2|1^′ , 2^′ )

× { zK_{11}′ zK_{22}′ + zK_{11}′ z^2 ∫ dr_4K_{24}K_{42}′ √ P_2(1, 4)P_2(2, 4)P_2(1^′ , 4)P_2(2^′ , 4)

+zK_{22}′ z^2 ∫ dr_3K_{13}K_{31}′ √ P_2(1, 3)P_2(2, 3)P_2(1^′ , 3)P_2(2^′ , 3) + ... } = P_2(1, 2|1^′ , 2^′ ){g(1|1^′ g(2|2^′ ) + popravki},

popravki = z^3K_{11}′ ∫ dr_3K_{23} √ P_2(2, 3)K_{32}′ √ P_2(3, 2^′ )( √ P_2(1, 3)P_2(1^′ , 3) − 1)

+z^3K_{22}′ ∫ dr_3K_{13} √ P_2(1, 3)K_{31}′ √ P_2(3, 1^′ )( √ P_2(2, 3)P_2(2^′ , 3) − 1) + qleni, proporc˛ȷn˛ do z^4 ta viw˛.

Naveden˛ viwe peretvorennffl vikonan˛ z urahuvannfflm togo, wo, fflk vipliva‚ z (4.19), matricffl

p_s(1, 2, 3, ..., s|1^′ , 2^′ , 3^′ , ...s) = p_2(1, 2|1^′ , 2^′ ) ∏ 1≤i‘j‘s p_2(i, j) s∏ j=3 √ p_2(i, j)p_2(2, j)p_2(1^′ , j)p_2(2^′ , j)

, (6.1)

s = 3, 4, ..., a viraz dlffl dvoqastinkovoÝ matric˛ podano formulo (4.28).

Rozrahovuqi pod˛bnim qinom drugiȷ dodanok u (3.11), znahodimo:

F_2(1, 2|1^′ , 2^′ ) = p_2(1, 2|1^′ , 2^′ ) g(1|1^′ )g(2|2^′ ) + g(1|2^′ )g(2|1^′ ) + ∑ n≥3 z^nD^{(n)}_2 (1, 2|1^′ , 2^′ )

, (6.2)

de popravki

D^{(3)}_2 (1, 2|1^′ , 2^′) = K_{11}′ ∫ dr_3K_{23} √ p_2(2, 3)K_{32}′ √ p_2(3, 2^′ )( √ p_2(1, 3)p_2(1^′ , 3) − 1)

+K_{22}′ ∫ dr_3K_{13} √ p_2(2, 3)K_{31}′ √ p_2(3, 1^′ )( √ p_2(2, 3)p_2(1^′ , 3) − 1)

+K_{12}′ ∫ dr_3K_{23} √ p_2(2, 3)K_{31}′ √ p_2(3, 1^′ )( √ p_2(1, 3)p_2(2^′ , 3) − 1)

+K_2′_1 ∫ dr_3K_{23} √ p_2(2, 3)K_{31}′ √ p_2(3, 2^′ )( √ p_2(2^′ , 3)p_2(1, 3) − 1), (6.3) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Tut nami vrahovano, wo u termodinam˛qn˛ȷ granic˛ V^2/N(N − 1) → (V/N)^2.

Oc˛nka popravok D^{(n)}_2 (1, 2|1^′ , 2^′ ) — ce spec˛al~na zadaqa, fflka potrebu‚ qislovih rozrahunk˛v. Vaılivim, odnak, ‚ te, wo ˛ bez cih popravok otriman˛ virazi dat~ k˛l~k˛sn˛ rezul~tati. Zokrema, v granic˛ niz~kih temperatur matric˛ gustini zvodfflt~sffl do matric~ (4.19), za dopomogo fflkih otrimut~sffl rezul~tati [5], wo dobre uzgodıut~sffl z eksperimental~nimi vim˛rvannfflmi.

Parna funkc˛ffl rozpod˛lu bez urahuvannffl popravok

F_2(R) = F_2(1, 2|1^′ , 2^′ )

= p_2(R)[1 + g^2(R)], R = r_1 − r_2. (6.4)

Zalixaqi qitaqam uzagal~nennffl cih rezul~tat˛v na vipadok antisimetriqnoÝ statistiki, perehodimo do rozrahunku seredn˛h znaqen~ k˛netiqnoÝ ta potenc˛ffll~noÝ energ˛ȷ.

VII. K¨NETIQNA TA POTENC¨L^NA ENERG¨Õ BAGATOBOZONNOÕ SISTEMI

Za oznaqennfflm seredn‚ znaqennffl k˛netiqnoÝ energ˛Ý sistemi ⟨K⟩ = −N h̄^2 2m {▽^2_1F_1(1|1^′ )}_{r1=r}′_1 .

Rozrahu‚mo ce seredn‚ znaqennffl, vihodfflqi z virazu (5.2) dlffl odnoqastinkovoÝ matric˛ gustini bez urahuvannffl popravok. Vifflvlffl‚t~sffl, wo vnesok dat~ lixe drug˛ poh˛dn˛ v˛d funkc˛ȷ p(1|1^′ ) ta g(1|1^′ ). Perehresniȷ dodanok z perximi poh˛dnimi dor˛vn‚ nul vnasl˛dok togo, wo koına z nih pri r_1 = r^′_1 dor˛vn‚ nul. Vrahovuqi, kr˛m togo, normuvannffl cih matric~, otrima‚mo

⟨K⟩ = ∑ q=≠0

h̄^2q^2 2m a^2(q)S_0(q) 1 − 2a_2(q)S_0(q)

+ ∑ q≠0

h̄^2q^2 2m [ (zK^∗_q )^2 1 − zK_q + ze^{−β h̄2q22m∗} ] . (7.1)

U granic˛ niz~kih temperatur drugiȷ dodanok dlffl ˛deal~nogo boze–gazu prfflmu‚ do nulffl fflk T^{5/2}. Perxiȷ dodanok z urahuvannfflm togo, wo pri T → 0 veliqina S_0(q) → 1, da‚:

⟨K_1⟩ = ∑ ≠0 h̄^2q 2m a^2(q) 1 − 2a_2(q)

. (7.2)

kwo priȷnfflti do uvagi temperaturnu zaleın˛st~ funkc˛Ý a_2(q) [1],

a_2(q) = − α_q − 1 2 1 − e^{−βE(q)} 1 −^{αq −1}_{αq +1} e^{−βE(q)} , (7.3)

to

⟨K_1⟩ = ∑ q=≠0

h̄^2q^2 2m (α_q − 1)^2 4α_q

× (1 − e^{−βE(q)})^2 1 − (_{αq −1} α_q +1

)_2 e^{−2βE(q)} . (7.4)

Zv˛dsi pri T = 0 k˛netiqna energ˛ffl

⟨K⟩ = ∑ q=≠0

h̄^2q^2 2m (α_q − 1)^2 4α_q . (7.5)

Potenc˛ffll~na energ˛ffl poparnih m˛ıqastinkovih vza- ‚mod˛ȷ Φ = ∑ 1≤i≤j≤N Φ(|r_i − r_j |)

= N(N − 1) 2V ν_0 + N 2V ∑ q≠0

ν_q (ρ_qρ_{−q} − 1).

ÕÝ seredn‚ znaqennffl, vrahovuqi (4.17),

⟨Φ⟩ = N(N − 1) 2V ν_0 + N 2V ∑ q≠0 ν_q

× [ S_0(q) 1 − 2a_2(q)S_0(q) − 1 ] . (7.6)

Seredn‚ znaqennffl moına rozrahovuvati ˛ za dopomogo parnoÝ funkc˛Ý rozpod˛lu (6.4)

⟨Φ⟩ = N(N − 1) 2V ∫ Φ(R)F_2(R)dR

= N(N − 1) 2V ∫ Φ(R)p_2(R)dR (7.7)

+ N(N − 1) 2V ∫ Φ(R)p_2(R)g^2(R)dR.

kwo nas c˛kavit~ niz~kotemperaturna granicffl, to vnesok da‚ lixe perxiȷ dodanok. U tak zvanomu “nabliıenn˛ odn˛‚Ý sumi po q”, koli u viraz˛ (4.27) dlffl p_2(R) beremo lixe perx˛ dva qleni rozkladu dlffl perxogo dodanka v (7.7), ma‚mo

⟨Φ_1⟩ = N(N − 1) 2V ν_0 + N 2V ∑ q≠0 ν_q 2a_2(q) 1 − 2a_2(q)

. (7.8)

a z urahuvannfflm (7.3) znahodimo

⟨Φ_1⟩ = − ∑ q=≠0

h̄^2q^2 2m (α_q − 1)^2 4α_q (α_q + 1)

× 1 − e^{−βE(q)} 1 −^{αq −1}_{αq +1} e^{−βE(q)} . (7.9)

Pri absoltnomu nul˛ temperaturi

⟨Φ⟩ = − ∑ q=≠0

h̄^2q^2 2m (α_q − 1)^2 4α_q (α_q + 1) (7.10)

serednffl energ˛ffl, wo viznaqa‚t~sffl sumo viraz˛v (7.4) ta (7.9)

ΔE = ⟨K_1⟩ + ⟨Φ_1⟩ (7.11)

= E_0 + ∑ q≠0 E(q) (_{αq +1} α_q −1 )_2 e^{2βE(q)} − 1 ,

de energ˛ffl osnovnogo stanu E_0 da‚t~sffl formulo (1.7). Ceȷ rezul~tat buv otrimaniȷ nami v [1] u tak zvanomu kondensatnomu nabliıenn˛ dlffl statistiqnoÝ sumi, koli do uvagi priȷma‚t~sffl lixe vnesok v˛d qastinok, wo mat~ ˛mpul~si, fflk˛ dor˛vnt~ nul. V granic˛ T → 0 zv˛dsi otrimu‚mo dlffl r˛dkogo^4He zakon Stefana–Bol~cmana, ale z polovinno temperaturo. B˛l~x detal~niȷ anal˛z temperaturnih zaleınosteȷ cih veliqin bude predmetom okremogo dosl˛dıennffl.

VIII. ZAKL“QN¨ ZAUVA”ENN

Meto naxoÝ roboti bulo oderıennffl na osnov˛ novogo zobraıennffl statistiqnogo operatora [1] viraz˛v dlffl matric~ gustini, zokrema, dlffl odnota dvoqastinkovoÝ, a takoı dlffl defflkih termodinam˛qnih veliqin, fflk˛ b pracvali v okol˛ toqki Boze–Aȷnxtaȷn˛vs~koÝ kondensac˛Ý. Same tomu, vvaıaqi mehan˛zmom λ-perehodu v r˛dkomu^4He Boze– Aȷnxtaȷn˛vs~ku kondensac˛, mi otrimali virazi dlffl matric~ gustini na osnov˛ rozklad˛v u rffldi povnoÝ matric˛ gustini ˛deal~nogo boze–gazu. Tim samim m˛ıqastinkov˛ȷ vza‚mod˛Ý mi v˛dveli rol~ “deformac˛Ý” abo spotvorennffl c˛‚Ý kondensac˛Ý. Rad˛us zb˛ınost˛ cih rffld˛v viznaqa‚ toqku neanal˛tiqnost˛ v˛dpov˛dnih termodinam˛qnih funkc˛ȷ, tobto toqku λ-perehodu.

C˛kavo, wo v˛dpov˛dn˛ virazi legko uzagal~nt~sffl ˛ na vipadok Ferm˛–D˛raka: otıe, Ýh moına zastosuvati fflk do dosl˛dıennffl r˛dkogo^3He (v normal~nomu stan˛), tak ˛ do elektronnogo gazu.

Detal~niȷ anal˛z otrimanih viraz˛v potrebu‚ okremogo dosl˛dıennffl. Pri visokih temperaturah dlffl energ˛Ý ta v˛l~noÝ energ˛Ý mi otrimali v [1] v˛dpov˛dn˛ klasiqn˛ virazi v nabliıenn˛ haotiqnih faz. U granic˛ niz~kih temperatur, fflk mi baqili, otrimut~sffl pravil~n˛ rezul~tati rozvinutih ran˛xe teor˛ȷ. Ce da‚ p˛dstavi dlffl tverdıennffl, wo otriman˛ rezul~tati dadut~ toqniȷ opis kvantovih r˛din ˛ pri niz~kih temperaturah, ˛ v okol˛ toqki Boze– Aȷnxtaȷn˛vs~koÝ kondensac˛Ý.

[1] ¨. O. Vakarquk, ”urn. f˛z. dosl. 1, 25 (1996). [2] N. N. Bogolbov, Problemy dinamiqeskoȷ teorii v statistiqeskoȷ fizike (OGIZ, Gostehizdat, M.–L., 1946).

[3] N. N. Bogolbov, Lekc˛Ý z kvantovoÝ statistiki.

Pitannffl statistiqnoÝ mehan˛ki kvantovih sistem (Radfflns~ka xkola, KiÝv, 1949).

[4] N. N. Bogolbov, Izbrannye trudy v treh tomah.

Tom vtoroȷ (Naukova dumka, KiÝv, 1970).

[5] I. A. Vakarquk, TMF 32, 260 (1975); 32, 247 (1977);

80, 239 (1989); 82, 438 (1990).

[6] ¨. O. Vakarquk, V˛sn. L~v˛v. un-tu, ser. f˛z. 26, 29 (1993).

NEW RESULTS FOR THE DISTRIBUTION FUNCTIONS OF MANY–PARTICLE QUANTUM SYSTEMS

I. O. Vakarchuk Ivan Franko Lviv State University, Chair of Theoretical Physics 12 Drahomanov Str., Lviv UA–290005, Ukraine

A method of calculation of the density matrices for a system of identical particles is suggested. The method is based on a partial summation of the series which appear during the expansion of a full N-particle density matrix of ideal quantum gas with respect to the lower matrices of the order N − s. The expressions for the one- and two-particle density matrices of many boson system were found in the explicit form. For the low temperatures they turn into the the well-known expressions of the theory of the ground state of Bose liquids. As for the ideal gas there arises a point of nonanalliticity of these expressions which is connected with the Bose-Einstein condensation. The obtained results may be easily generalized for the case of many-fermion systems, which allows to study not only the properties of the superfluid^4He but also such systems as electron gas and liquid^3He.