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According to the recipe of Weyl the full symmetry of a finite one-dimensional chain is described

by the group which is the extension of the translation group by the group of its automorphisms.
One can propose a method based on the embedding of one group in another which allows us to

derive the nonprimitive translation for these extensions. The example of such calculations is given

for the groups of the orders of 48 and 6.
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INTRODUCTION

The progress in the electronic material technology of-
fers the possibility of designing and obtaining small size
materials with a finite number of atoms placed in any
preplanned way. One can see that finite crystals can
have, compared with the infinite ones, new properties
[1]. Hence, it appears that we should investigate such
a system, especially the properties that result from its
symmetry.

In this article a finite linear chain is considered with N
identical nodes placed in such a manner that the distance
between them is the same. It forms a closed structure
within the Born—-Karman periodic boundary conditions.
This model exhibits a symmetry, described by the cyclic
group C'n, which is called a group of obvious symmetry.
According to the Recipe of Weyl [2] essential features
of such a system are related to another group, namely
to the group AutCy of all automorphisms of the group
Cy of obvious symmetry. The group AutC'y is called the
hidden symmetry group of the system.

Let us introduce the notations:

N={|l=1,2,... N} (1)
N denotes the set of chain’s nodes and
Cy={jli=12,...,N} (2)

is the cyclic group. The group of automorphisms is de-
fined as follows:

AutCy = {7V |led(N, i) = 1} (3)

where lcd means the great common divisor of N and
t. The number of elements of AutC'y, is related to the
value of N, but (except for the case when N=2) two au-
tomorphisms 7{¥ (identity automorphism) and 7§_, can
always be found.

The group that describes the full symmetry (obvious

and hidden) of a structure is the extension G of the group
AutCy by the group Cy. In this way the cyclic group
plays the role of a translation group whereas the AutCy
is a point group. In the traditional three-dimensional
crystallography the group GG can be characterised in two
ways: by nonprimitive translations or by factor systems
[3]. There is a transformation from one description to an-
other through the formula which connects the factor sys-
tems and the nonprimitive translations. Unfortunately,
this formula does not give a direct way to determine the
nonprimitive translations for the one—dimensional case
despite the fact that we know the factor systems. In this
paper a method for calculating the nonprimitive transla-
tions for a finite one—dimensional chain is presented. This
method is based on embedding the symmetry group of
such a system in a group which has similar features but
a greater order.

The nonprimitive translations for linear chains cre-
ate a possibility of a complete crystallographic descrip-
tion (with geometrical interpretation of elements of
group (&) of quasi—one—dimensional crystal like: line poly-
mers, organic metals and semiconductor and even high-
temperature superconductors [4-7]. One should empha-
sise that the nonprimitive translations for linear groups
which have “pure” geometrical interpretations, were de-
termined by Bozovic [4]. In this paper the algebraic for-
malism for the calculation of all nonprimitive transla-
tions is presented.

I. THE FACTOR SYSTEM AND NONPRIMITIVE
TRANSLATIONS

In crystallography the space group G describes the full
symmetry of a crystal:

G={({t+v(9),9t €T, q€ Pov(idp) =idr}, (4)

where 7" i1s the translation group and P is the point
group, idp, idy are the identity elements of the groups
P and T, v is the nonprimitive translation v : P — R3
which means a translation that is a linear combination
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of base vectors with rational coefficients. The multipli-
cation rule for this group is given by the expression

(t+v(g), ) (t" +v(q'),q")

= (t+qt' +v(q) +qu(d'), q¢). (5)

The group G can be also considered as an extension of
the group P by the group 7. The elements of the group
(i are denoted as the pairs (t,q),t € T, ¢ € P. The
multiplication rule for this case is

(t, ), q") =t + Al + »(q,4), 94"). (6)

The extension defined in such a way is described by a
factor system ¢ : P x P — T and by the action A of
the group P on the group 7. The extensions which dif-
fer only by the trivial factors (g, q’) = idt, where idy
is the identity translation, are equivalent [8]. There is a
relation between the nonprimitive translations and the
factor systems:

v(q) +qu(d') — v(eq') = »le, ). (7)

The mapping ¢ should also satisfy the condition:

qe(qd' q") + (g, 4'd") = v(q,4") + ¢laq’, "), (8)

4,q,q" € P,

which 1s the consequence of the associative law for the
group G. For each pair P and T there are many exten-
sions of the group P by the group 7', but the number
of the nonequivalent extensions is much lower than the
number of all extensions.

II. SYMMETRY OF THE FINITE LINEAR
CHAIN

For the system under consideration the group AutCy
plays the role of the point group whereas the cyclic group
Cy is the translation group. The group G, which de-
scribes both the hidden and the obvious symmetries of
the chain, is defined as follows:

G =CyOpAutCy. (9)
The action A is given by the formula
A AutCy — AutCly. (10)

The classification of the extensions can be done with the
application of the cohomology group and Mac Lane’s
method [9-11] which is a very useful method for doing
it. This method is based on the free group theory and
makes 1t possible to determine the second cohomology
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group H3 (P, T) for all the possible actions A. Each el-
ement of H3(P,T) is associated with the factor system.
A large number of extensions which are classified by the
factor systems (7%, 7N), 7V N € AutCy have been
obtained by this method, even for a low value of N. For
all these extensions Mac Lane’s method allows to calcu-
late the factor systems but does not determine the non-
primitive translations which are more interesting from
the physical point of view because they offer an obvi-
ous crystallographic interpretation. In the next section
we propose a method for determining such translations.

III. THE NONPRIMITIVE TRANSLATION

When considering a one-dimensional crystal the ques-
tion about the nonprimitive translations is the question
about the image of the mapping v. For finding these non-
primitive translations we use the embedding of one group
in another. Let us consider the following mapping [12]

f1: Cn — Cay for N being the divisor of M, (11)

which maps the cyclic group Cy into the cyclic group
Chr of a greater order (M > N). An example of such a
mapping for M = 12 and N = 3 1s presented in the next
section.

The next mapping f» : AutCy — AutCjys that de-
scribes the action of the group AutCn on the group Cyy
1s introduced. It satisfies the equation

fo(rY) =, (12)

where 7V and ¥ are identity automorphisms in the

group AutCy and AutChy, respectively. Now we can
define the nonprimitive translations for the group G' =
AutCNDACNZ

v:AutCny — Cyr. (13)

The image of the mapping v is the set of translations
which belong to the group Cys but some of them, called
nonprimitive translations; do not belong to the image
v & f1(Cn). By summing up these nonprimitive transla-
tions we can obtain a translation that is primitive, which
means that it belongs to the set f1(Cn).

The relation between the factor systems and the non-
primitive translations for the group G can be written as
follows:

File(r™, 7)) = w(mY) 4 fo (7)o (™) (14)
— (NN, (15)
where 7V 7N € AutCy, v(r") is the nonprimitive

translation for the group G and ¢ (7, 7'%) are the factor
systems.
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To determine the nonprimitive translations we choose
the mappings f; and f; and then we solve the equation

(14) for all the possible values of 7% and 7/%V. The cases

when 7V = 78 = idautc, are trivial because the solu-

tion v = id¢,, is the primitive translation.

Let us solve equation (14) for two automorphisms
N N e {r¥_|, 7V }. The action of automorphism on
the group Cn is defined as follows:

NV j = ijmodN. (16)

Let M be the divisor of NV, then the natural mapping for
f1 1s

M
f1ij—>jﬁzj',f0r jE€CN,J €Cny. (17)

The mapping f2 for the two previously chosen automor-
phisms can be written as:

The solutions of the equation (14) for the cases when one
automorphism is an identity automorphism are trivial:

(18)
Alp(ri_y ) = (M = Lo(r).

In both cases v(7{¥) is equal to the identity element id,,

in the group Cys. A nontrivial equation (14) is obtained

N _ N _ _N .
when 7% = 7"V = ry_:

File(rizi T o) = o(rh_y) + Fo(r_)v(Th=y) - (19)
- U(TJJ\\TT—1TJJVV—1)~

The solution of (19) is
File(ri_y, V1)) = Mu(r{_)) — M. (20)

Since the composition law for the group Cjy is defined
as modulo M, the last element on the right side of equa-
tion (20) can be neglected. Therefore, the solutions are

ve M =1{1,2,...M} and the nonprimitive translations

are the elements j € M which do not belong to the image
of f1(Cn).

IV. EXAMPLE M =12, N=3

The group AutC} has four elements (712, 72, 7% 7i2)

whereas the group AutCs = {73, 73}. The mapping f; is
defined as:
fiij—=i =44, where j € Cis,j€Cs (21)

and the mapping f- as:

3y — 412
r = )

Equation (19) for our example is:

hilp(rsm) = 12v(75). (23)

The translations that satisfy this equation are primitive
and nonprimitive in the group C5. These nonprimitive
ones do not belong to the image of f1(C3) and they form
the set {1,2,3,5,6,7,9,10,11}. The corresponding factor
system (73, 73) is trivial:

o(r3, 7'3’) =3 forall 7°¢{r} 3} (24)

V. CONCLUSIONS AND REMARKS

The method presented above creates a possibility of
calculating the nonprimitive translations for the group
G which describes, according to the Recipe of Weyl, the
full symmetry of a one—dimensional finite crystal. The
knowledge of the full symmetry allows us to notice new
properties of mesoscopic physical systems, which are now
often studied and applied in microelectronics. As an ex-
ample of a new property the Heisenberg magnet with
finite and small number of nodes may be given. For this
system the group of hidden symmetry determines the
distribution of the quantum states in the Brillouine zone
— the density of these states is constant for such quasi-
monenta, which form an orbit of the action of the group
AutCy on the set of elements of the Brillouine zone [13].

The idea of formalism used in the paper for calculating
the nonprimitive translations consists in a group theory
construction called embedding. The nonprimitive trans-
lations in the small (in the sense of group order) group
C'y are primitive translations in the large group Cys. The
restriction for embedding is that N should be a divisor
of M. It has been shown that even for certain particular
automorphisms a large set of nonprimitive translations
may be found.
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HEITIPUMITHBHI TPAHCJI AL OBME KEHOT'O JTHIFTHOTO JITAHITIO GKKA

A. Baas, M. Kyssma
Inemumym ¢isuxu, Buwa nedazoeiuna wroaa,
Petimana, 16A, sHRewys, 35-310, lloavu,a

Posrasiay To cuMeTpito CKIHUE€ HOTO OJHOBUMIPHOTO JAHITIO JKKA,, KU CKIaIaeThcsa 3 N TOTOKHUX PIBHOBILITA-
JEeHUX BY3JiB 1 3aT0BOJBHSE KpalioBl yMoBu Bopua—-Rapmana. 3rimgmo 3 mportexy poro Bafiis, cumeTpiro Takoro
JAHITIOKKa OMUCY € IPyIia, AKa € pesyabTaToM omepalil posmmperts rpynu Cy depes Tpyiy aBToMopdisMiBs
AutCy. 3 KOMKHUM TaKUM PO3UIUPEHHSM IOB’A3aHa CUCTEMa MHOMKHUKIB, KA BU3HAUAE 3AKOH TDYIIOBOTO MHO-
seHHA. KpiM TOro, 3aKOH IPYIIOBOrO MHOKEHHS MO3Ke By TH 3a TaHU HEMPUMITUBHUM U TPAHCI ST IMU.

3aBISKN TeOPETUKO-TPYIOBII KOHCTPYKIII, SKOIO € BKJIAIeHHS OJHOI TPYHN B IHINY, 3alpPOIOHOBAHO METO
BU3HAYEHHS TAaKUX HEMPUMITUBHUX TpaHcaamiii. PosraanyTo Braanenns rpynu AutCyOCy y rpyny AutCaOC )y
oast M > N kpathHoro N. 3acToOCOBAHMII MeTOM AO3BOJUB BU3HAUNTH HEMPUMITUBHL TPAHCIAIN IJAsS BUOpPAHIX
aBTOMOPI3MIB, Kl HaJekaTh 10 AutCy. KoHkpeTHHI pospaXyHOK HpoBeaeHo aas Bumagky M = 12, N = 3.



