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According to the recipe of Weyl the full symmetry of a �nite one-dimensional chain is described

by the group which is the extension of the translation group by the group of its automorphisms.

One can propose a method based on the embedding of one group in another which allows us to

derive the nonprimitive translation for these extensions. The example of such calculations is given

for the groups of the orders of 48 and 6.
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INTRODUCTION

The progress in the electronic material technology of-

fers the possibility of designing and obtaining small size

materials with a �nite number of atoms placed in any

preplanned way. One can see that �nite crystals can

have, compared with the in�nite ones, new properties

[1]. Hence, it appears that we should investigate such

a system, especially the properties that result from its

symmetry.

In this article a �nite linear chain is considered with N

identical nodes placed in such a manner that the distance

between them is the same. It forms a closed structure

within the Born{Karman periodic boundary conditions.

This model exhibits a symmetry, described by the cyclic

group C

N

, which is called a group of obvious symmetry.

According to the Recipe of Weyl [2] essential features

of such a system are related to another group, namely

to the group AutC

N

of all automorphisms of the group

C

N

of obvious symmetry. The group AutC

N

is called the

hidden symmetry group of the system.

Let us introduce the notations:

~

N = fljl = 1; 2; : : :; Ng (1)

~

N denotes the set of chain's nodes and

C

N

= fjjj = 1; 2; : : :; Ng (2)

is the cyclic group. The group of automorphisms is de-

�ned as follows:

AutC

N

= f�

N

i

jlcd(N; i) = 1g (3)

where lcd means the great common divisor of N and

i. The number of elements of AutC

N

, is related to the

value of N , but (except for the case when N=2) two au-

tomorphisms �

N

1

(identity automorphism) and �

N

N�1

can

always be found.

The group that describes the full symmetry (obvious

and hidden) of a structure is the extension G of the group

AutC

N

by the group C

N

. In this way the cyclic group

plays the role of a translation group whereas the AutC

N

is a point group. In the traditional three{dimensional

crystallography the group G can be characterised in two

ways: by nonprimitive translations or by factor systems

[3]. There is a transformation from one description to an-

other through the formula which connects the factor sys-

tems and the nonprimitive translations. Unfortunately,

this formula does not give a direct way to determine the

nonprimitive translations for the one{dimensional case

despite the fact that we know the factor systems. In this

paper a method for calculating the nonprimitive transla-

tions for a �nite one{dimensional chain is presented. This

method is based on embedding the symmetry group of

such a system in a group which has similar features but

a greater order.

The nonprimitive translations for linear chains cre-

ate a possibility of a complete crystallographic descrip-

tion (with geometrical interpretation of elements of

groupG) of quasi{one{dimensional crystal like: line poly-

mers, organic metals and semiconductor and even high-

temperature superconductors [4{7]. One should empha-

sise that the nonprimitive translations for linear groups

which have \pure" geometrical interpretations, were de-

termined by Bozovic [4]. In this paper the algebraic for-

malism for the calculation of all nonprimitive transla-

tions is presented.

I. THE FACTOR SYSTEM AND NONPRIMITIVE

TRANSLATIONS

In crystallography the space group G describes the full

symmetry of a crystal:

G = f(t+ v(q); q)jt 2 T; q 2 P; v(id

P

) = id

T

g; (4)

where T is the translation group and P is the point

group, id

P

, id

T

are the identity elements of the groups

P and T , v is the nonprimitive translation v : P ! R

3

which means a translation that is a linear combination
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of base vectors with rational coe�cients. The multipli-

cation rule for this group is given by the expression

(t+ v(q); q)(t

0

+ v(q

0

); q

0

)

= (t+ qt

0

+ v(q) + qv(q

0

); qq

0

): (5)

The group G can be also considered as an extension of

the group P by the group T . The elements of the group

G are denoted as the pairs (t; q), t 2 T , q 2 P . The

multiplication rule for this case is

(t; q)(t

0

; q

0

) = (t+�(q)t

0

+ '(q; q

0

); qq

0

): (6)

The extension de�ned in such a way is described by a

factor system ' : P � P ! T and by the action � of

the group P on the group T . The extensions which dif-

fer only by the trivial factors '(q; q

0

) = id

T

, where id

T

is the identity translation, are equivalent [8]. There is a

relation between the nonprimitive translations and the

factor systems:

v(q) + qv(q

0

)� v(qq

0

) = '(q; q

0

): (7)

The mapping ' should also satisfy the condition:

q'(q

0

; q

00

) + '(q; q

0

q

00

) = '(q; q

0

) + '(qq

0

; q

00

); (8)

q; q

0

; q

00

2 P;

which is the consequence of the associative law for the

group G. For each pair P and T there are many exten-

sions of the group P by the group T , but the number

of the nonequivalent extensions is much lower than the

number of all extensions.

II. SYMMETRY OF THE FINITE LINEAR

CHAIN

For the system under consideration the group AutC

N

plays the role of the point group whereas the cyclic group

C

N

is the translation group. The group G, which de-

scribes both the hidden and the obvious symmetries of

the chain, is de�ned as follows:

G = C

N

2

�

AutC

N

: (9)

The action � is given by the formula

� : AutC

N

! AutC

N

: (10)

The classi�cation of the extensions can be done with the

application of the cohomology group and Mac Lane's

method [9{11] which is a very useful method for doing

it. This method is based on the free group theory and

makes it possible to determine the second cohomology

group H

2

�

(P; T ) for all the possible actions �. Each el-

ement of H

2

�

(P; T ) is associated with the factor system.

A large number of extensions which are classi�ed by the

factor systems '(�

N

; �

0N

), �

N

; �

0N

2 AutC

N

have been

obtained by this method, even for a low value of N . For

all these extensions Mac Lane's method allows to calcu-

late the factor systems but does not determine the non-

primitive translations which are more interesting from

the physical point of view because they o�er an obvi-

ous crystallographic interpretation. In the next section

we propose a method for determining such translations.

III. THE NONPRIMITIVE TRANSLATION

When considering a one-dimensional crystal the ques-

tion about the nonprimitive translations is the question

about the image of the mapping v. For �nding these non-

primitive translations we use the embedding of one group

in another. Let us consider the following mapping [12]

f

1

: C

N

! C

M

for N being the divisor of M; (11)

which maps the cyclic group C

N

into the cyclic group

C

M

of a greater order (M > N ). An example of such a

mapping for M = 12 and N = 3 is presented in the next

section.

The next mapping f

2

: AutC

N

! AutC

M

that de-

scribes the action of the group AutC

N

on the group C

M

is introduced. It satis�es the equation

f

2

(�

N

1

) = �

M

1

; (12)

where �

N

1

and �

M

1

are identity automorphisms in the

group AutC

N

and AutC

M

, respectively. Now we can

de�ne the nonprimitive translations for the group G =

AutC

N

2

�

C

N

:

v : AutC

N

! C

M

: (13)

The image of the mapping v is the set of translations

which belong to the group C

M

but some of them, called

nonprimitive translations, do not belong to the image

v =2 f

1

(C

N

). By summing up these nonprimitive transla-

tions we can obtain a translation that is primitive, which

means that it belongs to the set f

1

(C

N

).

The relation between the factor systems and the non-

primitive translations for the group G can be written as

follows:

f

1

('(�

N

; �

0N

)) = v(�

N

) + f

2

(�

N

)v(�

0N

) (14)

� v(�

N

�

0N

); (15)

where �

N

; �

0N

2 AutC

N

, v(�

N

) is the nonprimitive

translation for the group G and '(�

N

; �

0N

) are the factor

systems.
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To determine the nonprimitive translations we choose

the mappings f

1

and f

2

and then we solve the equation

(14) for all the possible values of �

N

and �

0N

. The cases

when �

N

= �

0N

= id

AutC

N

are trivial because the solu-

tion v = id

C

M

is the primitive translation.

Let us solve equation (14) for two automorphisms

�

N

; �

0N

2 f�

N

N�1

; �

N

1

g. The action of automorphism on

the group C

N

is de�ned as follows:

�

N

j = ijmodN: (16)

Let M be the divisor of N , then the natural mapping for

f

1

is

f

1

: j ! j

M

N

= j

0

; for j 2 C

N

; j

0

2 C

M

: (17)

The mapping f

2

for the two previously chosen automor-

phisms can be written as:

f

2

(�

N

1

) = �

M

1

;

f

2

(�

N

N�1

) = �

M

M�1

:

The solutions of the equation (14) for the cases when one

automorphism is an identity automorphism are trivial:

f

1

('(�

N

1

; �

N

N�1

)) = v(�

N

1

);

(18)

f

1

('(�

N

N�1

; �

N

1

)) = (M � 1)v(�

N

1

):

In both cases v(�

N

1

) is equal to the identity element id

C

M

in the group C

M

. A nontrivial equation (14) is obtained

when �

N

= �

0N

= �

N

N�1

:

f

1

('(�

N

N�1

; �

N

N�1

)) = v(�

N

N�1

) + f

2

(�

N

N�1

)v(�

N

N�1

) (19)

� v(�

N

N�1

�

N

N�1

):

The solution of (19) is

f

1

('(�

N

N�1

; �

N

0

N�1

)) = Mv(�

N

N�1

) �M: (20)

Since the composition law for the group C

M

is de�ned

as moduloM , the last element on the right side of equa-

tion (20) can be neglected. Therefore, the solutions are

v 2

~

M = f1; 2; : : :Mg and the nonprimitive translations

are the elements j 2

~

M which do not belong to the image

of f

1

(C

N

).

IV. EXAMPLE M = 12, N = 3

The group AutC

12

has four elements (�

12

1

; �

12

5

; �

12

7

; �

12

11

)

whereas the group AutC

3

= f�

3

1

; �

3

2

g. The mapping f

1

is

de�ned as:

f

1

: j ! j

0

= 4j; where j

0

2 C

12

; j 2 C

3

(21)

and the mapping f

2

as:

f

2

(�

3

1

) = �

12

1

;

f

2

(�

3

2

) = �

12

11

:

(22)

Equation (19) for our example is:

f

1

('(�

3

2

�

3

2

)) = 12v(�

3

2

): (23)

The translations that satisfy this equation are primitive

and nonprimitive in the group C

3

. These nonprimitive

ones do not belong to the image of f

1

(C

3

) and they form

the set f1; 2; 3; 5; 6;7;9;10;11g.The corresponding factor

system '(�

3

; �

03

) is trivial:

'(�

3

; �

3

0

) = 3 for all �

3

2 f�

3

1

; �

3

2

g: (24)

V. CONCLUSIONS AND REMARKS

The method presented above creates a possibility of

calculating the nonprimitive translations for the group

G which describes, according to the Recipe of Weyl, the

full symmetry of a one{dimensional �nite crystal. The

knowledge of the full symmetry allows us to notice new

properties of mesoscopic physical systems, which are now

often studied and applied in microelectronics. As an ex-

ample of a new property the Heisenberg magnet with

�nite and small number of nodes may be given. For this

system the group of hidden symmetry determines the

distribution of the quantum states in the Brillouine zone

| the density of these states is constant for such quasi-

monenta, which form an orbit of the action of the group

AutC

N

on the set of elements of the Brillouine zone [13].

The idea of formalismused in the paper for calculating

the nonprimitive translations consists in a group theory

construction called embedding. The nonprimitive trans-

lations in the small (in the sense of group order) group

C

N

are primitive translations in the large group C

M

. The

restriction for embedding is that N should be a divisor

of M . It has been shown that even for certain particular

automorphisms a large set of nonprimitive translations

may be found.
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NEPRIM�TIVN� TRANSL�C�Õ OBME�ENOGO L�N��NOGO LANC��KA

A. Val~, M. Kuz~ma

�nstitut f�ziki, Viwa pedagog�qna xkola,

Re�tana, 16A, �exuv, 35{310, Pol~wa

Rozgl�nuto simetr�� sk�nqenogo odnovim�rnogolanc��ka, �ki� skladat~s� z N toto�nih r�vnov�dda-

lenih vuzl�v � zadovol~n� kra�ov� umovi Borna{Karmana. Zg�dno z proceduro� Va�l�, simetr�� takogo

lanc��ka opisu grupa, �ka  rezul~tatom operac�Ý rozxirenn� grupi C

N

qerez grupu avtomorf�zm�v

AutC

N

. Z ko�nim takim rozxirenn�m pov'�zana sistema mno�nik�v, �ka viznaqa zakon grupovogo mno-

�enn�. Kr�m togo, zakon grupovogo mno�enn� mo�e buti zadani� neprim�tivnimi transl�c��mi.

Zavd�ki teoretiko{grupov�� konstrukc�Ý, �ko�  vkladenn� odnoÝ grupi v �nxu, zaproponovano metod

viznaqenn� takihneprim�tivnihtransl�c��.Rozgl�nuto vkladenn� grupiAutC

N

2C

N

u grupuAutC

M

2C

M

dl� M > N kratnogo N . Zastosovani� metod dozvoliv viznaqiti neprim�tivn� transl�c�Ý dl� vibranih

avtomorf�zm�v, �k� nale�at~ do AutC

N

. Konkretni� rozrahunok provedeno dl� vipadkuM = 12, N = 3.
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