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In reent years a uni�ed phenomenologial piture for the hole doped high-T



uprates has

emerged for a spin and harge spetrosopy. Spetral anomalies have been interpreted as evidene of

harge arrier oupling to a olletive spin exitation present in the optial ondutivity, in ARPES

(angular resolved photoemission), and in tunneling data. These anomalies an be used to derive an

approximate piture of a harge arrier | exhange boson interation spetral density I

2

�(!) whih

is then to be used within an extended Eliashberg formalism to analyze normal and superonduting

properties of optimally doped and overdoped uprates. This paper reviews reent developments and

demonstrates the sometimes astonishing agreement between experiment and theoretial predition.
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I. INTRODUCTION

The standard Eliashberg equations [1,2℄ were derived

for superondutors with an energy gap of s-wave sym-

metry and the eletron-phonon interation as the pairing

interation. This type of interation allows the applia-

tion of Migdal's theorem whih states that vertex orre-

tions in the eletron-phonon interation an be negleted

to order !

D

="

F

, with !

D

the Debye energy and "

F

the

Fermi energy. On the other hand, it is now widely a-

epted that the high T



uprates have an energy gap of

d

x

2

�y

2
symmetry [3{8℄ and there is still no onsensus as

to the mirosopi mehanism leading to Cooper pairs in

these materials.

In Eliashberg theory a given superondutor is har-

aterized by the Eliashberg funtion �

2

F (!) whih de-

sribes the exhange of a phonon by two eletrons at the

Fermi surfae and by the Coulomb potential �

?

. These

are the kernels in the two non-linear oupled Eliash-

berg equations. One equation, whih is referred to as

the renormalization hannel, desribes the e�et of the

eletron{phonon interation on normal-state properties

modi�ed further by the onset of superondutivity. The

seond equation, referred to as the pairing hannel, deals

with the energy gap diretly and is identially zero in

the normal-state. When reliable tunneling data is avail-

able for the quasipartile density-of-states N

qp

(!), for in-

stane, the proedure an be inverted [9,10℄ to get from

N

qp

(!) the kernels �

2

F (!) and �

?

. In priniple, it should

also be possible to get the same information from infrared

data [11{13℄ although in onventional systems this has

not been widely done while tunneling has. One the ker-

nels �

2

F (!) and �

?

are known, the �nite temperature

Eliashberg equations an be solved numerially to ob-

tain superonduting properties.

In priniple, the Eliashberg equations an easily be

generalized to inlude d-wave symmetry of the energy

gap by an appropriate extension (to inlude a depen-

dene on orientation of the eletron momenta) of the

harge arrier | exhange boson interation spetral

density (�

2

F (!) in ase of the eletron{phonon intera-

tion) whih ontains all the relevant information about

the oupling of the harge arriers to the exhange

bosons. As the mirosopi mehanism leading to super-

ondutivity is not yet known, information on the harge

arrier | exhange boson interation spetral density

(denoted I

2

�(!) throughout this paper) is to be obtained

by a �t to appropriate data sets using phenomenologial

models. Suh a proedure an yield a �rst approximation

to a omplete desription even in ases when an equiv-

alent to Migdal's theorem is not appliable and vertex

orretions are not entirely negligible.

Unfortunately, the well established inversion teh-

niques whih allowed one to determine �

2

F (!) from tun-

neling experiments [10℄ have, so far, not been extended

to the uprates and, therefore, phenomenologial models

had to be developed for I

2

�(!). One suh phenomeno-

logial model has been introdued by Shahinger et al.

[14{16℄ and was reviewed by Shahinger and Sh�urrer

[17℄. This model is a purely eletroni model and de-

sribes the feedbak e�et the superonduting state has

on I

2

�(!). The authors used, for de�niteness, the spin

utuation model introdued by Pines and oworkers

[18,19℄ in their Nearly Antiferromagneti Fermi Liquid

(NAFFL) model. The feedbak e�et aused by super-

ondutivity is desribed by introduing a low energy gap

in I

2

�(!) (low frequeny uto�) whih opens up as the

temperature is lowered through the ritial temperature

T



. This gap shows the same temperature dependene

and size as the superonduting energy gap. Within this

model it was possible to desribe onsistently the tem-

perature dependene of the mirowave ondutivity with
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its pronouned peak around 40K observed in optimally

doped YBa

2

Cu

3

O

6:95

(YBCO) [20,21℄, the similar peak

observed in the eletroni thermal ondutivity [22℄, and

the temperature dependene of the penetration depth in

nominally pure YBCO samples and in YBCO samples

with Zn or Ni impurities [14℄. Nevertheless, similar re-

sults would have been ahieved using the Marginal Fermi

Liquid (MFL) model [23℄ assuming a d-wave gap together

with a low frequeny uto� to desribe the harge arrier

| exhange boson interation spetral density.

A remarkable step forward in the development of phe-

nomenologial models was provided by the work of Mar-

siglio et al. [24℄ who were able to show analytially that

there exists a simple, approximate formula whih relates

�

2

F (!) to the normal state optial ondutivity �(!)

via the seond derivative of the real part of !�

�1

(!).

This established the basis for a spetrosopy whih al-

lows the measurement of the spetral density �

2

F (!) di-

retly from optial data. This result was then extended

to the superonduting state of d-wave superondutors

by Carbotte et al. [25℄ who explore the relationship be-

tween spetral density and W (!) at low temperatures in

the superonduting state. They onlude that the rela-

tionship is not at all as diret, but, even though more

ompliated, it remains simple enough to be very useful

although more approximate. (A similar proedure was

also suggested by Munzar et al. [26℄.)

It will be the purpose of this paper to review the ap-

pliation of this tehnique to various uprates in some

detail. Thus, the paper establishes in setion two the

formalism, setion three disusses its appliation to opti-

mally doped YBCO. Other uprates are also investigated

within the same ontext, and �nally, in setion four a

summary is presented.

II. FORMALISM

A. The Normal State Optial Condutivity

The optial ondutivity is related to the urrent-

urrent orrelation funtion. The paramagneti part of

the response funtion on the imaginary frequeny axis is

given by [27{31℄

�(i�

n

) =

1

N�

X

k;m

(ev

x

)

2

tr

n

^

G(k; i!

m

)

^

G(k; i!

m

+ i�

n

)

o

;

(1)

where

^

G(k; i!

m

) is a matrix Green's funtion in the

Nambu formalism [32℄, i!

m

= i�T (2m + 1);m =

0;�1;�2; : : : is the fermion and i�

n

= 2in�T; n =

0;�1;�2; : : : is the boson Matsubara frequeny; T is the

temperature and v

x

the omponent of the eletron velo-

ity in x-diretion. The fators preeding the summations

inlude the total number of atoms in the rystal, N , and

the inverse temperature, � � 1=k

B

T .

The optial ondutivity is related to the response

funtion through

�(!) =

i

!

�(! + i0

+

): (2)

After analytial ontinuation to the real frequeny axis

and using the usual proedure

1

N

X

k

�!

Z

d"N (");

we arrive at a general expression for the optial ondu-

tivity �

0

(!):

�

0

(!) =

1

i!

 

0

Z

�1

d� tanh

�

� + !

2T

�

S

�1

(T; !; �)

!

+

 

1

Z

0

d�

h

tanh

�

� + !

2T

�

(3)

� tanh

�

�

2T

� i

S

�1

(T; !; �)

!

;

whih has been given by Lee et al. [28℄ (with the fa-

tor ne

2

=m suppressed). Here, N (") � N ("

F

) � N (0),

N (0)e

2

v

2

F

= 


2

p

=4� � ne

2

=m; 


p

is the plasma fre-

queny, e the harge on the eletron, m its mass, and

n the eletron density per unit volume. In Eq. (3)

S(T; !; �) = ! + �

?

(T; � + !) ��(T; �)� i�t

+

(4)

with the self energy �(T; !) related to the eletron-

phonon spetral density by

�(T; !) = �

Z

dz �

2

F (z)

"

 

�

1

2

+ i

! + z

2�T

�

�  

�

1

2

+ i

! � z

2�T

�

#

; (5)

where  is the digamma funtion. In Eq. (4) �t

+

�

1=(2�

imp

) gives the impurity ontribution to the ele-

troni sattering. (�

imp

is the impurity sattering time.)

At zero temperature these expressions for the ondu-

tivity redue to a simple form [24,33℄:

�(!) =




2

p

4�

i

!

!

Z

0

d�

1

! ��(�)��(! � �)

; (6)

and the self energy
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�(!) =

1

Z

0

d
�

2

F (
) ln

�

�

�

�


� !


+ !

�

�

�

�

� i�

j!j

Z

0

d
�

2

F (
)

for the eletron{phonon interation. In this form Mar-

siglio et al. [24℄ were able to show analytially that a

remarkably simple formula ould be used to establish an

approximate but very useful relationship between �(!)

and �

2

F (!). The observation was also baked up by de-

tailed numerial work. We begin by de�ning an optial

sattering rate �

�1

op

(!) as [24,25℄

1

�

op

(!)

=




2

p

4�

<e

1

�(!)

� <e

1

�

0

(!)

; (7)

whih is routinely obtained in optial experiments. We

then de�ne an auxiliary funtion [24,25℄

W (!) �

1

2�

d

2

d!

2

�

!

�

op

(!)

�

: (8)

Marsiglio et al. [24℄ have shown that in ertain irum-

stanes

�

2

F (!) ' W (!); (9)

whih serves as a basis for a spetrosopy whih allows

the measurement of the spetral density �

2

F (!) diretly

from optial data. In Fig. 1 we show theoretial results

for W (!) at two temperatures based on the ase of Pb.

The solid urve is the Pb �

2

F (!) obtained from tunnel-

ing data. The other two urves were obtained by alu-

lating �(!) from Eq. (3) and omputing W (!) de�ned

by Eq. (8). Suh alulations were performed at two tem-

peratures, namely T = 1K (dotted) and T = 14K (dash-

dotted). Within the energy range orresponding to the

range of �

2

F (!) the dotted urve forW (!) is remarkably

lose to the solid urve for �

2

F (!) and therefore W (!)

gives an aurate measurement of the absolute value as

well as the frequeny dependene of the spetral den-

sity. As the temperature is inreased this is no longer

the ase although some rough orrespondene remains

whih provides a qualitative similarity between the two

quantities whih ould still be exploited to get a rough

�rst measure of the spetral density in ases where low

temperature data are not available. We point out that

even at T = 1K there are negative tails in W (!) above

the maximum phonon uto� whih are not in �

2

F (!).

This is expeted sine W (!) and �

2

F (!) are not the

same quantities. In fat, it is indeed remarkable that they

should orrespond so losely below the phonon uto� en-

ergy. This lose orrespondene an be exploited to get a

good �rst measure of the spetral density �

2

F (!) from

infrared data. In priniple, one should use the �rst it-

eration for �

2

F (!) obtained from the seond derivative

of the ondutivity de�ning W (!) [Eq. (8)℄, to alulate

from it �(!) based on Eqs. (3) to (5) and keep iterating

until an exat orrespondene between alulated and

measured �(!) results has been ahieved. In any of the

appliations so far this has not been attempted beause

of the many unertainties that remain.

Fig. 1. The solid urve is �

2

F (!) vs. ! for Pb. The other

urves are the funtion W (!) aording to Eq. (8) obtained

from the normal-state ondutivity optial sattering rate

�

�1

op

(!) at various temperatures. See Marsiglio et al. [24℄.

B. The Superonduting State

In as muh as BCS theory applies, any e�etive in-

teration between two eletrons at the Fermi surfae,

whih is attrative, will lead to superondutivity. This

an arise from the eletron{phonon interation through

the polarization of the system of ions. In this ase we

an desribe the polarization proess as due to the ex-

hange of a phonon between a pair of harge arriers.

An obvious extension is to ask: ould we exhange some

other exitation? In the Nearly Antiferromagneti Fermi

Liquid (NAFFL) model of Pines and oworkers [18,19℄ it

is envisaged that spin utuations replae the phonons.

The basi formalism for dealing with this new situation

are the Eliashberg equations but now the k, k

0

anisotropy

in momentum of the kernel �

2

kk

0

F (!) needs to be taken

into aount so that the resulting superonduting state

exhibits d-wave symmetry to aord with the experi-

mental observation. In the renormalization hannel we

take for simpliity only the isotropi ontribution from

the eletron{spin utuation exhange written as I

2

�(!)

where I

2

is to denote a spin{harge exhange oupling

onstant and �(!) is the spin suseptibility. To get a

d-wave gap we use a separable interation of the form

os(2�)gI

2

�(!) os(2�

0

) with � and �

0

the diretion of the

initial (k) and �nal (k

0

) momentumwhih, for simpliity,

we pin on the Fermi surfae although in the NAFFL the

entire Brillouin zone is averaged over i. e.: is not pinned

on the Fermi surfae. While, for simpliity, we have as-

sumed the same form I

2

�(!) to hold in the pairing as in

the renormalization hannel we have introdued a numer-

ial fator g to aount for the fat that the projetion
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of the general spetral density will in general be di�er-

ent in the two hannels. The repulsive e�etive Coulomb

interation �

?

k;k

0

is isotropi in an isotropi s-wave for-

malism. The same holds for the `Hubbard' U whih is

also assumed to be large and isotropi. Thus, the e�e-

tive Coulomb potential is not expeted to have a numeri-

ally large d-wave symmetri part and therefore does not

ontribute to the pairing hannel in a generalized d-wave

formulation of the Eliashberg equations.

Within these simplifying assumptions the Eliashberg

equations need �rst to be written on the imaginary Mat-

subara frequeny axis. They take on the following form

[34℄:

~

�(i!

n

; �) = g�T

X

m

os(2�)�(m � n)

�

*

os(2�

0

)

~

�(i!

m

; �

0

)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �

0

)

+

0

; (10a)

for the renormalized pairing potential

~

�(i!

n

; �), and

~!(i!

n

) = !

n

+ �T

X

m

�(m � n)

�

*

~!(i!

m

)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �

0

)

+

0

; (10b)

for the renormalized frequenies ~!(i!

n

). Here, h� � �i de-

notes the angular average over �. The quantity �(m�n)

has the usual form

�(m � n) = 2

1

Z

0

d



I

2

�(!)




2

+ (!

m

� !

n

)

2

: (10)

As written, Eqs. (10) do not depend on impurity satter-

ing. To inlude this possibility, we need to add into the

right hand side of Eq. (10b) a term of the form

��

+


(i!

n

)



2

+


2

(i!

n

) +D

2

(i!

n

)

(11)

where �

+

is proportional to the impurity onentration

and  is related to the eletron phase shift for satter-

ing o� the impurity. For unitary sattering,  is equal

to zero while !1 gives the Born approximation, i. e.:

the weak sattering limit. In this ase the entire impurity

term redues to the form �t

+


(i!

n

) with  absorbed into

t

+

. To omplete the spei�ation of Eq. (11), we have

D(i!

n

) =

*

~

�(i!

n

; �)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �)

+

; (12a)

and


(i!

n

) =

*

~!(i!

n

)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �)

+

: (12b)

While ertain quantities, suh as the penetration

depth, an be obtained quite diretly from the numer-

ial solution on the imaginary frequeny axis, i. e.: from

~

�(i!

n

; �) and ~!(i!

n

), real frequeny axis solutions are

needed to alulate the optial ondutivity. These equa-

tions for

~

�(� + iÆ; �) and ~!(� + iÆ) with Æ in�nitesimal

are more ompliated and an be written in the form

[14{16℄:

~

�(� + iÆ; �) = �Tg

1

X

m=0

os(2�) [�(� � i!

m

) + �(� + i!

m

)℄

*

~

�(i!

m

; �

0

) os(2�

0

)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �

0

)

+

0

(13a)

+ i�g

1

Z

�1

dz os(2�)I

2

�(z) [n(z) + f(z � �)℄

*

~

�(� � z + iÆ; �

0

) os(2�

0

)

q

~!

2

(� � z + iÆ) �

~

�

2

(� � z + iÆ; �

0

)

+

0

;

for the pairing hannel and

~!(� + iÆ) = � + i�T

1

X

m=0

[�(� � i!

m

)� �(� + i!

m

)℄

*

~!(i!

m

)

q

~!

2

(i!

m

) +

~

�

2

(i!

m

; �

0

)

+

0

(13b)
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+ i�

1

Z

�1

dz I

2

�(z) [n(z) + f(z � �)℄

*

~!(� � z + iÆ)

q

~!

2

(� � z + iÆ) �

~

�

2

(� � z + iÆ; �

0

)

+

0

+ i��

+


(�)



2

+D

2

(�) + 


2

(�)

:

for the renormalization hannel. Thermal fators appear

in these equations through the Bose and Fermi distribu-

tion n(z) and f(z), respetively. Furthermore, the abbre-

viations:

�(�) =

1

Z

�1

d


I

2

�(
)

� � 
+ i0

+

; (14a)

D(�) =

*

~

�(� + iÆ; �)

q

~!

2

(� + iÆ)�

~

�

2

(� + iÆ; �)

+

; (14b)


(�) =

*

~!(� + iÆ)

q

~!

2

(� + iÆ) �

~

�

2

(� + iÆ; �)

+

: (14)

have been used. Eqs. (13) are a set of nonlinear ou-

pled equations for the renormalized pairing potential

~

�(� + iÆ; �) and the renormalized frequenies ~!(� + iÆ)

with the superonduting gap given by

�(� + iÆ; �) = �

~

�(� + iÆ; �)

~!(� + iÆ)

; (15)

or, if the renormalization funtion Z(�) is introdued in

the usual way as ~!(� + iÆ) = �Z(�), one �nds for the

superonduting gap

�(� + iÆ; �) =

~

�(� + iÆ; �)

Z(�)

: (16)

These equations are a minimumset and go beyond a BCS

approah and inlude the inelasti sattering known to

be strong in the uprate superondutors.

From solutions of the generalized Eliashberg equations

we an onstrut the Green's funtion in Eq. (1) ana-

lytially ontinued to the real frequeny axis 
. In this

formulation the expression for the in-plane ondutivity

�

ab

(T;
) involves further averaging over angles whih

needs to be done numerially. We �nd the following re-

sult after further manipulations and rearrangements:

�

ab

(
) =

i




e

2

N (0)v

2

F

2

*

1

Z

0

d� tanh

�

�

2T

�

1�N (�; �)N (� +
; �) � P (�; �)P (� + 
; �)

E(�; �) + E(� + 
; �)

+

1

Z

0

d� tanh

�

� +


2T

�

1� N

?

(�; �)N

?

(� +
; �) � P

?

(�; �)P

?

(� + 
; �)

E

?

(�; �) + E

?

(� + 
; �)

+

1

Z

0

d�

�

tanh

�

� + 


2T

�

� tanh

�

�

2T

�

�

1 + N

?

(�; �)N (� +
; �) + P

?

(�; �)P (� +
; �)

E(� + 
; �)� E

?

(�; �)

+

0

Z

�


d� tanh

�

� +


2T

��

1�N

?

(�; �)N

?

(� + 
; �)� P

?

(�; �)P

?

(� +
; �)

E

?

(�; �) +E

?

(� +
; �)

+

1 +N

?

(�; �)N (� + 
; �) + P

?

(�; �)P (� +
; �)

E(� +
; �) �E

?

(�; �)

��

; (17a)

with

E(!; �) =

q

~!

2

k

(!)�

~

�

2

k

(!); (17b)
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and

N (!; �) =

~!

k

(!)

E(!; �)

; P (!; �) =

~

�

k

(!)

E(!; �)

: (17)

In the above, the star refers to the omplex onjugate.

This set of equations is valid for the real and imaginary

part of the ondutivity as a funtion of frequeny 
. It

ontains only the paramagneti ontribution to the on-

dutivity but this is �ne sine we have found that the

diamagneti ontribution is small in the ase onsidered

here.

The out-of-plane ondutivity �



(T;
) at temperature

T and frequeny 
 is related to the urrent{urrent or-

relation funtion �



(T; i�

n

) at the boson Matsubara fre-

queny i�

n

analytially ontinued to real frequeny 
,

and to the -axis kineti energy hH



i [35,36℄ via

�



(T;
) =

1




�

�



(T; i�

n

! 
+ i0

+

)� e

2

d

2

hH



i

�

; (18)

with d the distane between planes in -diretion. In

terms of the in-plane thermodynami Green's funtion

^

G(k; i!

n

) and for oherent hopping t

?

(k) perpendiular

to the CuO

2

planes

�



(T; i�

n

) = 2(ed)

2

T

X

!

m

X

k

t

2

?

(k)

�tr

n

�̂

0

^

G(k; i!

m

)�̂

0

^

G(k; i!

m

+ i�

n

)

o

(19a)

and

hH



i = 2T

X

!

m

X

k

t

2

?

(k) tr

n

�̂

3

^

G(k; i!

m

)�̂

3

^

G(k; i!

m

)

o

:

(19b)

In Eqs. (19) the 2�2 Nambu Green's funtion

^

G(k; i!

m

)

desribes the in-plane dynamis of the harge arriers

with momentum k in the two dimensional CuO

2

plane

Brillouin zone and is given by

^

G(k; i!

n

) =

i~!(i!

n

)�̂

0

+ �

k

�̂

3

+

~

�

k

(i!

n

)�̂

1

�~!

2

(i!

n

)� �

2

k

�

~

�

2

k

(i!

n

)

; (20)

where the �̂ 's are Pauli 2 � 2 matries, �

k

is the band

energy of the harge arriers as a funtion of their mo-

mentum k,

~

�

k

(i!

n

) is the renormalized pairing potential

and i~!(i!

n

) the renormalized Matsubara frequeny. In

our model these quantities are determined as solutions

of Eliashberg equations (10).

In Eqs. (19) the out-of-plane matrix element t

?

(k)

an depend on the in-plane momentum k. Models have

been summarized reently by Sandeman and Sho�eld

[37℄ who refer to previous literature [38{40℄. A possible

hoie is t

?

(k) = t

?

, a onstant. But, onsideration of

the hemistry of the CuO

2

plane and of the overlap of one

plane with the next, suggests a form t

?

(k) = os

2

(2�)

where � is the angle of k in the two dimensional CuO

2

Brillouin zone for the plane motion. This matrix element

eliminates entirely ontributions from nodal quasiparti-

les to the -axis motion.

For inoherent impurity indued -axis harge transfer

Eqs. (19) are to be modi�ed. After an impurity on�gu-

ration average one obtains

�



(T; i�

n

) = 2(ed)

2

T

X

m

X

k;k

0

V

2

k;k

0

� tr

n

�̂

0

^

G(k; i!

m

)�̂

0

^

G(k

0

; i!

m

+ i�

n

)

o

(21a)

hH



i = 2T

X

m

X

k;k

0

V

2

k;k

0

� tr

n

�̂

3

^

G(k; i!

m

)�̂

3

^

G(k

0

; i!

m

)

o

; (21b)

with V

2

k;k

0

the average of the square of the impurity

potential. If the impurity potential was taken to on-

serve momentum, whih it does not, we would reover

Eqs. (19). Various models ould be taken for V

2

k;k

0

. Here

we use a form introdued by Kim [35℄ and Hirshfeld et

al. [41℄

V

2

k;k

0

= jV

0

j

2

+ jV

1

j

2

os(2�) os(2�

0

); (22)

with � and �

0

the diretions of k and k

0

respetively.

After analyti ontinuation to the real 
-axis the real

part of the inoherent ondutivity along the -axis is

given by (normalized to its normal state value �

1n

) [41℄:

�

1

(
)

�

1n

=

1

�

Z

d! [f(!) � f(! + 
)℄ (23)

�

�

N (! + 
)N (!) +

�

�

�

�

V

1

V

0

�

�

�

�

P (! +
)P (!)

�

:
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III. APPLICATION TO HIGH-T

C

CUPRATES

A. The Compound YBa

2

Cu

3

O

6+Æ

1. The Normal State Infrared Condutivity

We begin with a disussion of the normal-state sat-

tering of the harge arriers o� spin utuations. For the

spin utuation spetral density I

2

�(!) we take a very

simple model motivated in the work of Millis et al. [18℄

(MMP). We de�ne a single harateristi spin utuation

frequeny !

SF

and take

I

2

�(!) = I

2

!=!

SF

!

2

+ !

2

SF

; (24)

where I

2

is a oupling onstant whih an be �t to

normal-state infrared data based on Eq. (3) with I

2

�(!)

playing the role of �

2

F (!) in Eq. (5) for the self energy.

In Fig. 2 we show our result for �

�1

op

(!) related to the

ondutivity by Eq. (7) for an optimally doped, twinned

YBa

2

Cu

3

O

6:95

(YBCO) single rystal with T



= 92:4K

at temperature T = 95K. The solid urve is the data

of Basov et al. [42℄. The dashed and dotted urves are

our best �ts for !

SF

= 10meV and 30meV, respetively,

with I

2

adjusted to get the orret absolute value of the

sattering rate at T = 95K and low energies !. We see

that both values of !

SF

do not give equally satisfatory

�ts to the data. The dash-dotted urve, however, �ts the

data well and orresponds to !

SF

= 20meV. This �t

provides us with a model I

2

�(!) valid for the normal-

state of YBCO. A plot of this funtion is shown in Fig. 3

as the gray solid squares. Also shown in this �gure are

two sets of theoretial results based on the I

2

�(!) with

!

SF

= 20meV whih serve to illustrate the inversion

tehnique. The experimental data on �

�1

op

(!) gives the

model I

2

�(!) spetrum. Next this model spetrum is

used in the normal-state ondutivity Eq. (3) and two

temperatures are onsidered, namely T = 95K (dotted

urve) and T = 10K (solid urve). Exept for some nu-

merial noise it is lear that when W (!) (solid urve) is

omputed from Eq. (8) whih involves a seond deriva-

tive of our alulated data for �

�1

op

(!) omputed from the

ondutivity aording to Eq. (7), that the low tempera-

ture data (T = 10K) gives a remarkable aurate piture

of the input I

2

�(!) funtion and that to a very good ap-

proximationW (!) is the same as I

2

�(!) in this ase. If

the temperature is inreased to 95K the math between

W (!) (dotted urve) and I

2

�(!) is not quite as good.

This shows that our inversion tehnique summarized in

Eqs. (7) and (8) is best when applied at low tempera-

tures. The resultant inverted I

2

�(!) gets smeared some-

what if high temperatures are used instead.

0 50 100 150 200 250
0

50

100

150

200

250

300

 Experiment
 ω

SF
 = 30 meV

 ω
SF

 = 20 meV
 ω

SF
 = 10 meV

τ o
p-1

( ω
) 

(m
eV

)
ω (meV)

Fig. 2. The normal-state optial sattering rate �

�1

op

(!) vs.

! for YBCO with a T



= 92:4K obtained from the work

of Basov et al. [42℄ (solid line) at a temperature of 95K.

The dash-dotted urve from theory based on Eq. (3) with

an MMP model spetral density using a spin utuation fre-

queny !

SF

= 20meV gives good agreement while the other

hoies of 30meV (dotted line) or 10meV (dashed line) do

not.

0 50 100 150
0.0

0.1

0.2

0.3

0.4

0.5

 

 I
2χ(ω)

 W(ω), T = 10 K

 W(ω), T = 95 K

W
( ω

),
 I2 χ(

ω
)

ω (meV)

Fig. 3. Comparison of the spetral density I

2

�(!) (gray

solid squares) in the MMP model [18℄ (!

SF

= 20meV) with

the funtion W (!) de�ned in Eq. (8) from the normal-state

ondutivity sattering rate Eq. (7). The solid urve is at

T = 10K while the dotted urve is at 95K.
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2. The Superonduting State, I

2

�(!) and the Infrared

Condutivity

Going to the superonduting state requires the solu-

tion of the Eliashberg equations (13) and evaluation of

formula (17) for the optial ondutivity. This is muh

more ompliated than the orresponding normal-state

analysis. Also, it is ritial to understand that sine we

are dealing with a highly orrelated system and the ex-

itations we are exhanging in our spetral density are

within the eletroni system itself, they ould be pro-

foundly modi�ed by the onset of the transition. In Fig. 4

we reprodue spin polarized inelasti neutron sattering

results of the spin utuations measured in a sample of

YBa

2

Cu

3

O

6:92

by Bourges et al. [43℄ at two tempera-

tures namely T = 100K (open squares) and T = 5K

(solid irles) whih show the formation of the 41meV

spin resonane in the superonduting state. At 100K

the measured spetrum looks very muh like the sim-

ple spetrum used in our analysis of the optial data in

YBCO (Fig. 3) but this simple form is profoundly modi-

�ed in the superonduting state with the imaginary part

of the magneti suseptibility depressed at small ! and

the formation of a sharp peak around E

r

= 41meV. The

possibility of a hange in I

2

�(!) brought about by the

onset of superondutivity must be inluded in our anal-

ysis of the optial data in the superonduting state. A

question we an immediately ask is: is the 41meV peak

seen in optimallydoped YBCO in neutron sattering also

seen in the superonduting state optial ondutivity?

To perform the neessary analysis several modi�ations

of what has been done so far need to be onsidered. The

observation that, in the normal-state the well de�ned

funtion W (!) given in Eq. (8) whih is easily aessible

when the ondutivity �(!) is known, an be identi�ed

to a good approximation with I

2

�(!) may not hold in

the superonduting state of a d-wave superondutor.

Fig. 4. Experimental results of the magneti suseptibility

at Q = (�; �) in a sample of YBa

2

Cu

3

O

6:92

. The imaginary

part of � is measured as a funtion of energy. Open squares

are results at T = 100K and solid irles are at T = 5K (in

the superonduting state, T



= 91K for this sample). The

energy of the spin resonane E

r

= 41 meV. Adapted from

[43℄.

It turns out from extensive alulations of the su-

peronduting state ondutivity based on Eqs. (17) by

Shahinger and Carbotte [44,45℄ that a simple modi�-

ation of the rule

I

2

�(!) ' W (!)

an be found whih applies approximately in the super-

onduting state in the resonane region, namely

I

2

�(!

1

) '

W (!

2

)

2

;

with !

2

shifted by �

0

(T ), the energy gap at temperature

T , when ompared with !

1

. This rule, while not exat,

is nevertheless suÆiently aurate to make it useful in

obtaining �rst qualitative information on the magnitude

and frequeny dependene of the underlying harge ar-

rier | exhange boson interation spetral density from

optial data. We expet the hanges in going to the su-

peronduting state to be the growth of the resonane,

while at higher energies there should be no hange in

I

2

�(!) from its normal state value. A detailed ompar-

ison of I

2

�(!) and W (!) in the superonduting state

will be given later when we relate additional strutures

in W (!) not in I

2

�(!) to strutures in the superon-

duting quasipartile density of states whih introdue

distortions inW (!) as ompared to the underlying spe-

tral density. In Fig. 5 we show results for the ase of

YBCO [25,46℄ at T = 10K. The solid line was obtained

diretly from di�erentiation of experimental data on the

optial sattering rate using the superonduting state

ondutivity �(!) in Eq. (7) and the de�nition (8) of

W (!). It is limited to the resonane region. It shows that

W (!)=2 learly has a peak orresponding to the peak

seen in the spin suseptibility of Fig. 4 measured in neu-

tron sattering. Of ourse, I

2

�(!) inludes the oupling

onstant I

2

between eletrons and spin utuations and

is not stritly the imaginary part of the spin suseptibil-

ity. These two funtions are not the same but we do know

that an optial resonane peak does appear when the

neutron peak is observed. They fall at the same frequeny

E

r

and look similar in other aspets. It is important to

emphasize that this solid urve omes diretly from the

data on �(!) and an be interpreted as evidene for ou-

pling of the harge arriers to the spin one resonane at

41meV. The other urves in the �gure are equally impor-

tant. The gray squares represent the I

2

�(!) used in al-

ulations displaed in energy by the gap �

0

= 27meV.

It is onstruted ompletely from experiment. The �t-

ting proedure involves two ritial independent steps.

First the data on �

�1

op

(!) in the normal-state is used to

get a bakground spetrum of the form given in Eq. (24)

whih applies to the normal-state. This de�nes !

SF

and

the orresponding I

2

. This spetrum is also valid at the

ritial temperature T



. We use this to determine the last

parameter, the anisotropy parameter g in Eqs. (10a) and

(13a), in solving the linearized Eqs. (10) for g to give the
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required T



. In the seond step the normal-state result

for the spetral density is modi�ed only in the region of

the resonane peak leaving it unhanged at higher en-

ergies. The resonane is positioned and its magnitude

given by the data for the experimental W (!)=2 (solid

urve). There is no ambiguity and the proedure is def-

inite. A hek on the onsisteny of this proedure is

then performed in alulating the theoretial W (!)=2

(dashed line) from the theoretial optial sattering rate

alulated numerially from the solutions of the Eliash-

berg equations. We see that the theoretial data agree

remarkably well with experiment in the region of the

resonane. More explanations of the di�erenes between

W (!)=2 and I

2

�(!) beyond the resonane region will be

provided later on.

0 50 100 150 200

0.0

0.5

1.0

1.5

2.0
 

 I
2
χ(ω)

          shifted by ∆0 = 27 meV
 W(ω)/2

          inversion from experiment
 W(ω)/2, theory g = 0.78

I2 χ(
ω

),
 W

( ω
)

ω (meV)

Fig. 5. The model harge arrier spin exitation spe-

tral density I

2

�(!) for T = 10K (gray solid squares) on-

struted from ondutivity data for optimally doped YBCO.

The dashed line whih follows the gray solid squares faithfully,

exept for negative osillations just beyond the spin resonane

around 68meV, is W (!)=2 obtained from our model I

2

�(!)

(displaed by the gap energy �

0

= 27meV in the �gure). The

solid line is the oupling to the resonane found diretly from

experiment.

After this important low temperature onsisteny

hek we an now study in more detail the temperature

dependene of the spetral density I

2

�(!) in the super-

onduting state of an optimally doped, twinned YBCO

single rystal using experimental data. The frequeny de-

pendene of the optial sattering rate has been studied

at �ve temperatures by Basov et al. [42℄. We reprodue

their experimental results in the top frame of Fig. 6.

The data are for T = 10K solid line, T = 40K dot-

ted line, T = 60K dashed line, T = 80K dash-dotted

line, and T = 95K (in the normal-state) gray solid line.

We see that in the normal-state �

�1

op

(!) vs. ! shows a

quasi-linear dependene on ! but in all other urves a

depression below the normal urve is seen at small !

below roughly 75meV. The depression is the more pro-

nouned the lower the temperature. At higher frequen-

ies all urves roughly oinide. At low temperatures,

�

�1

op

(!) as a funtion of ! shows a small value up to

50meV or so, with a sharp rise around 75meV hara-

teristi of the existene of a sharp peak in I

2

�(!). It is

lear that this peak inreases in strength as T is lowered

into the superonduting state. More quantitative infor-

mation on the temperature variation of the optial reso-

nane, its strength in I

2

�(!), and its position is shown

in the bottom frame of Fig. 6 where we show the seond

derivative W (!) funtion derived diretly from the data

given in the top frame by performing the di�erentiation

indiated in Eq. (8). The solid urve is for T = 10K,

the dotted urve for T = 40K, the dashed for T = 60K,

and dash-dotted for T = 80K. The height of the peak of

the resonane learly inreases with lowering of the tem-

perature. In the urves for W (!) vs. ! the position of

the peak is seen to be redued as T is inreased towards

T



. If it is remembered that the peak in W (!) is loated

at the gap value �

0

(T ) plus the position of the reso-

nane E

r

and the temperature dependene of the gap is

aounted for (it dereases with inreasing temperature

and rapidly goes to zero as T



is approahed) then we

onlude that the position of the resonane is temper-

ature independent although its strength dereases as T

inreases. This is also in agreement with the observation

made by Dai et al. [47℄ that the energy at whih the spin

one resonane is observed in YBCO (41meV) is temper-

ature independent.

0 50 100 150
0

50

100

150

 T = 10 K
 T = 40 K
 T = 60 K
 T = 80 K
 T = 95 K

τ o
p-1

( ω
) 

(m
eV
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ω (meV)
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0.0
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1.0

1.5
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2.5
 

ω (meV)

W
( ω

)

 T = 10 K
 T = 40 K
 T = 60 K
 T = 80 K

Fig. 6. Top frame: optial sattering rate �

�1

op

(T; !) in meV

for optimally doped, twinned YBCO single rystals [42℄. Bot-

tom frame: funtion W (!) vs. ! in the region of the optial

resonane.

In Fig. 7 we show results for the spetral density

I

2

�(!) vs. ! obtained from the data of Fig. 6 at �ve tem-
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peratures, namely T = 95K (solid gray urve), T = 80K

(dash-dotted urve), T = 60K (dashed urve), T = 40K

(dotted urve), and T = 10K (solid blak urve). The

proedure follows in all ases the proedure already de-

sribed in detail for the T = 10K data. Now, the reso-

nane is positioned and its magnitude given by the W (!)

data shown in the bottom frame of Fig. 6 andW (!)=2 is

used to modify the normal-state MMP bakground spe-

trum only in the region of the resonane.

0 50 100 150 200 250
0.0

0.2

0.4

0.6

0.8

1.0

1.2

 

 

 T = 95 K
 T = 80 K
 T = 60 K
 T = 40 K
 T = 10 K

I2 χ(
ω

)

ω (meV)

Fig. 7. The harge arrier-spin exitation spetral den-

sity I

2

�(!) determined from optial sattering data at var-

ious temperatures. Solid gray urve T = 95K, dash-dotted

T = 80K, dashed T = 60K, dotted T = 40K, and blak

solid T = 10K. Note the growth in strength of the 41meV

optial resonane as the temperature is lowered.

A onsisteny hek is then performed for all temper-

atures and we present the T = 40K result in Fig. 8.

The top frame gives W (!)=2 obtained diretly from ex-

periment in the resonane region (solid line, orresponds

to the dotted line in the bottom frame of Fig. 6). The

model I

2

�(!) for this temperature is given by the gray

solid squares displaed in energy by the superonduting

gap �

0

= 21meV. This spetrum agrees with the ex-

perimental W (!)=2 in the resonane region. The dashed

urve, �nally, represents the theoretial W (!)=2 and we

reognize, again, a remarkable agreement between theory

and experiment in the appropriate energy range. The �t

to the optial sattering rate whih in the end is the

quantity that matters is shown in the bottom frame of

Fig. 8. The theoretial urve (dashed line) follows well

the experimental data (solid line). In this sense we have

found a spetral density whih an reprodue the mea-

sured optial sattering rate at T = 40K and it does

not matter muh how we arrived at our �nal model for

I

2

�(!) whih involved, as a step, onsideration of the

funtion W (!) whih served to guide our hoie.

We return now to a more detailed disussion of the

optial ondutivity. In Fig. 9 we show the real part

of the optial ondutivity �

1

(!) for untwinned, opti-

mally doped YBCO single rystals (solid line) reported

by Homes et al. [48℄ and ompare with results of vari-

ous alulations. This means that we are now omparing

theoretial preditions with experimental YBCO data

whih have not been used to derive the I

2

�(!) spe-

tra. The gray solid urve is the BCS result for a gap of

24meV and impurity sattering in Born approximation

orresponding to t

+

= 0:32meV. It is very lear that no

agreement with experiment is possible with BCS d-wave.

One needs to go to an Eliashberg formulation if one is to

even get lose to the data. In some sense this is very posi-

tive sine a good �t with a BCS formulation would mean

that details of the pairing potential do not play an im-

portant role in the ondutivity and, thus, our proedure

would not be a good way to pin down some of the details

of the pairing interation. The dash-dotted urve repre-

sents results of Eliashberg alulations but with an MMP

model for the I

2

�(!) kernel. This ignores the growth of

the 41meV optial resonane that enters when the su-

peronduting state develops. While the agreement with

the data is good at high energies beyond 100meV say,

it fails ompletely in the low energy region. In parti-

ular, the Drude like peak at very low energies is muh

too narrow. It is important, however, to emphasize the

di�erene between Eliashberg and BCS at high energies

where BCS gives a ondutivity whih is muh too small

while, in omparison, Eliashberg with an MMP kernel

gives larger values reeting the long tails extending to

400meV in the MMP I

2

�(!) spetrum. This is taken as

strong evidene for the existene of long tails in the pair-

ing spetral density and argues against a pure phonon

mehanism whih would be lot more on�ned in energy.
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Fig. 8. The top frame gives the resonane peak obtained

diretly from the optial data for YBCO in the superon-

duting state (solid urve) at T = 40K, the model I

2

�(!)

(gray squares) displaed by the gap, and the theoretial re-

sults for W (!)=2 obtained from the model spetral density

(dashed line). The bottom frame gives the optial sattering

rate �

�1

op

(!) vs. !. The experimental results give the solid

urve and our theoretial �t to it is the dashed urve.
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Fig. 9. Comparison of the real part of the in-plane ondu-

tivity �

1

(!) vs. ! for various models (T = 10K). The grayed

solid line with a peak before 50meV is BCS. The dash-dotted

line is an Eliashberg alulation with an MMP spetral den-

sity peaked at !

SF

= 20meV. The dashed line is the same

but with our temperature and frequeny dependent I

2

�(!)

(see Fig. 7) used instead of the MMP model. As desribed

in the text this harge arrier | exhange boson interation

spetral density I

2

�(!) has been determined through a on-

sideration of in-plane optial data. The dotted (Born) and

dash-double-dotted (unitary sattering) urves inlude impu-

rities in addition to the I

2

�(!) model for inelasti sattering.

The solid line is the data of Homes et al. [48℄.

The dashed urve in Fig. 9 gives our results for the

real part of the ondutivity �

1

(!) when our I

2

�(!) at

T = 10K (solid line in Fig. 7) is used in the alula-

tions rather than the MMP kernel. The existene of the

41meV resonane shifts the large rise in the ondutivity

whih now begins at muh higher energies � 50meV than

in the MMP ase. It also leads to a maximum around

100meV in good agreement with experiment. Even bet-

ter agreement an be obtained if a small amount of im-

purity sattering is inluded within the unitary or res-

onant sattering limit  ! 0 in Eq. (13). Results with

�

+

= 0:63meV are shown as the dash-double-dotted

urve whih displays all the important harateristis ob-

served in the experimental data. The agreement is truly

very good. A �nal urve inluding only Born impurity

sattering (dotted urve) shows that this limit annot

explain the data. It should be lear from this ompari-

son that BCS theory is quite inadequate in desribing the

observed features of the real part of the infrared ondu-

tivity as a funtion of frequeny while Eliashberg theory

an give a good �t. It is also lear that some impurity

sattering in the unitary limit is needed and that the

eletron{boson exhange spetral density has long tails

extending to at least 400meV, and at T = 10K has a

large ontribution from the 41meV resonane peak.

In Fig. 10 we show our results for the imaginary part of

the optial ondutivity �

2

(!). What is plotted is !�

2

(!)

vs. ! at T = 10K. The solid urve gives data from Homes

et al. [48℄. The dash-dotted urve are Eliashberg results

based on an MMP kernel whih does not aount for

harge arrier oupling to the 41meV resonane. It fails

to reprodue the data. On the other hand, when the reso-

nane is inluded in our I

2

�(!) we get the dashed urve

whih agrees with the data muh better and shows a

large depression in the urve loated around 75meV in

agreement with the data. This is the signature in �

2

(!)

of the 41meV resonane in I

2

�(!). At very low energies

the agreement is not as good. As for the real part of the

ondutivity this region is sensitive to impurity satter-

ing while at higher energies only inelasti sattering is

really important. The dash-double-dotted urve inludes

impurities in the unitary limit with �

+

= 0:63meV

as before. This produes exellent agreement with the

data even in the small ! region whih is not as well de-

sribed in the ase of Born sattering (dotted urve with

t

+

= 0:32meV). It is lear from this graph that !�

2

(!)

has an easily identi�ably signature of the spin resonane.

Also, the spetral density extends to high energies and

Eliashberg theory with some ontribution from unitary

sattering impurities is in very good agreement with the

data.
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Fig. 10. The imaginary part of the ondutivity !�

2

(!)

vs. ! for the various models desribed in Fig. 9 (T = 10K).

The solid urve is the data [48℄. The dash-dotted urve is

the result of an Eliashberg alulation with an MMP model

while the other urves are based on the model I

2

�(!) whih

inludes the 41meV resonane. These three urves are for

the pure ase (only inelasti sattering, dashed line), the oth-

ers are with some additional elasti impurity sattering in

Born (dotted) and unitary (dash-double-dotted) limit with

t

+

= 0:32meV and �

+

= 0:63meV respetively. The gray

solid line is the BCS result.

While we have seen that an unmistakable signature of

the 41meV optial resonane exists in the data on both

real and imaginary part of the infrared ondutivity as

a funtion of energy ! in the T = 10K data, the res-

onane is even learer in the seond derivative de�ned
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by W (!) of Eq. (8). The near equality between W (!)

and �

2

F (!) established by Marsiglio et al. [24℄ for a

phonon mehanism was only for the normal-state, i. e.:

�

�1

op

(!) entering the formula is the normal-state optial

sattering rate. But in the high T



uprates the only low

temperature data available is often in the superondut-

ing state. Thus, we need to disuss in more detail what

happens in Eq. (8) when �

�1

op

(!) is replaed by its super-

onduting state value. As we have seen in Fig. 3, in the

normal-state and at low temperaturesW (!) is almost ex-

atly [25,44,45,49,50℄ equal to the input I

2

�(!) for mod-

els based on the NAFFL. Of ourse, I

2

�(!) is seen in

W (!) through eletroni proesses. But in the normal-

state the eletroni density of states N (") is onstant in

the important energy region and, thus, does not lead to

additional strutures in W (!) that are not in I

2

�(!).

Suh additional strutures would then orrupt the sig-

nal, if the aim is to obtain I

2

�(!) fromW (!). This is no

longer the ase in the superonduting state beause of

the logarithmi van Hove singularities in N (") and these

do indeed strongly inuene the shape of W (!) and in-

trodue additional strutures in W (!) orresponding to

ombinations of the positions of the singularity in N (")

and the peak in I

2

�(!) at E

r

as desribed by Abanov et

al. [51℄.

The strutures in W (!) orresponding to these singu-

larities ontaminate the signal in the sense that W (!) in

the superonduting state is no longer equal to the input

I

2

�(!) [44,45℄. In fat, only the resonane peak appears

learly at �

0

+ E

r

and its size in W (!) is about twie

the value of I

2

�(!) at that frequeny. In some ases the

tails in W (!) also math well the tails in I

2

�(!). In the

end, of ourse, W (!) serves only as a guide and it is

the quality of the �nal �t to the ondutivity data that

determines the quality of the derived I

2

�(!).

Nevertheless, besides giving a measure of the oupling

of the harge arriers to the optial resonane W (!) an

also be used to see the position of density of states singu-

larities, as shown in Fig. 11 where I

2

�(!) (gray squares)

andW (!) (solid line) derived from our theoretial results

are ompared. Also shown by vertial arrows are the po-

sitions of �

0

+E

r

, 2�

0

+E

r

, �

0

+ 2E

r

, and 2�

0

+ 2E

r

.

We note strutures at eah of these plaes and this in-

formation is valuable. Note that at 2�

0

+ E

r

the large

negative osillation seen inW (!) is mainly aused by the

kink in I

2

�(!) (gray squares) at about 75meV. The den-

sity of eletroni states e�ets learly distorted the spe-

trum above the resonane peak and W (!) stops agreeing

with the input I

2

�(!) in this region until about 150meV

where agreement is reovered. In summary, W (!) on-

tains some information on singularities in N (") as well

as on the shape and size of I

2

�(!) and, in the superon-

duting state, the two e�ets annot be learly separated.

Nevertheless, W (!) remains a valuable intermediate step

in the onstrution of a harge arrier | exhange boson

interation spetral density from optial data. To lose,

the dashed urve in Fig. 11 is the diret experimental

data for W (!)=2 whih is remarkably similar to theory

when we onsider that a seond derivative is needed to

get this urve.
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Fig. 11. Seond derivative W (!) ompared with the input

spetral density I

2

�(!). The 41meV peak in I

2

�(!) (gray

squares) is learly seen in W (!)=2 (solid line) as are the

tails at higher energies. In the energy region between 75 and

150meV the van Hove singularities in the eletroni density

of states show up added on to E

r

and distort the orrespon-

dene between W (!)=2 and I

2

�(!). The dashed line shows

the funtion W (!)=2 derived from experimental data.

Next we want to onentrate on the out-of-plane on-

dutivity (-axis ondutivity) of YBCO. Before present-

ing results we stress that the boson exhange kernel

I

2

�(!) is an in-plane quantity and is taken from our

disussion of the in-plane ondutivity. It is not �tted

to any -axis data. It is to be used unhanged to alu-

late the out-of-plane ondutivity assuming �rst oher-

ent hopping with t

?

(k) = t

?

os

2

(�) in Eqs. (19). The

solid urve in Fig. 12 is the in-plane Eliashberg result

whih is inluded for omparison with the dashed urve

whih is for the -axis. In the boson assisted region, whih

would not exist in a BCS theory, both urves have a

remarkably similar behavior. At very low frequenies, a

region whih omes mainly from the oherent delta fun-

tion part of the arrier spetral density, and whih is the

only part inluded in BCS, we note a narrow Drude-

like peak in the solid urve. This part is suppressed in

the -diretion (dashed urve) beause the ontribution

from the nodal quasipartiles are e�etively left out by

the t

?

os

2

(�) weighting term. Also, shown for ompari-

son are BCS results for oherent hopping (dotted urve)

along the -axis. These results show no resemblane to

our Eliashberg results and also do not agree with exper-

iment Fig. 13. What determines the main rise in the re-

gion beyond the Drude part of the ondutivity in �

1

(!)

are the boson assisted proesses and this rise does not

signal the value of the gap or twie the gap for that mat-

ter, but rather a ombination of �

0

and the resonane

energy E

r

.
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Fig. 12. Comparison between in-plane (solid line) and out

of plane (dashed line) real part of the -axis ondutivity

�

1

(!) vs. ! in an Eliashberg model with our model ar-

rier-boson spetral density I

2

�(!) whih inludes the 41meV

spin resonane. The dotted urve is �

1

(!) for a BCS d-wave

model with the same gap value as in the Eliashberg work and

is inluded for omparison.
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Fig. 13. Comparison between in-plane (dotted) and out of

plane (solid) for the real part of the ondutivity �

1

(!) vs.

!. The data is from Homes et al. [48℄.

In Fig. 13 we ompare the data of Homes et al.

[48℄ on the same graph for in-plane (dotted) and out-

of-plane (solid) ondutivity �

1

(!). It is lear that in

the -diretion, the nodal quasipartiles seen in the

dotted urve are strongly suppressed. This favors the

t

?

os

2

(2�) matrix element for the -axis dynamis as

we have just seen. Further, in the boson assisted region

the two urves show almost perfet agreement with eah

other, whih again favors the t

?

os

2

(2�) oupling as was

illustrated in the theoretial urves of Fig. 12. One dif-

ferene is that the main rise, indiating the onset of the

boson assisted inoherent (in-plane) proesses, appears

to have shifted slightly toward lower frequenies in the

-axis data as opposed to a shift to slightly higher fre-

quenies in our theory. It should be remembered, how-

ever, that in the raw -axis data, large strutures appear

in the ondutivity due to diret phonon absorption and

these need to be subtrated out, before data for the ele-

troni bakground of Fig. 13 an be obtained. In view of

this, it is not lear to us how seriously we should take

the relatively small disagreements that we have just de-

sribed between theory and experiment.

With the above reservation kept in mind we show in

Fig. 14, a omparison of various theoretial results with

experimental -axis ondutivity (blak solid line). There

are �ve additional urves. The blak ones are obtained

from an Eliashberg alulation based on the MMPmodel

for I

2

�(!) with impurities t

+

= 0:32meV inluded to

simulate the fat that the samples used are not perfet,

i. e.: are not ompletely pure, but this parameter does not

play a ritial role in this disussion. Inoherent -axis

oupling is assumed with jV

1

=V

0

j = 1 (blak dotted). It

is lear that this urve does not agree well with the data

and that the oupling along the -axis annot be domi-

nated by inoherent hopping between planes. This is also

in agreement with the results of a theoretial study by

Dahm et al. [52℄ who also observed better agreement for

oherent -axis ondutivity in the overdoped regime. On

the other hand the �t with the blak dashed line is good

in omparison. It uses the same MMPmodel but with o-

herent oupling of the form t

?

(k) = t

?

os

2

(2�). This �t

may already be judged satisfatorily but it should be re-

membered that if we had used the model of I

2

�(!) with

the 41meV peak inluded instead of MMP, the agree-

ment would have deteriorated. This is troubling sine one

would expet that oupling to the 41meV spin resonane

would be stronger in the -diretion data than it is in the

in-plane data. This is beause the -axis emphasizes the

hot spots around the antinodal diretions whih onnet

best to (�; �) in the magneti suseptibility. This is the

position in momentum spae where this spin resonane

is seen to be loated in optimally doped YBCO. On the

other hand, reent ARPES data [23,53{55℄ whih �t well

the MFL (marginal Fermi liquid) phenomenology show

little in-plane anisotropy for sattering around the Fermi

surfae and this is onsistent with the �ndings here.

The dash-dotted urve in Fig. 14 illustrates a �t to

the data that an be ahieved with a dominant oherent

piee and subdominant inoherent ontribution. It is not

lear to us whether suh a lose �t is signi�ant given the

unertainties in the data and the lak of uniqueness in

the �tting proedure. It does, however, illustrate the fat

that a small amount of inoherent -axis hopping annot

be ompletely ruled out from onsideration of the in-

frared data and that this data an be understood quite

well within Eliashberg theory. The last two urves (solid

gray and dotted gray) are based on BCS d-wave theory

and are reprodued here to illustrate the fat that suh

a theory is unable to explain the -axis data. The solid

gray urve is with t

?

(k) = t

?

os

2

(2�) and the dotted

gray one for inoherent -axis transport. Compared with
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our Eliashberg results the agreement with the data is

poor.
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Fig. 14. Comparison with the data of Homes et al. [48℄ for

the -axis ondutivity (blak solid urve). The theoretial

urves were obtained in a BCS theory, solid gray (oherent),

dotted gray (inoherent) and the others in Eliashberg theory

with MMP model and impurities t

+

= 0:32meV. The blak

dotted urve is for inoherent -axis with jV

1

=V

0

j = 1, the

dashed for oherent -axis with t

?

(�) = t

?

os

2

(2�) with �

an angle in the two dimensional CuO

2

Brillouin zone, and

the dash-dotted is a �t to the data provided by a mixture

of oherent and inoherent. We stress that this last �t is for

illustrative purposes only, and is not unique.

3. The Mirowave Condutivity

The mirowave ondutivity as a funtion of temper-

ature in pure single rystals of YBCO revealed the ex-

istene of a very large peak around 40K [20℄ whose size

and position in temperature depends somewhat on the

mirowave frequeny used. This peak has been widely

interpreted as due to a rapid redution in the inelas-

ti sattering below T



and is generally referred to as

the ollapse of the low-temperature inelasti sattering

rate. This has been taken as strong evidene that the

mehanism involved is eletroni in origin and, this fat

translates in our formalism into the fat, that the harge

arrier | exhange boson interation spetral density

I

2

�(!) is redued at low frequenies due to the onset

of superondutivity. We have already seen in Fig. 7 the

growth of the 41meV resonane in I

2

�(!) as the temper-

ature is lowered. At the same time the in-plane infrared

optial data shows a gapping or at least a strong redu-

tion of spetral weight at small !. This implies that for

temperatures smaller than the harateristi energy asso-

iated with this redution, the inelasti sattering rates

will beome exponentially small and therefore the inelas-

ti sattering time will beome very large. This feature

by itself will inrease the mirowave ondutivity. At the

same time the normal uid density is of ourse dereasing

towards zero. This feature redues the absorption whih

is due only to the normal exitation. The two e�ets om-

bine to give a maximumin the real part of the mirowave

ondutivity at some intermediate temperature.

Another possible way to desribe this ollapse of the

inelasti sattering time is the introdution of a temper-

ature dependent inelasti sattering time whih an be

modeled from spin utuation theory [56℄.
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Fig. 15. Mirowave ondutivity �

1

(!; t) in 10
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�1

m

�1

vs. the redued temperature t = T=T



for the �ve frequenies

measured in experimental work of Hosseini et al. [57℄ namely


 = 1:14, 2.25, 13.4, 22.7, and 75:3GHz (bottom frame).

Solid squares are experiment, open triangles lean limit and

solid triangles inelasti sattering plus impurities harater-

ized by a potential with �

+

= 0:003meV and  = 0:2.

Reently Hosseini et al. [57℄ provided new mirowave

data at �ve di�erent frequenies between 1 and 75 GHz

on ultra pure samples of YBa

2

Cu

3

O

6:99

grown in BaZrO

3

ruibles. In Fig. 15 we show results obtained from our

Eliashberg solutions and ompare with experiment [58℄.

The solid squares are the data of Hosseini et al., the open

triangles are our numerial results in the lean limit,

222



APPLICATION OF AN EXTENDED ELIASHBERG THEORY TO HIGH-T



CUPRATES

and the solid triangles inlude a small amount of im-

purities haraterized by �

+

= 0:003meV and  = 0:2.

The �gure has �ve frames one for eah of the �ve mi-

rowave frequenies onsidered, namely 1.14, 2.25, 13.4,

22.7, and 75:3GHz. We see that even for these ultrapure

rystals, results obtained without inluding impurities do

not agree well with the data at the lowest mirowave fre-

quenies onsidered and at the lowest temperatures. For

example, in the ase of the ! = 1:14 and 2:25GHz runs

the predited peak is muh to high. The agreement, how-

ever, improves as the frequeny of the mirowave probe

is inreased. More importantly, when a small amount of

impurity sattering with  = 0:2 is inluded, good agree-

ment is obtained in all ases. The same data plotted

in a di�erent way shows better the dramati improve-

ment in the agreement with the data when impurities

are inluded. This is demonstrated in Fig. 16 where we

show the data for the mirowave ondutivity �

1

(!) vs.

! at three di�erent temperatures. The data are repre-

sented by solid squares, up-triangles and down-triangles

for T = 10K, 15K and 20K respetively. The open sym-

bols give the results of our Eliashberg alulations in the

pure ase and the solid gray symbols inlude impurities.

The gray lines through the points are a guide for the eye.

The agreement with the data in this last ase is within

experimental error and is aeptable. It is lear, that a

small amount of elasti sattering needs to be inluded

in the alulations to ahieve good agreement.
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 T = 15K theory,

           Γ+ = 0.003 meV, c = 0.2

 T = 20K theory,

           Γ+ = 0.003 meV, c = 0.2

σ 1(
ω

),
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07 Ω
-1
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ω, meV
Fig. 16. The mirowave ondutivity �

1

(!; T ) as a funtion

of ! for three di�erent temperatures. The data is the same as

shown in Fig. 15. The open symbols are theory for the pure

limit, the solid gray symbols theory with some impurity sat-

tering additionally inluded, and the solid blak symbols are

experiments. The squares are for T = 10K, the up-triangles

for T = 15K, and the down-triangles for T = 20K.

We now turn to the -axis. No new parameters rele-

vant to the in-plane dynamis need to be introdued in

order to understand the -axis data. It is neessary, how-

ever, to have some model for the -axis harge transfer.

Coherent or inoherent hopping will lead to quite di�er-

ent onlusions as will the assumption, in the oherent

hopping ase, of a onstant or a momentum dependent

hopping probability. For the onstant ase the ondu-

tivity will mirror its in-plane value but its magnitude

will of ourse be greatly redued. For a �-dependent ma-

trix element, on the other hand, the nodal quasipartiles

are eliminated from partiipation in the -axis response

and we an expet a behavior di�erent from the in-plane

results.
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Fig. 17. The -axis mirowave ondutivity �

1

(T ) at

! = 22GHz as a funtion of temperature T . The open

up-triangles were obtained from the empirially determined

I

2

�(!) shown in Fig. 7. The solid squares are for an MMP

form Eq. (19) with low frequeny uto� applied. This ut-

o� is the same as seen in Fig. 7. The open down-triangles

employ the same MMP model with !

SF

= 20meV and

without the low frequeny uto�. In this ase there is no

peak in �

1

(T ). All urves are for oherent tunneling with

t

?

(k) = t

?

os

2

(2�).

In Fig. 17 we show numerial results for the tempera-

ture dependene of the real part of the -axis mirowave

ondutivity �

1

(T ) at ! = 22GHz as a funtion of tem-

perature T in arbitrary units. The results are for oher-

ent hopping with a �-dependent matrix element. For the

in-plane ase the same form applies exept that the ver-

tex t

?

(k) would be replaed by a Fermi veloity v

k

. In
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as muh as both these verties are taken to be indepen-

dent of k they an be pulled out of the integral over k

in Eqs. (19) and in-plane and out-of-plane ondutivities

di�er only by a numerial onstant whih sets the over

all sale in eah ase. Sine no peak is observed in the

temperature dependene of the -axis ondutivity [59℄

this ase does not agree with experiment and will not be

treated further here. Only results for t

?

(k) = t

?

os

2

(2�)

are onsidered in Fig. 17. The open up-triangles are the

results obtained from the harge arrier | exhange bo-

son interation spetral density I

2

�(!) obtained empir-

ially from the in-plane infrared ondutivity (Fig. 7).

This is the only material parameter whih harater-

izes YBCO in the Eliashberg equations (13). Solutions

of these equations determine the in-plane Green's fun-

tion (22) and hene the -axis ondutivity Eqs. (21).

Arbitrary units are used, so that the absolute value of

t

?

is not required. We see a broad peak in �

1

(T ) vs. T

whih is entered around T = 60K rather than around

T = 40K for the in-plane ase of Fig. 15. The -axis peak

is also smaller. These di�erenes are entirely due to the

extra fator of os

4

(2�) in the -axis ondutivity whih

eliminates the nodal diretion. This has a profound ef-

fet on the resulting temperature dependene of �

1

(T )

but, as we an see, does not entirely eliminate the peak

in �

1

(T ).

There is onsiderable disagreement with experiment

whih is shown as the solid squares in Fig. 18. Our the-

oretial results are robust in the sense that the peak is

due to the greatly redued spetral weight in I

2

�(!) of

Fig. 7 at small ! when superondutivity sets in and this

is �xed from onsideration of the in-plane ondutivity.

The e�et of this spetral weight redution is further il-

lustrated in Fig. 17 by the solid squares whih employ in-

stead of our empirial value for I

2

�(!) the simpler MMP

form of Eq. (24) with the same low frequeny uto� as

indiated in Fig. 7 being applied. The uto� is of ourse

temperature dependent and goes to zero at T



.

The peak in �

1

(T ) vs. T remains and is lose to the

results obtained when an optial resonane is inluded

in addition to a low frequeny uto�. For omparison,

the down-triangles were obtained when no low frequeny

uto� was applied. We now see that the peak in �

1

(T )

vs. T is ompletely eliminated. This demonstrates that

the peak is due to the ollapse of the inelasti sattering

rate embodied in the low frequeny gapping of the harge

arrier-boson spetral density. In summary, even when a

momentum dependent oherent hopping matrix element

of the form t

?

(k) = t

?

os

2

(2�) is onsidered, gaping of

I

2

�(!) at small ! leads diretly to a peak in the -axis

mirowave ondutivity. However, the spetral density

I

2

�(!) whih enters the Eliashberg equations (10) on

the imaginary axis and (13) on the real axis ould depend

on position on the Fermi surfae. This ompliation was

not onsidered here but it is important to point out that

oherent -axis tunneling ould lead to reasonable agree-

ment with the measured temperature variation of the

mirowave ondutivity, if the spetral density I

2

�(!) is

di�erent along the antinodal diretion and, in partiular,

has no gapping at low frequenies. This di�erene might

not have been piked up in our analysis of the in-plane

ondutivity whih is harateristi of an average over all

points on the Fermi surfae and not just of the antinodal

diretion.
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Fig. 18. The -axis mirowave ondutivity �

1

(T ) at

! = 22GHz as a funtion of temperature T . The solid squares

are the experimental results by Hosseini et al. [59℄ shown for

omparison. The others are theory based on various models

for the harge arrier | exhange boson interation spetral

density. All alulations are for the inoherent ase based on

Eqs. (21) with V

1

= V

0

in (22) and V

0

adjusted to math

the experimental value at T = 90K. Open up-triangles are

based on our empirially determined harge arrier | ex-

hange boson interation spetral density I

2

�(!) of Fig. 7

without additional impurity sattering (pure limit). The open

down-triangles are also in the pure limit but the MMP model

(24) is used without uto�. The stars are the same as the

open down-triangles but now impurity sattering is inluded

in the unitary limit with �

+

= 0:5meV.

Fig. 18 shows results for the temperature variation of

the -axis mirowave ondutivity �

1

(T ) at ! = 22GHz

in the inoherent oupling ase, Eqs. (21). As we have

indiated in Se. 2 this formula involves a double inte-

gral over momentum whih separately weights the two

Green's funtions. For simpliity, we show results only

for the ase V

1

= V

0

in the impurity model potential

of Eq. (22). Other values have been onsidered but this

does not hange qualitatively any of the onlusions we

will make. The open up-triangles give results when the

empirial I

2

�(!) of Fig. 7 is used. We see that in this

ase the theory predits no peak in �

1

(T ) vs. T in good

agreement with the experimental results of Hosseini et al.

[59℄ (solid squares). The low frequeny uto� built into

our I

2

�(!) (open up-triangles) has little e�et on the

resulting �

1

(T ). This is veri�ed diretly when we om-
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pare with the open down-triangles whih were obtained

with the MMP form (24) without uto�. These results

di�er very little from the previous ones and show that

the appliation of a low frequeny uto� does not play

a ritial role for the inoherent ase. This is in sharp

ontrast to the oherent ase in whih the low frequeny

uto� leads diretly to a peak in �

1

(T ). The urves are

also robust to the introdution of some elasti impurity

sattering as is demonstrated with the �nal set of re-

sults in Fig. 18, denoted by stars, whih is based on an

MMP model with elasti impurity sattering inluded in

the unitary limit with �

+

= 0:5meV in Eq. (11). We

see that the inlusion of impurities does not appreiably

hange our results. The alulation learly shows that

the observed data an be understood naturally in an in-

oherent -axis transport model and that the results are

robust to hanges in uto� at low ! and to the addition

of impurities.

This ontrasts with the ase of the -axis infrared data

whih we desribed previously and found to support o-

herent rather than inoherent -axis harge transfer.

4. Other Superonduting State Properties

The temperature dependene of the area under the

spin resonane seen at (�; �) by spin polarized neutron

sattering [47℄ has been measured and its temperature

dependene denoted by hm

2

res

(T )i=hm

2

res

(T = 10K)i is

reprodued in the top frame of Fig. 19 as the solid ir-

les. Also shown on the same plot are our results for

the area under the optial resonane in our spetral den-

sity I

2

�(!) at various temperatures (see Fig. 7). We de-

note this by A(T ) and plot as the solid line the ratio

A(T )=A(T = 10K) whih follows the same temperature

variation as the neutron result. This temperature varia-

tion is also lose to that of the gap edge shown as the

dashed urve. This last urve was found as a byprodut

of our Eliashberg alulations based on the numerial so-

lutions of Eqs. (13). The gap amplitude at temperature

T is given by <ef�(! = �

0

;T )g = �

0

(T ). The same

solutions give the temperature dependene of the pen-

etration depth and of the thermodynami ritial �eld

whih we present in the bottom frame of Fig. 19. The

solid urve gives results for [�(0)=�(T )℄

2

vs. t = T=T



(the redued temperature) whih are lose to the exper-

imental results of Bonn et al. [4℄ given as solid squares.

Further results are shown in Fig. 20 for the eletroni

part of the thermal ondutivity as a funtion of tem-

perature. It shows, as does the in-plane mirowave on-

dutivity, a large peak around 40K. The solid triangles

are the results of our alulations while the solid squares

are the experimental results of Matsukawa et al. [60℄.

The agreement is remarkably good. We stress that no

adjustable parameters enter our alulations exept for

a hoie for the impurity parameter t

+

whih is also re-

strited in this partiular ase beause t

+

has already

been determined by a previous �t to the mirowave data

[15℄. The kernel in the Eliashberg equations is ompletely

determined from optial data.
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Fig. 19. Top frame: spetral weight under the optial res-

onane as a funtion of temperature (solid line) obtained

from the optial data of Fig. 6 (top frame, �ve tempera-

tures only). The solid irles are the data of Dai et al. [47℄

for the normalized area under the spin resonane obtained

by neutron sattering. The dashed urve gives our alulated

�

0

(T )=�

0

(0). Bottom frame: the normalized London pene-

tration depth squared (�(0)=�(T ))

2

vs. redued temperature

t = T=T



(solid line) ompared with the experimental results

of Bonn et al. [4℄. The dotted urve gives thermodynami

ritial �eld H



(T )=H



(0) vs. t.
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Fig. 20. The eletroni part of the thermal ondutivity as

a funtion of the redued temperature t = T=T



. The solid

squares are the experimental results of Matsukawa et al. [60℄

and the solid triangles our theoretial result with some im-

purity sattering inluded.
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Theory Experiment Ref.

�F (0) 0.287 0.25 [64,65℄

n

s

=n 0.33 0.25 [67℄




p

2.36 2.648 [68℄

2�

0

=k

B

T



5.1 5.0 [66℄

Table 1. Some superonduting properties of the twinned

YBCO sample: �F (0) is the ondensation energy at T = 0 in

meV/Cu-atom, n

s

=n is the superuid to total arrier density

ratio, 


p

is the plasma frequeny in eV.

Other important suesses of our Eliashberg alula-

tions are summarized in Table 1. We begin with a disus-

sion of the plasma frequeny 


p

. Referring to Fig. 9 we

point out the arrow whih shows the frequeny at whih

we made our alulated ondutivity agree exatly with

experiment. This sets the plasma frequeny whih is also

the total spetral weight under the real part of the on-

dutivity. The optial spetrum sum rule is

1

Z

0

d! �

1

(!) =




2

p

8

: (25)

A value of 


p

= 2:36 eV is found whih agrees well with

the experimental value 2:648 eV (see Tab. 1). A further

omparison of our model with the infrared data is pro-

vided by the analysis of the fration of the total normal-

state spetral weight whih ondenses into the super-

uid: n

s

=n. Indeed, strong eletron-boson oupling re-

dues the spetral weight of the quasipartile omponent

of the eletroni spetral funtion A(k; !) ompared to

its non-interating value by a fator of Z leading at the

same time to the appearane of an inoherent ompo-

nent. It is the latter omponent whih is responsible for

the Holstein band in the optial ondutivity whereas

the oherent quasipartile part gives rise to the Drude

term at T > T



and to the superuid density at T = 0 in

the spetra of �

1

(!) [69℄. The values of n

s

=n and hene

(Z � 1) yield an estimate of the strength of renormaliza-

tion e�ets in the interating system. Tanner et al. [67℄

obtained n

s

=n ' 0:25 in rystals of YBCO. This om-

pares well with the value ' 0:33 whih orresponds to

Z ' 3 (at low temperatures) generated in our analysis.

We have also alulated the ondensation energy [2℄

as a funtion of temperature. Its value at T = 0 fol-

lows from the normal-state eletroni density of states

whih we take from band struture theory equal to

2:0 states/eV/Cu-atom (double spin) around the middle

of the alulated range of values [70℄. This gives a on-

densation energy �F (0) = 0:287meV/Cu| atomwhih

agrees well with the value quoted by Norman et al. [64℄

from the work by Loram et al. [65℄. (See Tab. 1). This is

equivalent to a thermodynami ritial �eld �

0

H



(0) =

1:41T with H



(T ) de�ned through �F (T ) = H

2



(T )=8�.

The normalized value H



(T )=H



(0) is shown as the dot-

ted line in the bottom frame of Fig. 19 and is seen to

follow reasonably, but not exatly, the T dependene of

the normalized penetration depth. One further quantity

is the ratio of the gap amplitude to the ritial tempera-

ture whih in BCS theory is 2�

0

=k

B

T



= 4:2 for d-wave.

In Eliashberg theory the gap depends on frequeny. In

this ase an unambiguous de�nition of what is meant by

�

0

is to use the position in energy of the peak in the

quasipartile density of states whih is how the gap �

0

is usually de�ned experimentally for a d-wave superon-

dutor. We get a theoretial value of 2�

0

=k

B

T



' 5:1 in

good agreement with experiment, as shown in Tab. 1.

B. The Compound Bi

2

Sr

2

CaCu

2

O

8+Æ

Optial data published by Puhkov et al. [46℄

for optimally doped samples of the ompound

Bi

2

Sr

2

CaCu

2

O

8+Æ

(Bi2212) have �rst been analyzed

by Shahinger and Carbotte [45℄. They reported that

the normal-state optial sattering rate (T = 300K)

an be �tted perfetly by an MMP spetrum with

!

SF

= 100meV and with an high energy uto� at

400meV. The inversion of the superonduting state op-

tial sattering rate revealed the oupling of the harge

arriers to a resonane found at an energy of 43meV.

This orresponds to the magneti resonant mode found

by Fong et al. [71℄ using inelasti neutron sattering.

This mode appears below T



and its intensity inreases

with dereasing temperature.

Tu et al. [72℄ reently studied the ab-plane harge dy-

namis in optimally doped Bi2212 single rystals (T



=

91K) using an experimental tehnique with muh im-

proved signal to noise ratio. They developed an experi-

mentally unambiguous method whih examines the max-

ima and minima of W (!), Eq. (8). The authors argued

that a omparison of their spetral data with data found

for YBCO suggests that a pseudogap exists in Bi2212

above T



, at least at T = 100K. Fig. 21 presents their

data (solid lines) together with a theoretial analysis.

For I

2

�(!) an MMP spetrum is used and at T = 295K

our best �t is found for !

SF

= 82meV together with

an high energy uto� 400meV using theoretial results

alulated from Eq. (3) (dotted line). If we alulate the

optial sattering rate for the temperatures T = 200

and 100K using the same I

2

�(!) spetrum it beomes

obvious that the agreement with experiment deteriorates

with dereasing temperature (dotted lines). A ompari-

son of the anomaly in the optial data at T = 100K

around 50meV with the optial data of YBCO (Fig. 8)

reveals quite similar behavior whih suggests that in

Bi2212 a oupling to an optial resonane an atually be

seen in the normal state. Indeed, the quality of the data

is good enough to allow us to derive W (!) by inversion.

The result shows a pronouned peak at 43meVwhih an

be used to modify the I

2

�(!) spetrum. This is shown

in Fig. 22. Using this modi�ed spetrum I

2

�(!) to al-

ulate the optial sattering rate for T = 100K results

in exellent agreement between experiment and theory

(dashed line, Fig. 21 labeled 100K).
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Fig. 21. The temperature dependent ab-plane optial sat-

tering rate for an optimally doped Bi2212 single rystal with

Ejja in the normal state. The solid lines represent experimen-

tal data by Tu et al. [72℄. The dotted lines give the theoretial

result alulated using Eq. (3) and a I

2

�(!) whih is just an

MMP spetrum with !

SF

= 82meV. At T = 295K theory

reprodues experiment almost ideally; this agreement deteri-

orates at lower temperatures. Finally, the dashed lines present

theoretial results found for the same MMP spetrum as be-

fore but now with oupling to the 43meV optial resonane

added.
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Fig. 22. The harge arrier-spin exitation spetral density

I

2

�(!) determined from normal-state optial sattering data

shown in Fig. 21 for optimally doped Bi2212 single rystals.

The solid urve is for T = 295K, the dotted urve for 200K,

and the dashed one for 100K. Note the growth in strength of

the 43meV optial resonane as the temperature is lowered.

The T = 200K data show a similar, but less pro-

nouned, anomaly. It is not possible to derive a W (!)

diretly from the data so we simply use the I

2

�(!) found

for 100K and redue the size of the 43meV peak un-

til best agreement between experiment and theory is

reahed (dashed line in Fig. 21 labeled 200K). This re-

sults in an I

2

�(!) presented in Fig. 22 whih still on-

tains a pronouned ontribution from the oupling of the

harge arriers to the optial resonane (dotted line).

From this we an onlude that the optial resonane,

and probably onneted with it, the magneti resonant

mode exists at least up to 200K. Nevertheless, our result

for 295K indiates that at this temperature the optial

resonane no longer exists.
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Fig. 23. Top frame: optial sattering rate �

�1

op

(T; !) in

meV for optimally doped, untwinned Bi2212 single rystals

[72℄. Bottom frame: funtion W (!)=2 vs. ! in the region of

the optial resonane.

We will now onentrate on the superonduting state

and study the temperature dependene of I

2

�(!) be-

low T



. The top frame of Fig. 23 presents the infrared

sattering rate as measured by Tu et al. [72℄ for three

temperatures, namely 6K (gray solid line), 50K (dashed

line), and 80K (dotted line). In omparison with similar

results for YBCO (top frame of Fig. 6) we reognize that

even at 80K Bi2212 shows a very strong suppression of

�

�1

op

(!) at energies below 50meV whih is an indiation

of stronger oupling of the harge arriers to the opti-

al resonane. The bottom frame of this �gure shows

the funtion W (!)=2 derived from experiment with the

high energy negative parts suppressed beause we want

to onentrate on the optial resonane. It inreases as

T is lowered and shows only little further variation be-

low 50K. In W (!)=2 the resonane peak is positioned at
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the resonane energy E

r

plus the gap value �

0

(T ) and

with the temperature dependene of the gap aounted

for, we an onlude that the position of the resonane

is temperature independent and stays at E

r

= 43meV,

the energy at whih the magneti resonant mode is found

by inelasti neutron sattering [71℄. The oupling of the

harge arriers to a boson at 43meV has also been ob-

served in photoemission [73℄ and tunneling [74℄ work on

Bi2212 and the 43meV magneti resonant mode seems

to be the obvious andidate for the origin of this boson.
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Fig. 24. The top frame gives the optial sattering rate

�

�1

op

(!) vs. ! for optimally doped Bi2212 single rystals at a

temperature of 6K. The experimental results give the solid

urve and our lean limit theoretial �t to it is the dotted

urve. The dashed urve presents theoretial results for a sys-

tem with impurity sattering in the unitary limit desribed

by the parameter �

+

= 0:5meV and  = 0. The lower frame

gives a omparison of the real part of the in-plane optial on-

dutivity �

1

(!) vs. ! for the two models already presented in

the top frame. The solid urve is the experimental data, the

dotted urve the lean limit theoretial result, and the dashed

urve the theoretial result for the system with impurities.

Fig. 24 demonstrates the agreement whih an be

ahieved between theory and experiment. The top frame

shows the infrared sattering rate �

�1

op

(!) vs. ! for T =

6K. The solid line gives the experimental data while the

dashed and dotted urves represent theoretial results

for a lean limit system and for a system with impurity

sattering in the unitary limit (�

+

= 0:5meV) respe-

tively. The di�erenes in the sattering rate are marginal

for these two model systems, nevertheless, they beome

important when the real part of the optial ondutivity

�

1

(!) is investigated. The bottom frame of Fig. 24 shows

the results. The solid line is experiment, the dotted line

is theory for the lean limit system. It reprodues niely

the maximum in �

1

(!) around 120meV and the high

energy tail. At energies below 75meV the lean limit re-

sults deviates strongly from experiment towards nearly

zero values and show a very pronouned, narrow peak

around ! = 0. Results for the system with impurities

treated in the unitary limit (�

+

= 0:5meV, dashed line)

display all important features observed in the experimen-

tal data. We see, as in the ase of YBCO, that impurities

a�et only the low energy region (! < 60meV), the re-

gion 60 � ! � 100meV is dominated by the oupling

to the optial resonane modeled in the I

2

�(!) while

the energy region ! > 120meV is determined by the

normal-state MMP part of I

2

�(!) as has already been

desribed for the YBCO ompound.

The bottom frame of Fig. 24 ontains an arrow whih

points out the frequeny at whih we made our alu-

lated �

1

(!) to agree exatly with experiment. (This was

only done for the lean limit alulation, the same saling

was used for the system with impurities.) This sets the

plasma frequeny 


p

= 2:3 eV whih is to be ompared

with the 


p

= 1:98 eV used by Tu et al. [72℄. Finally, we

found for the superonduting gap at T = 6K a value

of 25meV. This is ertainly smaller than the value of

34meV reported by R�ubhausen et al. [75℄ from Raman

spetrosopy on Bi2212 single rystals with a T



of 95K.

C. Appliation to Other Cuprates

In ontrast to the systems studied so far

Tl

2

Ba

2

CuO

6+Æ

(Tl2201) is a monolayer ompound while

YBCO, Bi2212 and YBa

2

Cu

4

O

8

(Y124) are bilayer

ompounds. Moreover, Tl2201 is the only system with

tetragonal symmetry, all the other ompounds are of

orthorhombi symmetry. Its T



� 90K and this is simi-

lar to the T



of YBCO and Bi2212. Y124, on the other

hand has a slightly lower T



of 82K and shows prop-

erties whih resemble a moderately underdoped YBCO

ompound.

In Fig. 25 we show our result for the normal-state

�

�1

op

(!) [46℄ related to the ondutivity by Eq. (7) for

Tl2201 with T



= 90K at temperature T = 300K. The

solid urve is the data of Puhkov et al. [46℄. The dotted

urve is our best �t for !

SF

= 30meV with I

2

adjusted

to get the orret absolute value of the sattering rate

at T = 300K and ! = 200meV. We see that this value

of !

SF

does not give a satisfatory �t to the data. The

dash-dotted urve, however, �ts the data well and or-

responds to !

SF

= 100meV. This �t provides us with

a model I

2

�(!) valid for the normal state of Tl2201.

This I

2

�(!) is then used to alulate the anisotropy pa-

rameter g from the solution of the linearized imaginary

axis Eliashberg equations (10) for the ritial tempera-

ture T



= 90K. As a result of this proedure all neessary

parameters are �xed and we an now proeed to study

the superonduting state.
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Fig. 25. The normal-state optial sattering rate �

�1

op

(!)

vs. ! for Tl2201 with a T



= 90K obtained from the work of

Puhkov et al. [46℄ (solid urve). The dash-dotted urve from

theory based on Eq. (3) with an MMP model spetral den-

sity using a spin utuation frequeny !

SF

= 100meV gives

good agreement while the hoie of 30meV (dotted urve)

does not.
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Fig. 26. The top frame gives our model for the

spin-utuation spetral density (displaed by the theoretial

gap �

0

= 26meV) for Tl2201 in the superonduting state

at T = 10K (gray solid squares). The dashed line is W (!)

obtained from the alulated ondutivity and the blak solid

line is the oupling to the resonane found diretly from ex-

periment. (The high frequeny part has been omitted.) It was

used in onstruting the model I

2

�(!). The bottom frame

shows the optial sattering rate at T = 10K (solid line)

and the theoretial �t to experiment found from Eliashberg

theory.

Results are shown in Fig. 26. The solid line in the top

frame shows the optial resonane obtained from inver-

sion of the experimental superonduting optial sat-

tering rate, presented in the bottom frame of this �gure

(solid line). The gray squares are the I

2

�(!) used in the

alulations displaed in energy by the gap �

0

= 26meV.

It is onstruted ompletely from experiment and we fol-

lowed the proedure already desribed in detail for the

YBCO ompound. The dashed urve, �nally, is the result

of an inversion of theoretial data, shown in the bottom

frame of this �gure (dashed line) and we see that it agrees

reasonably well with experiment (solid line). These re-

sults allowed Shahinger and Carbotte [44℄ to predit

for Tl2201 a spin resonane at 43meV. They also pre-

dited that the resonane should be less pronouned and

broader in Tl2201 than in YBCO or Bi2212. Reently He

et al. [76℄ sueeded in preparing a Tl2201 sample big

enough for inelasti magneti neutron sattering. This

sample onsists of about 300 oaligned optimally doped

Tl2201 single rystals. This experiment on�rmed the

existene of a magneti resonant mode in Tl2201 below

T



whih is loated at about 47meV and whih appears

to be narrower than the resonanes observed in YBCO

or Bi2212. This is in slight disagreement with the results

of Shahinger and Carbotte [44℄ and this disagreement

ould probably be explained by the poorer quality of the

samples used by Puhkov et al. [46℄ for the optial mea-

surements many years ago. Other optial data are not

available. Nevertheless, the basi agreement between the

observation of Shahinger and Carbotte [44℄ that the

harge arriers in Tl2201 ouple to an optial resonane

and the subsequent observation of a magneti resonant

mode at about the same energy by He et al. [76℄ using

inelasti neutron sattering is quite important. It proves

that magneti resonant modes are not restrited to bi-

layer ompounds and that we seem to be onfronted with

a uni�ed phenomenologial piture.

The optial resonane peak is not observed in all sys-

tems as is illustrated in Fig. 27 for an overdoped sam-

ple of Tl2201 with T



= 23K. In this ase a �t to the

T = 300K normal-state data (solid gray urve) with an

MMP model gives !

SF

= 100meV (gray dashed urve).

The same spetrum also produes a good �t (blak

dashed line) to the data at T = 10K (blak solid line) in

the superonduting state. There is no need to introdue

a spin resonane. Indeed the blak solid urve for the

measured optial sattering rate �

�1

op

(!) is smooth and

inreases gradually as ! inreases with no lear sharp rise

at any de�nite frequeny in sharp ontrast with Fig. 26.

We onlude from this analysis that the resonane ob-

served in some uprates with high values of T



at opti-

mum doping is not present in all ases and in partiular

there is no evidene for suh a resonane in overdoped

Tl2201 with T



= 23K. In this ase a standard MMP

spetrum of the form (24) gives an adequate representa-

tion of the superonduting state optial sattering rate

as a funtion of ! with the same spetral density as was

determined by the data at T = 300K. This is in ontrast

to the other ases studied above for whih the onset of

superondutivity appears to produe essential modi�-

ations of the underlying spetral density I

2

�(!).

We extend our analysis to the material Y124 (T



=
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82K) where we predit from Fig. 28 (top frame, solid

urve) a resonane at 38meV. (This is below the energy

of 41meV for the resonane in YBCO whih is not sur-

prising as it is a well established property of bilayer high-

T



uprates that the energy of the magneti resonant

mode traks T



in underdoped systems [47℄ and the opti-

al resonane seems to be losely related to this magneti

resonant mode.) The top frame of this �gure demon-

strates the agreement with W (!)=2 and I

2

�(!) whih

was shifted by the theoretial gap �

0

= 24meV whih is

a predition of our alulations as, to our knowledge, no

experimental data exist for this material. The bottom

frame of Fig. 28 presents our omparison between ex-

perimental and theoretial optial sattering rates. The

normal-state sattering rate (gray lines) at T = 300K

gives evidene for the existene of a high energy bak-

ground as the experimental data (gray solid line) are best

�t by an MMP spin-utuation spetrum as desribed

by Eq. (24) with !

SF

= 80meV and a high energy uto�

of 400meV (gray dashed line). The blak lines ompare

the theoretial results (dashed line) with experiment [46℄

(solid line) in the superonduting state at T = 10K.

The signature of the optial resonane, the sharp rise

in �

�1

op

(!) starting at around 50meV is orretly repro-

dued by theory. For ! > 120meV the experimental sat-

tering rate shows only a weak energy dependene and the

theoretial predition starts to deviate from experiment.

This is in ontrast to our results found for all other om-

pounds and ould be related to the fat that the Y124

ompound shows features of an underdoped system.
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Fig. 27. The optial sattering rates in an overdoped sam-

ple of Tl2201 with a T



= 23K. The solid lines represent

experimental data and the dashed lines �ts. The gray urves

apply in the normal-state at T = 300K and the blak urves

in the superonduting state at T = 10K. No optial reso-

nane peak is found in this ase.
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Fig. 28. The same as Fig. 26 but for the material Y124.

The spin-utuation spetral density I

2

�(!) was displaed

by the theoretial gap �

0

= 24meV in the top frame. In

addition, the grayed lines in the bottom frame of this �g-

ure show the omparison between experimental and theoret-

ial normal-state data at T = 300K. Due to this omparison

!

SF

= 80meV for the MMP spetrum of Eq. (24).

IV. SUMMARY

An extended Eliashberg theory an be applied to de-

sribe the superonduting properties of hole doped high-

T



uprates. The extension goes in two diretions: �rst, it

is essential to allow the pairing potential to have d

x

2

�y

2

symmetry, and, seond, the harge arrier | exhange

boson interation leading to pairing has to be modeled

using a phenomenologial approah beause the miro-

sopi origin of the attrative interation between the

harge arriers is still unknown.

An anomalous steep rise in the superonduting state

optial sattering rate observed in optimally doped

YBCO in the energy range 50 � ! � 90meV was at-

tributed to the oupling of the harge arriers to an

optial resonane loated at about 41meV. This opti-

al resonane has its ounterpart in a magneti reso-

nant mode whih an be observed in YBCO at the same

energy by inelasti neutron sattering. This resonane

is not observed above T



in the normal-state and the

normal-state infrared sattering rate too does not de-
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velop any anomaly. Further experimental data on the

temperature dependene of the infrared sattering rate

and of the magneti resonane proved further agreement

as the area under the optial resonane is seen to have the

same temperature dependene as the 41meV magneti

resonant mode. All this resulted in a de�nite proedure

whih allows a phenomenologial harge arrier | ex-

hange boson interation spetral density I

2

�(!) to be

derived whih reets the oupling of the harge arri-

ers to the optial resonane and also desribes properly

the almost linear frequeny dependene of the normal-

state infrared sattering rate. Using this phenomenologi-

al I

2

�(!) as the kernel of an extended Eliashberg theory

allows us not only to reprodue the experimental infrared

optial data, it also allows to reprodue properly the tem-

perature dependene of the mirowave ondutivity, of

the London penetration depth, and of numerous other

superonduting properties.

This suess justi�es the extension of this analysis

to other ompounds, like Bi2212, Tl2201, and Y124 for

whih less extensive experimental data are available. The

latest high quality optial data on Bi2212 proved that,

also in this ase, the oupling of the harge arriers to

an optial resonane at 43meV an be assoiated with

an anomalous steep rise in the superonduting state in-

frared sattering rate. In ontrast to YBCO the anomaly

in the infrared optial sattering rate an also be ob-

served in the normal state. This optial resonane has, in

the superonduting state, its ounterpart in a magneti

resonant mode observed by inelasti neutron sattering

at 43meV. This mode has, so far, not been observed in

the normal state of optimally doped Bi2212. The method

to derive a phenomenologial I

2

�(!) from optial data

developed for YBCO an also be applied to the om-

pound Bi2212 and leads, again, to a temperature depen-

dent kernel I

2

�(!) and the extended Eliashberg theory

allows an exellent reprodution of some superondut-

ing state properties.

A similar anomaly an be observed in the superon-

duting state low-temperature infrared sattering rate of

Tl2201 and Y124. It has, onsequently, been interpreted

as the oupling of harge arriers to an optial reso-

nane, not present above T



. Reently, in the monolayer

ompound Tl2201 a magneti resonant mode has been

observed in the superonduting state but at a slightly

higher energy than predited from optial data. Never-

theless, this fat is quite important beause it established

that the existene of a magneti resonant mode is not

restrited to bilayer ompounds. The existene of a mag-

neti resonant mode is still to be proved in Y124, in

whih an optial resonane seems to exist at an energy

of 38meV. For both ompounds, an extended Eliashberg

theory together with a phenomenologially derived ker-

nel I

2

�(!) resulted in a good reprodution of the optial

data. Not enough information about a possible temper-

ature dependene of the I

2

�(!) in these ompounds is

available to extend the theoretial analysis to other su-

peronduting state properties.

All this established a uni�ed phenomenologial piture

for hole doped high-T



uprates whih interpretes anoma-

lies in the harge arrier dynamis observed in optimally

and overdoped samples as a signature of spin degrees of

freedom in these ompounds.
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ZASTOSUVANN� ROZXIRENOÕ TEOR�Õ EL�AXBER�A DO

VISOKOTEMPERATURNIH KUPRAT�V

E. Xah�n�er

1

, D�. Karbott

2

1

�nstitut teoretiqnoÝ f�ziki, Tehn�qni� un�versitet �rau,

A{8010, �ra, Avstr��

2

Kafedra f�ziki � astronom�Ý, Un�versitet MakMaster,

Gam�l~ton, Ontar�o, Kanada, L8S 4M1

Ostann�m qasom z'�vilas� dina fenomenolog�qna kartina le�ovanih d�rkami visokotemperaturnih ku-

prat�v dl� sp�novoÝ ta zar�dkovoÝ spektroskop�Ý. Spektral~n� anomal�Ý �nterpretu�t~ �k dokaz z'dnann�

nos�� zar�du z na�vnim v optiqn�� prov�dnost� kolektivnim sp�novim zbud�enn�m u kutovo-rozd�len��

fotoem�s�Ý ta v danih tunel�vann�. Cimi anomal��mi mo�na skoristatis� dl� vi�vlenn� nabli�enoÝ

kartini spektral~noÝ gustini vzamod�Ý m�� nos�m zar�du � obm�nnim bozonom I

2

�(!), �ku p�zn�xe mo�na

vikoristati v rozxirenomu formal�zm� El�axber�a dl� anal�zu normal~nih ta nadprov�dnih vlastivoste�

optimal~no le�ovanih ta nadle�ovanih kuprat�v. U statt� zosered�no uvagu na suqasnomu stan� problemi,

a tako� pokazano �nod� vra�a�qu uzgod�en�st~ m�� eksperimental~nimi danimi ta teoretiqnim peredba-

qenn�m.
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