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We consider the self-action problem in classical electrodynamics of a point-like charge arbitrar-
ily moving in flat space-time of four or six dimensions. A consistent regularization procedure is
proposed which exploits the symmetry properties of the theory. The energy-momentum and an-
gular momentum balance equations allow us to derive the radiation reaction forces in both 4D
and 6D. It is shown that a point-like source in 6D possesses an internal angular momentum with
the magnitude which is proportional to the square of acceleration. 6D action functional contains,
apart from the usual “bare” mass, an additional renormalization constant which corresponds to the
curvature of the world line (i. e. to the magnitude of internal angular momentum of “bare” particle).
It is demonstrated that the Poincaré-invariant six-dimensional electrodynamics is renormalizable
theory.
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I. INTRODUCTION

Recently [1, 2], there has been a considerable inter-
est in the renormalization procedure in classical electro-
dynamics of a point particle moving in flat space-time
of arbitrary dimensions. The main task is to derive the
analogue of the well-known Lorentz–Dirac equation [3].
Following the scheme proposed by Dirac in his classical
paper [3], Gal’tsov in [1] decomposes vector potential of
a point-like charge Aµ

ret = Aµ
S + Aµ

R. The first term, Aµ
S ,

is the half-sum of the retarded, Aµ
ret, and the advanced,

Aµ
adv, solutions of the D’Alembert equation with a point-

like source. Since Aµ
S is singular in the immediate vicinity

of the world line, the subscript “S” stands for “singular”
as well as “symmetric”. Because Aµ

S is just singular as
Aµ

ret, removing it from the retarded solution gives the
potential Aµ

R = 1/2(Aµ
ret − Aµ

adv) that well behaves near
the world line. Since Aµ

R satisfies the homogeneous wave
equation, it can be interpreted as a free radiation field.
Hence the subscript “R” stands for “regular” as well as
“radiative”.

In classical electrodynamics of a point-like charge ar-
bitrarily moving in flat space-time of four dimensions
the singular part gives a divergent self-energy while the
regular one leads to standard radiation reaction force.
The unphysical “bare” mass involved in the action inte-
gral absorbs the divergent self-energy of a point charge
within the renormalization procedure and then becomes
the observable finite rest mass of the particle [1, 3, 4].
In six dimensions the Coulomb potential of a charge
scales as |r|−3 [1,5]. Inevitable infinities arising in higher-
dimensional electrodynamics are stronger than in four
dimensions. For this reason Gal’tsov [1] claims, that “in
even dimensions higher than four, divergences cannot be
removed by the mass renormalization”.

To make classical electrodynamics in six dimensions

a renormalizable theory, in [6] the six-dimensional ana-
logue of the relativistic particle with rigidity [7–9] is
substituted for the structureless point charge whose La-
grangian is proportional to worldline length. New La-
grangian involves, apart from usual “bare mass”, an ad-
ditional regularization constant which absorbs one extra
divergent term. In [2] the procedure of regularization in
any dimensions is elaborated by using functional analy-
sis. To get a renormalizable theory for the even dimension
D > 4, the original Lagrangian for free relativistic parti-
cle with “bare” mass is modified by introducing D/2− 2
extra (higher derivative) terms.

So, in six dimensions the whole renormalization pro-
cedure involves two arbitrary constants. Since there are
three types of divergences in six dimensions, Gal’tsov
doubts whether “all divergences arising in higher-
dimensional electrodynamics can be absorbed in this
way” [1]. The introduction of higher derivatives in the
particle action term seems for him not reasonable enough
since it “drastically changes the initial theory”.

Contrary to [1, 2] where the authors deal with equa-
tions of motion, Kosyakov [6] calculates the flux of
energy-momentum and derive the radiation-reaction
force by adding appropriate Schott term. In the present
paper we consider also the conserved quantities corre-
sponding to the invariance of the theory under proper
homogeneous Lorentz transformations. They give an ad-
ditional information which clarifies the essence of renor-
malization procedure. In such a way we reformulate
the problem of renormalizability within the problem of
Poincaré invariance of a closed particle plus field system.
The conservation laws are an immovable fulcrum about
which tips the balance of truth regarding renormalization
and radiation reaction. Either nonrenormalizable theo-
ry or renormalizable one should be compatible with the
Poincaré symmetry.
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II. PRELIMINARIES

The standard variational principle is formulated [1,2,6]
for a composite system of point-like charged particle and
its own electromagnetic field:

Itotal = Ipart + Iint + Ifield. (1)

Here

Ifield = −
1

4ΩD−2

∫

dDy F µνFµν ,

Ipart = −m

∫

dτ
√

−ż2, (2)

and the interaction term given by

Iint = e

∫

dτ Aµżµ. (3)

The particle’s world line ζ : R → MD is described by the
functions zα(τ) which give the particle’s coordinates as
functions of proper time τ ; żα(τ) = dzα(τ)/dτ . By ΩD−2

we denote the area of a (D−2)-dimensional sphere of unit
radius:

ΩD−2 = 2
π(D−1)/2

Γ
(

D−1
2

) . (4)

The action (1) is invariant under infinitesimal trans-
formation (translations and rotations) which constitute
the Poincaré group. According to Noether’s theorem,
these symmetry properties can be used for the deriva-
tion of conservation laws, i. e. those quantities that do
not change with time.

Strictly speaking, the action integral (1) may be used
to derive trajectories of the test particles, when the field
is given a priori. It may also be used to derive D-
dimensional Maxwell equations, if the particle trajecto-
ries are given a priori. Simultaneous variation with re-
spect to both field and particle variables is incompatible
since the Lorentz force will always be ill defined in the
immediate vicinity of the particle’s world line.

Our consideration is founded on field (2) and interac-
tion (3) terms of the Eq. (1). They constitute the ac-
tion functional which governs the propagation of electro-
magnetic field produced by a moving charge (i. e., the
Maxwell equations with point-like source):

�Aα(y) = −ΩD−2j
α(y). (5)

The Liénard–Wiechert fields are the solutions of the
Maxwell equations with point-like sources. One can sub-
stitute these fields in the conservation laws to rewrite
them in terms of particle variables.

The components of energy-momentum carried by the
electromagnetic field are [4, 6, 10]

pν
em(τ) = P

∫

Σ

dσµ T µν , (6)

where dσµ is the vectorial surface element on an arbi-
trary space-like hypersurface Σ. The components of the
electromagnetic field’s stress-energy tensor

ΩD−2T
µν = F µλF ν

λ − 1/4ηµνF κλFκλ (7)

have a singularity on the particle trajectory. In Eq.(6)
capital letter P denotes the principal value of the sin-
gular integral, defined by removing from Σ an ε-sphere
around the particle and then passing to the limit ε → 0.

The angular momentum tensor of the electromagnetic
field is written as [10, 11]

Mµν
em(τ) = P

∫

Σ

dσα (yµT αν − yνT αµ) . (8)

Conservation of the space part M ij
em of the tensor Mµν

em

is due to invariance under space rotations. Conservation
of the mixed space-time components, M 0i

em, takes place
due to invariance under Lorentz transformations.

III. COORDINATE SYSTEM

Using the retarded Green function [1, Eq. (3.4)] asso-
ciated with the D’Alembert operator � and the charge-
current density vector e

∫

dτ uα(u)δ(y − z(u)) we con-
struct the retarded Liénard–Wiechert potential in even
dimensions:

Aµ =

(

1

2π

1

r

d

du

)(D−4)/2

e
uµ(u)

r
. (9)

An appropriate coordinate system for flat space-time
is very important for the volume integration (6) and (8).
We calculate how much electromagnetic field momen-
tum and angular momentum flow across a world tube
of constant radius r enclosing the world line ζ (Bhabha
tube [12], see Fig. 1). A world tube is a disjoint union of
(retarded) spheres of constant radii r centered on a world
line ζ : R → MD of the particle. The sphere S(z(u), r) is
the intersection of the future light cone, generated by null
rays emanating from z(u) ∈ ζ in all possible directions,

C(z(u)) = {y ∈ MD : (y0 − z0(u))2

=
∑

i

(yi − zi(u))2, y0 − z0(u) > 0} (10)

and tilted hyperplane Σ(z(u), r):
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Σ(z(u), r) = {y ∈ M6 : uα(u)(yα−zα(u)−uα(u)r) = 0}.

(11)

The points on the sphere are distinguished by spher-
ical polar angles involved in the space compo-
nents ni′ of the null vector nα′

= (1, ni′), name-
ly (cos φ sin ϑ, sin φ sin ϑ, cosϑ) in four dimensions,
or (cosϕ sin ϑ1 sin ϑ2 sin ϑ3, sinϕ sin ϑ1 sinϑ2 sinϑ3,
cosϑ1 sin ϑ2 sin ϑ3, cosϑ2 sin ϑ3, cosϑ3) in six dimen-
sions.
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Fig. 1. Integration region considered in the evaluation of
the bound and emitted conserved quantities produced by all
points of the world line up to the end point with coordi-
nates (z0(τ ), z(τ )). Retarded spheres S(z(u), r), u ∈ ]−∞, τ ],
of constant radii r constitute a thin world tube Σr enclos-
ing the world line ζ. The sphere S(z(u), r) is the intersection
of the future light cone with vertex at the point zµ(u) ∈ ζ,
and shifted hyperplane Σ(z(u), r) which is orthogonal to the
particle’s velocity uµ(u).
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Fig. 2. In MCLF the retarded distance is the dis-
tance between any point on the spherical light front
S(0, r) = {y ∈ M6 : (y0

′

)2 =
P

i(y
i′)2, y0

′

= r > 0} and
the particle. The charge is placed in the coordinate origin;
it is momentarily at rest. The point C∈ S(0, r) is linked to
the coordinate origin by a null ray characterized by the an-
gles ϑA specifying its direction on the cone. The vector with
components nα′

is tangent to this null ray.

To understand the situation more thoroughly, we
pass to particle’s momentarily comoving Lorentz frame
(MCLF) where the particle is momentarily at rest at the
retarded instant u (see Fig. 2). The charge is placed in
the coordinate origin; the sphere S(0, r) is the intersec-
tion of the future light cone with vertex at the origin and
hyperplane y0′

= r.

As usual, we call a retarded distance the distance r be-
tween any point on the spherical light front S(0, r) and
the particle, taken in MCLF. In the laboratory frame the
points on this sphere have the following coordinates:

yα = zα(u) + rΛα
α′(u)nα′

= zα(u) + rkα. (12)

The flat space-time MD becomes a disjoint union of
world tubes Σr, r > 0, enclosing the particle trajecto-
ry.

IV. RENORMALIZATION AND RADIATION

REACTION IN FOUR DIMENSIONS

It is straightforward to substitute the components
Fαβ = ∂αAβ−∂βAα into Eq. (7) to calculate the electro-
magnetic field’s stress-energy tensor. Direct calculations
show [4,11] that either energy-momentum (6) or angular
momentum (8) carried by the retarded Liénard–Wiechert
field contains two quite different parts: (i) the bound part
which is permanently “attached” to the charge and is car-
ried along with it; (ii) the radiation part detaches itself
from the charge and leads an independent existence. The
former is divergent while the latter is finite. The bound
parts depend on the state of particle’s motion at the
vicinity of the observation time only while the radiative
parts are accumulated with time (see Fig. 3). Within
the regularization procedure the bound terms are cou-
pled with energy-momentum and angular momentum of
“bare” sources, so that already renormalized characteris-
tics Gα

part of charged particles are proclaimed to be finite.
Noether quantities which are properly conserved become:

Gα = Gα
part + Gα

rad. (13)

On rearrangement, the total four-momentum of our
composite particle plus field system looks as follows:

P µ = pµ
part +

2

3
e2

∫ τ

−∞

du (aλaλ)uµ(u), (14)

where aλ(u) = duλ/du is λ-th component of the particle
acceleration. Similarly, the total angular momentum is

Mµν = zµ(τ)pν
part − zν(τ)pµ

part
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+
2

3
e2

∫ τ

−∞

du (a · a) [zµ(u)uν(u) − zν(u)uµ(u)]

+
2

3
e2

∫ τ

−∞

du [uµ(u)aν(u) − uν(u)aµ(u)] (15)

where the dot denotes a scalar product. The particle four-
momentum ppart is already renormalized.
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. . . . . . . .�/
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Fig. 3. The bound term Gα
bnd and the radiative term Gα

rad

constitute Noether quantity Gα
em carried by the electromag-

netic field. The former diverges while the latter is finite.
The bound component depends on instant characteristics of
charged particles while the radiative one is accumulated with
time. The form of the bound term heavily depends on choos-
ing an integration surface Σ while the radiative term does not
depend on Σ.

Time differentiation of these conserved quantities gives
the system of ten equations in four variables pµ

part and
their time derivatives [13]. Having differentiated (15)
and taking into account the differential consequence of
Eq. (14)

ṗµ
part(τ) = −

2

3
e2(a · a)uµ(τ), (16)

we arrive at the equality which explains how the four-
momentum of charged particle depends on its velocity
and acceleration:

u ∧ ppart = −
2

3
e2u ∧ a. (17)

(The symbol ∧ denotes the wedge product.) Hence the
particle four-momentum contains, apart from the usual
velocity term, also a contribution from the acceleration
when the particle is charged:

pµ
part = muµ −

2

3
e2aµ. (18)

Since (u · a) = 0, the scalar product of particle four-
velocity on the first-order time-derivative of particle four-
momentum (16) is as follows:

(ṗpart · u) =
2

3
e2(a · a). (19)

Similarly, the scalar product of particle acceleration on
the particle four-momentum (18) is given by

(ppart · a) = −
2

3
e2(a · a). (20)

Summing up (19) and (20) we obtain

d

dτ
(ppart · u) = 0. (21)

Therefore, m is already renormalized rest mass of the
particle [5]. We are sure that the well-known Teitel-
boim’s expression (18) for the four-momentum of point-
like charged particle [4] as well as the Lorentz–Dirac
equation [3] arise from the total energy-momentum and
angular momentum balance equations.

V. RADIATION REACTION IN SIX

DIMENSIONS

Taking D = 6 in (9), one has again that Liénard–
Wiechert potential in six dimensions depends on particle
acceleration:

Aµ =
e

2π

[

aµ(u)

r2
+

uµ(u)

r3
(1 + rak)

]

. (22)

Here ak = aαkα is the component of the particle accel-
eration in the direction of kα := Λα

α′(u)nα′

.
The electromagnetic field is defined in terms of this

potential by Fαβ = Aβ,α −Aα,β . Having used the differ-
entiation rule [6, eqs.(2),(3)]

∂u

∂yµ
= −kµ,

∂r

∂yµ
= −uµ + (1 + rak) kµ, (23)

we obtain

F =
e

2π

(u ∧ a

r3
+ V ∧ k

)

(24)

where

Vµ =
3uµ

r4
+

3(aµ + 2uµak)

r3

+
ȧµ + uµȧk + 3aµak + 3uµa2

k

r2
. (25)

The overdot means the derivative with respect to re-
tarded time u. The Liénard–Wiechert field (24) coincides
with the field obtained in [6, Eq. (14)] where the “most-
ly minus” metric signature should be replaced by the
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“mostly plus” one and the overall coefficient e/2π should
be substituted for 1 (or for 1/3 in Eq. (15) of the E-print
version corrected by the author).

It is straightforward to substitute the components (24)
into Eq. (7) to calculate the electromagnetic field’s stress-
energy tensor. Following [6], we present T αβ as a sum of
radiative and bound components,

T αβ = T αβ
rad + T αβ

bnd. (26)

The radiative part scales as r−4:

8π2

3
T αβ

rad =
e2

4π2

kαkβ

r4
V µ

(−2)V
(−2)
µ (27)

where the components V
(−2)
µ of six-vector V(−2) is de-

fined by Eq. (25). The others T(−κ) constitute the bound
part of the Maxwell energy-momentum tensor density:

T αβ
bnd = T(−8) + T(−7) + T(−6) + T(−5). (28)

(Each term has been labelled according to its dependence
on the distance r.)

According to [6], the outward-directed surface element
dσµ of a five-cylinder r = const in M6 is

dσµ = [−uµ + (1 + rak)kµ] r4dΩ4du, (29)

where dΩ4 = dϑ1dϑ2dϑ3dφ sin ϑ1 sin2 ϑ2 sin3 ϑ3 is the el-
ement of solid angle in five dimensions. The angular in-
tegration can be handled via the relations

∫

dΩ4 =
8π2

3
,

∫

dΩ4 nαnβ =
8π2

15

(

ηαβ + uαuβ
)

,

∫

dΩ4 nαnβnγnκ =
8π2

105

[(

ηαβ + uαuβ
)

(ηγκ + uγuκ)

+ (ηαγ + uαuγ)
(

ηβκ + uβuκ
)

+ (ηακ + uαuκ)
(

ηβγ + uβuγ
)]

. (30)

The integral of the polynomial in odd powers of nα :=
kα − uα vanishes.

We are now concerned with the integration of (6). The
volume integration of the bound part of the stress-energy
tensor over the world tube Σr of constant radius r re-
veals that the bound energy-momentum is a function of
the end points only:

pµ
bnd =

e2

4π2

[

3

2

uµ(u)

r3
+

12

5

aµ(u)

r2
+ 2

(a · a)uµ(u)

r

]u=τ

u→−∞

(31)

(The matter is that the total (retarded) time derivatives
arise from angular integration.) If the charged particle
is asymptotically free at the remote past, we obtain the
Coulomb-like self-energy of constant value. The upper
limit drastically depends on the value of r. To evaluate
the bound part of six-momentum in the neighborhood of
the particle we take the limit r → 0. If r tends to zero,
pµ
bnd → ∞. The divergences are absorbed by the individ-

ual particle’s six-momentum within the renormalization
procedure based on the Noether quantities (see Fig. 3
and Eq. (13)). The total energy-momentum of a closed
system of an arbitrarily moving charge and its electro-
magnetic field is equal to the sum

P µ = pµ
part + pµ

rad, (32)

where prad is the radiative part of electromagnetic field’s
energy-momentum which does not depend on r at all:

pµ
rad =

e2

4π2

∫ τ

−∞

du

(

4

5
(ȧ · ȧ)uµ −

6

35
(a · a)ȧµ

+
3

7
aµ(a · a)· + 2(a · a)2uµ

)

(33)

(We denote (a · a)· the derivative d(a · a)/du.)

Volume integration of the angular momentum tensor
density shows that the bound angular momentum de-
pends on the state of the particle’s motion at the obser-
vation instant only:

Mµν
bnd =

e2

4π2
lim
r→0

(

zµP ν
bnd − zνP µ

bnd +
12

5

uµaν − uνaµ

r

)

.

(34)

By symbol Pbnd we mean the expression in between the
squared brackets of Eq. (31).

It is worth noting that Mµν
bnd contains, apart from the

usual term of the type z∧ppart, also an extra term which
can be interpreted as the “shadow” of internal angular
momentum. It prompts that the bare “core” possesses a
“spin”.

Total angular momentum of our composite particle
plus the field system is written as

Mµν = Mµν
part + Mµν

rad (35)

where Mrad is the radiative part (36) of the electromag-
netic field’s angular momentum which depends on all the
previous motion of the source:

Mµν
rad =

e2

4π2

{
∫ τ

−∞

du (zµP ν
rad − zνP µ

rad)
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+

∫ τ

−∞

du

[

4

5
(aµȧν − aν ȧµ)

+
64

35
(a · a) (uµaν − uνaµ)

]}

. (36)

Here Prad denotes the integrand of Eq. (33).
With (34) in mind we assume that already renormal-

ized angular momentum tensor of the particle has the
form

Mµν
part = zµpν

part − zνpµ
part + uµπν

part − uνπµ
part. (37)

In [7–9] the extra momentum πpart is due to additional
degrees of freedom associated with the acceleration in-
volved in the Lagrangian function for the rigid particle.

Our next task is to derive expressions which ex-
plain how six-momentum and angular momentum of the
charged particle depend on its velocity and acceleration.
Having performed the time differentiation of Eq. (32)
we obtain the following energy-momentum balance equa-
tion:

ṗµ
part = −

e2

4π2

(

4

5
(ȧ · ȧ)uµ −

6

35
(a · a)ȧµ

+
3

7
aµ(a · a)· + 2(a · a)2uµ

)

. (38)

(All the particle characteristics are evaluated at the in-
stant of observation τ .) Having differentiated (35) and
taking into account (38) we arrive at the equality which
does not contain ṗpart:

u ∧

(

ppart + π̇part +
e2

4π2

64

35
(a · a)a

)

+a ∧

[

πpart +
e2

4π2

4

5
ȧ

]

= 0. (39)

A scrupulous analysis of the consistency of the energy-
momentum balance equation (38) and angular mo-
mentum balance equation (39) reveals that the six-
momentum of charged particle contains two (already
renormalized) constants [14, Appendix]:

pβ
part = muβ + µ

(

−ȧβ +
3

2
(a · a)uβ

)

+
e2

4π2

[

4

5
äβ −

8

5
uβ(a · a)· −

64

35
(a · a)aβ

]

. (40)

The first one, m, looks as a rest mass of the charge. But
the true rest mass is identical to the scalar product of
the six-momentum and six-velocity [5]. Since the scalar

product depends on the square of acceleration as well as
its time derivative

m0 = −(ppart · u) = m +
µ

2
(a · a) −

e2

4π2

2

5
(a · a)·, (41)

the renormalization constant m is formal parameter and
its physical sense is not clear.

The second, µ, is intimately connected with the inter-
nal angular momentum spart := u∧ πpart of the particle:

sαβ
part = µ

(

uαaβ − uβaα
)

−
e2

4π2

4

5

(

uαȧβ − uβȧα
)

. (42)

But the magnitude of spart is not constant:

s2 = −
1

2
spart

αβ sαβ
part = µ2(a · a) + µ

e2

5π2
(a · a)·

+
e4

25π4

(

(ȧ · ȧ) + (a · a)2
)

. (43)

Therefore, this name cannot be understood literally.
Having substituted the right-hand side of Eq. (40) for

the particle’s six-momentum in the energy-momentum
balance equation (38), we derive the Lorentz–Dirac equa-
tion of motion of a charged particle under the influence
of its own electromagnetic field. An external device adds
covariant external force Fext to the right-hand side of
this expression.

Expression (40) was originally obtained by Kosyakov
in [6, Eq. (37)] (see Eq. (38) in E-print version corrected
by the author). The derivation is based upon the con-
sideration of energy-momentum conservation only. The
author constructs an appropriate Schott term to ensure
the orthogonality of the radiation reaction force to the
particle six-velocity. The formula define the bound six-
momentum of a point-like charged particle which is in-
volved in the energy-momentum balance equation (see
Eq. (40) in E-print version of the paper and Eq. (32) of
the present paper where this momentum is denoted as
ppart). The bound momentum differs from the one of the
particle being “dressed” in electromagnetic “fur” (see Eq.
(42) in E-print version of [6]). The latter contains also
a contribution from the radiated energy-momentum (33)
carried by the electromagnetic field of an accelerated par-
ticle. The six-momentum of “dressed” particle is involved
in six-dimensional analogue of relativistic generalization
of Newton’s second law [6, Eq. (38)] where the loss of
energy due to radiation is taken into account.

We face the problem if two renormalization constants,
m and µ, are sufficient to absorb the three divergences of
our divergent bound six-momentum (31). The structure
of this expression heavily depends on the integration sur-
face. Having integrated the electromagnetic field’s stress-
energy tensor (7) over hyperplane Σt = {y ∈ M6 : y0 =
t}, we obtain
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pµ
bnd =

∫

Σt

dσ0 T 0µ
bnd

=
e2

4π2

[

3

35

−12u0uµ + 40(u0)3uµ + η0µ
(

−3/2 + 12(u0)2
)

(t − u)3

+
3

35

−5aµ + 31a0u0uµ + 33aµ(u0)2 + 3η0µa0

(t − u)2

+
1

35

37a0aµ + 71(a · a)u0uµ + η0µ(a · a)

t − u

]u→t

u→−∞

. (44)

The lower limit is equal to zero while the upper one tends
to infinity. The coefficients are quite different from that
in Eq. (31) while the number of divergences is still equal
to three.

Further we choose the tilted hyperplane στ = {y ∈
M6 : uµ(τ) (yµ − zµ(τ)) = 0} which is intimately con-
nected with the momentarily co-moving Lorentz frame
of the charge at the observation instant τ (cf. r-shifted
hyperplane (11)). In MCLF the particle is momentari-
ly at rest at the time τ . To apply our previous result
we make such a Lorentz transformation Ω that a tilted
hyperplane στ becomes Σt′ = {y ∈ M6 : y0′

= t′}:

pµ
bnd =

∫

σt

dσν T νµ
bnd

=

∫

y0′=t′
dσ0′ T 0′α′

bnd Ωα′

µ

= Ωµ
α′pα′

bnd . (45)

It is now a straightforward (but tedious) matter to calcu-
late the components of bound six-momentum in MCLF.
They contains two divergences only:

p0′

bnd =
e2

4π2
lim

u′
→t′

[

3

2

1

(t′ − u′)3
+ 2

(a · a)

t′ − u′

]

, (46)

pi′

bnd =
e2

4π2
lim

u′→t′

[

−
6

5

ȧi′

t′ − u′

]

. (47)

Since the structure of bound six-momentum is change-
able, it would make no sense to disrupt the bonds
between different powers of the small parameter r in
(31). It is sufficient to assume that a charged particle
possesses its own (already renormalized) six-momentum
ppart which is transformed as a usual six-vector under
the Poincaré group. A careful analysis of the energy-
momentum and angular momentum balance equations
reveals how ppart depends on six-velocity, six-acceleration
etc. In M4 the solution (18) contains one renormaliza-
tion parameter: the rest mass m. If we deal with six-

dimensional flat space-time than two renormalization pa-
rameters, m and µ, arise (see Eq. (40)).

VI. CONCLUSIONS

We examine whether the renormalizabolity is a nec-
essary condition for consistency of the local field theory
with fundamental principles such as energy-momentum
conservation and the conservation of the total angular
momentum. A careful analysis with the use of regulariza-
tion procedure compatible with the Poincaré symmetry
shows, that the usual particle part of the initial action
integral (1) which is proportional to the worldline lenght
is inconsistent with Ifield and Iint in six dimensions. In-
deed, the angular momentum tensor of a structureless
particle

Mµν
part = zµpν

part − zνpµ
part (48)

corresponds to Ipart given by (2). Having analyzed the
angular momentum balance equations one has again

u ∧

(

ppart +
e2

4π2

64

35
(a · a)a

)

+
e2

4π2

4

5
a ∧ ȧ = 0 (49)

instead of (39). Its solution is a motion with constant
velocity where pµ

part do not change. Hence the action
functional based on the higher-derivative Lagrangian for
a “rigid” relativistic particle [7, 8] should be substitut-
ed for Ipart in (2). It involves two renormalization con-
stants [2, 6]; it is sufficient to renormalize all the diver-
gences arising in six-dimensional electrodynamics.

Nonrenormalizable theory contradicts the differential
consequences of the conserved quantities which arise
from the invariance of the system under space rotations
and Lorentz transformations.

Volume integration of the energy-momentum and an-
gular momentum carried by the electromagnetic field
shows that a charged particle is supplemented with the
bound electromagnetic “cloud” which has its own (diver-
gent) momentum and angular momentum. Correspond-
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ing characteristics of the “bare” charge absorb them with-
in the regularization procedure based on Noether conser-
vation laws (see Figure 3). The radiative parts of the
electromagnetic field’s energy-momentum and angular
momentum detach the charge and lead an independent
existence. They are involved in energy-momentum and
angular momentum balance equations which determine
how already renormalized particle’s momentum and an-
gular momentum depend on its velocity, acceleration etc
(see Eq. (18) for M4 and Eq. (40) for M6).

It is worth noting that in six dimensions a test parti-
cle (i. e., point charge which itself does not influence the

field) is the rigid particle. Its momentum is given by ex-
pression (40) where e2 tends to zero; it is not parallel to
six-velocity. The problem of motion of such particles in
the external electromagnetic field is considered in [15].
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ЗБЕРЕЖУВАНI ВЕЛИЧИНИ ГРУПИ ПУАНКАРЕ: ПЕРЕНОРМУВАННЯ ТА

РЕАКЦIЯ ВИПРОМIНЮВАННЯ

Ю. Яремко
Iнститут фiзики конденсованих систем НАН України

вул. Свєнцiцького, 1, Львiв, 79011, Україна

Дослiджено проблему самодiї у класичнiй електродинамiцi точкового заряду, що довiльно рухається в

чотиривимiрному та шестивимiрному просторах Мiнковського. Запропоновано процедуру перенормування,

узгоджену iз симетрiйними властивостями теорiї. Iз законiв збереження енерґiї-iмпульсу та моменту кiль-

кости руху знайдено сили реакцiї випромiнювання в обох, чотиривимiрному та шестивимiрному, випадках.

Виявилось, що точковий заряд у шестивимiрнiй електродинамiцi має внутрiшнiй кутовий момент, амплiтуда

якого пропорцiйна до квадрата прискорення частинки. Вiдповiдний функцiонал дiї мiстить, окрiм звичної

“затравочної” маси, ще й додаткову константу перенормування, пов’язану з кривизною свiтової лiнiї (тоб-

то з амплiтудою внутрiшнього кутового моменту “голої” частинки). Показано, що Пуанкаре-iнварiянтна

шестивимiрна електродинамiка є перенормовною теорiєю.
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