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3ampONOHOBAHO METOJ 3HAXOMKEHHS CTATHCTUYHOI CyMHu 003€-9aCTUHOK, IO
B3aEMOJIIIOTD, JIJIS IIIHPOKOI'O iHTEPBAJIY TEMIEPATYP i3 BpaxXyBaHHAM HPIMHUX
TPHU- 1 TOTUPUIACTUHKOBUX KOpessiii. Po3paxyHok mpoBoauIn Ha OCHOBI 3HA-
JIeHOi B TIoTiepeIHiit poboTi MATPHI TYCTHHYW 003e-TaCTHHOK. Y TDAHUI HH3b-
KUX TeMIepaTyp OTPUMAHUM BUPA3 JJIS CTATHCTUYIHOI CYMU Ma€ OUiKyBaHW
BUTJIST, e~ Eo/ T, ne T — Temneparypa cucremu, Fjy — eHepris OCHOBHOT'O CTaHy
B HAGIUKEHH] “IBOX CyM 3a XBUJIBOBUM BEKTOPOM”. 33 BHUCOKUX TEMIIEPATYD,
y KBaziKJIacH4HIN MexKi, orpuMana (opMmyiia 30iraeThbCd 3 BHPA30OM JJIs CTa-
TUCTUIHOI cymMHu B HabamkeHHi xaoru4unmx (a3. Pesymbraru poborm mMoxKHA
3aCTOCYBATH [IJIsi PO3PAXYHKIB TEPMOAMHAMIYHUX 1 CTPYKTYPHUX (DYHKIH PijI-
koro ‘He 3 MeTO0 KiJbKiCHOI HepeBipKM TEOPETHYHUX i eKCIIePHMEHTAIBHIX
JaHUX, OCODJIMBO B JIJSHIN A-TTEPEXOY.

Kotouosi ciaoBa: pinkumit *He, MaTpums ryCTHHE, CTATHCTHYHS, CYMa.

Ha ocHoBi OBHOT MaTpHUIll TYCTHHN MOXKHA OTPUMATH BUYEPIHY 1H(MOPMAIIIIO PO
TepMoaMHAMIYHI Ta cTPYKTYpHI dyHKIIT 603e-cucremu. OMHUM 3 BAXKITUBUX €TAIIB HA
BOMY TLIAXY € PO3PAXYHOK CTATUCTUYHOI CyMH, sIKy MOXKHA 3aIUCATH AK IHTErPaj
Bi MaTputi ryctuam 3a 3/N-KOOpIUHATAMY YaCTHHOK.

st ommrcy 6araTro9acTHHKOBUX CHCTEM AyzKe eheKTHBHOIO BHUIBHIACI ies Koje-
KTUBHUMX 3MIHHUX, gKa [IPOJIEMOHCTPYBAJIA CBOKO JOUIJIBbHICTD 1 Y BUIIAJIKY PO3PaxyH-
Ky craructuaHol cymu [1,2]. Oanak miis cuereM, ki MicTsTh hepMioHH, HEMOXKITHBO
3HAWTU CTATUCTUYHY CyMy B OJHUX JIUIE KOJEKTHBHWX 3MIHHWX, IO OB S3aHe 3
THM, 0 AHTUCUMETPUIHA (PYHKIIA HE BUPAXKAETHCA depe3 KOMeKTUBHI 3minai. Buxis
3 niel curyanii 6ys sualigenuii y poborax [3,4], gki 3amouarkyBasiu JOC/ILKEHHS,
Je Ay OOYHMCIeHHs CTATUCTUIHOI CYyMF 3aCTOCOBYIOTH KOJIEKTHBHI 3MiHHI Ta MeTo-
JIM BTOPWHHOrO KBaHTyBaHHs. B poGori [5] craructuuna cyma N aromis, ki B3a-
E€MOIIIOTh Yepe3 MAJEKOCSKHI 1 OJM3bKOCSKHI MOTEHITA N, PUBEIEHa 10 BUTJISILY
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dyHKIIOHATBHUX iHTerpaiB. B pesynprari 3’9Buaacs MOXKJIUBICTh PO3PAXYHKY CTa-
TUCTUYHOI CYMH PIIMHA-TA3 33 JOTOMOTOI0 METOIB, PO3BUHEHUX I MoJesi [3inra.
Tpoxu 3romoM Ha OCHOBI TEPMOAMHAMIYHUX CITiBBiIHOIEHD, BUKOPUCTOBYIOTH METOT,
KOJIEKTUBHUX 3MIHHHMX i3 BHIIJIEHOIO CHCTEMOIO BiAIiKy, Oy71a oTprMana sBHa (dopma
(MYHKIIIOHAIA, BEJMKOl CTATHCTHUYIHOI CYMH, fKa A€ MOXKJINBICTDL ommcyBaru (pa3osi
nepexou [6].

Jns Takoi cucremu, ax piaxuit *He, TepMomusamivuni Ta cTpykTypHi dyHKIil [7],
TaK camo sK i crarucTudaHa cyma [8] B mmpokoMmy iHTepBasi Temmeparyp Gyau pos-
paxoBaHi pamime, oaHaK JUIe B HAOIMKEHHI mapHUX Kopensmiit. Ilpore Bimomo, 1o
BHECKHW DAraTOYaCTHHKOBUX KOPETAIii y TepMOoguHAMIYUHI (DYHKINT PIAMHA B JESTKUX
Bunajakax € 3uaunumu [9, 10]. BpaxyBanusa TpuyacTuHKOBUX KOpeJsliil npu po3pa-
XYHKaX eHeprii OCHOBHOTO CTaHy, CTPYKTYPHOro (hakTopa i mapHoi GyHKIMT pO3MTOmiIy
pinkoro “He mposeneno, 3okpema, B poGotax [11-13]. B poGorax [14, 15] ma ocHo-
Bi BpaxXyBaHHS TPHU- 1 YOTUPUIACTUHKOBUX KOPEJIATIi MPOBeIeHa OIIHKA 3aTOBHEHHST
6ose-konmencary B piakomy ‘He. Ilizmime [16] 6yau 3Haiigeni crpykTypHi byHKIl i
crarucTHyHa cyma pigkoro *He 3 ypaxyBaHHaM HEIPAMEUX TPH- i YOTHPUYACTHHKOBIX
KOpessIiii B IMUPOKOMY inTepBasi remmeparyp. lle mpuBeso g0 Kpalmoro y3ro/KeH-
HST TEOPETUYIHUX PO3PAXYHKIB 1 €KCIEPUMEHTATBHUX JTAHWX, 30KpeMa, IJIsi TapHOTO
cTpykTypHOro dakropa [17]. Jist GlabImoro y3roKeHHs TEOPETHIHNX | eKCIIepHMeH-
TATbHAX BUCHOBKIB BiAMOBIAHI BEIHIWHE MOTPIOHO 3HANTHU 3 ypaxXyBAHHAM IMIPAMUX
TPHU- i YOTHPUIACTUHKOBUX KOPEJAINiil, 1110, B CBOIO U€pry, MOB’sSI3aHe 13 BpaxyBaHHSI
HabJMKeHHs “IBOX CyM 3a XBUJIboBUM BekTopom” [18,19].

Orxke, 3aBmaHHsaM M€l pOOOTH € PO3PAXYHOK CTATUCTUYHOI CYMU B3aEMOIIIOUMNX
003e-9aCTHHOK i3 BpaXyBaHHAM MPAMUX TPHU- 1 YOTUPUIACTUHKOBUX KOpensii. Bka-
3aHOI MeTH OYJI0 MOCATHYTO 33 OMOMOTON0 IHTErDYBAHHS TIarOHAJbHUX €JIeMEHTIB
orpumMaHnoi B pobori [20] marpuni rycruan B HaGauKeHH] “ABOX CYM 38 XBUIBOBHM Be-
KTOPOM” B IIUPOKOMY IHTEPBAJI TEMIIEPATYD i3 BUKOPUCTAHHAM METOMY KYMYITHTHUX
poskaaais [21].

Buxinni piBasaasa. B Hamiit nonepesniit pobori [20] Gys 3naiinenuii Bupas jJs
MaTPHUIl TYCTHHHU B33aEMOIIOUNX 603e-9aCTHHOK i3 BPaXyBaHHAM IPAMHUX TPH- i 90-
TUPUIACTHHKOBUX KOPEJIANiN, SKUU y BUIAIKY, KOJIU ABHO HE BUILIAETHCS MATPHUILT
TYCTHHU ieaqbHOTO 603e-Ta3y, Mae HACTYTTHUN BUTJISI;

R(plp") = Ro(plp")P(plp’), (1)

ae Ro(plp’) — maTpuns rycturn 6aratob0030HHOT cHCTEMU B HAGIMKEHHI TAPHUX KO-
pensamiii, a P(p|p’) — dakrrop, akuil BpaxoBye TpU- i 9OTUPUYACTHHKOBI KOPEJIATIl,
SIBHUMI BUIJISM JIJId $IKOPO MOXKHA OTPHMATH HA OCHOBI 3rajanoi uine poboru [20)].
Benuunnu pq — ne koedinienru @yp’e dbaykryaliil IyCTHHA 9aCTUHOK CHCTEMU:

1 N
= — E e iari, 2
Pq /*Nj . (2)
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3rifiHO 3 O3HAYEHHSIM CTATUCTUIHA CyMa

Z = / R(plp)J(p)(dp) = / Ro(plp)P(plp)(dp), (3)

ne J(p) — parosa GyHKIA y HAOIMKEHH] “IBOX CYM 3a XBUILOBMM BekTOpoMm” [20,22]:

1 1
J(p)=Cexp | =5 Y pap-at —m— D . D PaiPasPas —
2 6v N
q7#0 q17#0 q2#0 q37#0
q1+qz+q3=0

1
TN Z Z Pa1P—aiPazP—qz | - (4)

a17#0 q27#0

Crany C moxkua 3HAHTH 3 yMOBH HOPMYBAHHS:

[ 3otdn =v. (5)

Marpurs rycruran 6araTobG030HHOI CHCTEMY B HAOIMKEHHI MAPHUX KOPENAIiil Mae
HacTymHui BUTIIs I [8, 23, 24]:

. B [Xe% ﬂE 1 (6
Rolole!) = e 1 2 et [P0 e (15090 v it )+
™ 2 4 th[BE,]

q#0 q#0

1 Qq / /
+ 4 (;) Sh[ﬂEq] (Pqp—q + Pqp—q) 9 (6)

e mTpux OUId CHMBOJIy AODYTKY O3HAdYaE, 1m0 OepeMo 10 yBaru JIWINE MiBIPOCTID
MOKJIUBUX 3HAYEHb XBUJIHOBOTO BEKTOPA J.
Binbua emeprist

F() :EOB + lE:IH(]. —G_BE“),
q#0

ne Ef — emepris ocHosHOTO cTamy 6araTo6o30HHOI crucTemMu B HabmmyKeHHi Borosmio-
bosa:

N(N - 1) R2g?
B _ 2
Ey = TVU_(%;O%(%_U ) (7)
4mN
ag=4/1 7Vh2q2 Vg, (8)
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= [ e d(r)dr — koedinienT Pyp’e eneprii mapHoi B3aEMOIIT MixX YaCTHHKAMH.
E, — cnexrp enemeHTapHUX 30y/IKeHb B HabmmxenHi Boromotosa:
h2q2
E,=q, = ag—. 9
q a&q o 9)
®axrop P(p|p’) MoxHa OgaTH B HACTYTIHHUH CIIOCIO:

_ 11
_ %o o -
P(plp') = exp N + Z Z Z Co(17h, —1")plf p2g, +
q17#071=0j1=0
1

Z D> > e 238 ol o+

Cll #0 q27#0 q3#0 1,12,i13=0
q1+92+q93=0

1 1
1 I
+ N Z Z Z Z Ca (17, —1%, 272, =2%) pgt p2 g, Py P2, | - (10)

q17#0 q27#0 ¢1,i2=0 j1,j2=0

Innexkcu iy, 149,13, j1, j2 npobirarors 3Hadends 0, 1. 3uavennsa 1 Bianoeigae mpucyTHO-
cri mrpuxa 6ing BiamoBimHOI Benwdmuwn, a 3uadends 0 — Bigcyruocti. Bupasu gy
Co, C2(171, —1%), E3(1%,2%2 3%), ¢4 (191, —1%1 272 —2%2) MoyKHA BiATBOPUTH, KOPUCTY-
founck pobororo [20]. Bonu Takok HaBeseHi B JogaTKy A.

MaremaTrnuHi aciieKTH po3paxyHKy cratuctu4aHol cymu. llosepremocs 10
piBugHHs (3), BUKOHAEMO BCi HEOOXiAHI mepeTBopeHHsd i cnpoGyeMo IpoiHTerpyBaru
BUPA3, 10 BXOJWTH M0 UHOTO pibHsHHA. [lokmasmm y Bupasi (6) p = p’, orpumaemo,
110

Ro(plp) = e~ PFo H 07‘;1 th {ﬁf } exp | —= Zaqth [ }pqp_q . (11)

q#0 q#O

Ockinbku 3HaiiTH TOHNMI BUpa3 aa inrerpana [ R(p|p)(dp) € RemocrnbHIM 3aB1aH-
HIM, TO, BPaxoBylouu piBuicTb (11), mepenuiieMo HOro K CEpeIHE 3a BEJIUIUHOIO

expq —1/2 § agth [B/QEq]pqpq}. Toni
q#0

7z - / Rlolo)(dp) = e T] % wh {52]54] /exp %Zaqth EEQ} pap—q | (dp)x

a#0 a#0

Cy
xexp[NKexp 25" Colan)pap-at e 3 3 3 Ci(a1 e, ) i+

a1 70 Cll #0q27#0q3#0
q1+92+q9q3=0
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2 —
+ N Z Z 04(q1>q2)pQ1p—Q1pQ2p—Q2 ) (12)
q17#0 q27#0 »
e

[ |5 S auth |35, pup-a | @) - H'h; (13

q#0

Co = <o; %ZZ T (171, —1%);

= 1 — (i iz ai
C3(Q1,QQ»013)=§ Z cs(1",22,3%);

11,12,13=0
Cular, q2) = Z Z Gy, 17 272 9f2), (14)
11,12 0J1,j2=0

Ilicia 11bOro CKOPUCTAEMOCS KOHIEMINEID KYMYIIHTHAX PO3KJIAIIB, 3 JTOIMOMOTOIO SIKOT
B IPUAHATOMY HaM¥ HAOJMKEHH] “IBOX CyM 33 XBUJIBOBHM BEKTOPOM’ OTPHUMAEMO:

z- / Rlp)(dp) = = exp | | exp |2 3 Calan) (paup-an), +

q1#£0
Z Z Z CS (h,CIz,qLa) <pCI1p<~I2prI3>
C11750 a27#0 q3#0
q1+qz2+q3=0
2
+ 3 2 > Calar @) (pay - Pazp-as) Z > DT (ar a2 ) x
170 q2#0 q17£0q27£0qs7£0
q1+92+q3=0
2
X (6 <pq1pq2pq3p,qlp,q2p,q3>p - <Pq1pq2pq3>p> } ) (15)

Jle 3HAK CepesHBOro (...), Mae Takmil 3mict:

Jexp [% > agth [gEq] Pqp—q] (--)(dp)
q#0

()=
Jexp l_% D, agth [gEq} Pqp—q] (dp)
q#0

Orke, 7718 HABEIEHUX BUINE CEPETHIX OTPUMAEMO TaKi BUDA3U:
1

" anth [38] 1o

<p0h P—ar >p
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<p0npq2p(I3>p =0, (17)
1
(Par P—a1 Pas p—q2>p = 5 3 ) (18)
Qq, Qg th |:§EQ1} th {§EQ2:|
1
(Pay P—a1 Paz P—as Pas P—as) (19)

Olg, Og, Olgs th [gqu} th [gqu} th {gEqs} .

Hactynauit Kpok Ha mUIAXy PO3PAaXyHKY CTATHCTHUIHOI CyMH IIOJIATAE B 3HAXO-
mxenni apaux supasis ms Cp, Co(qr), C3(qi,qz,qs), Cs(ar,qz). Maremarnani
acTeKTH INX PO3PaxyHKiB HaBedeHi B qogarkax B, B, T', I, Bignosiano.

ITincrasasitoan 3uaiineni seanannn (B.1), (B.4), (B.5), (B.6), (B.7) y Bupas (A.1)
sHaiinemo asamil Buran semmanan Co. Tak camo migcrasismioun semmaman (B.1)
(B.7), (B.8), (B.9), (B.10) y supaz (A.2), (T.3) y (A.3) i semmumnn (I.1), (I.7),
(T'8), (T.9), (T.10) y supas (A.4), 3naiizemMo sBHi Bupasu, simnosino, mrs Co(q)
Cs(d1,92,93), Ca(q1, q2):

?

7

i 1 h2 Jl( )
Co=—= —(q2+q2) qu +
2 qlz;;o q%:() 2TTL ! ? qul O‘qz Sh[ﬂEqJ Sh[ﬁqu]
2

Iy y v L ;Zzsh[g(ﬂh 2 By, 1 By))]

4 2m/) 3 Ey, +2 B, +1 E,

170 q27#0 q3#0 H sh[ﬁqu] +1 +o 3 2 1

q1+q2+q3=0 j=1 ;

X [a1qa(F1 £2 ag,aq, + 1) + @ras(Frag, g + 1) + daqa(f2ag,a4, + 1)] X
)(qqu)

a‘]s

X (il i2P1(i1E/1111 ) j:2E‘Z27EQS) + PQ(ilEth s :l:QEQ27E<Z3) )
athaqz

(20)

_ 1 K2 Jo(Ey, Eqy) 1 K2\
Co(qn) = —— — (7 +¢3) B + — ] x
4N q27#0 2m Qgy Ch2[§EqJ Sh[IBqu] 16N qu;é:O qsz;;o 2m
q1+92+q3=0

o0, 53 Ml B Pl
ch2 [Bqu} sh[BE,,|sh[BE,,] & +» Eq, £2 Eq, £1 Eg,

X [a192(£1 £2 ag, g, + 1) + qras(E10g, g, + 1) + doqs(Faag,aq, + 1)) X

{ +; £ (qotq2)K1(:|:1Eq17i2EQ27E‘I3) -

q3
CILD) Ko(£1Eq, . 42y, Eg,) + 42 (9293)
OQD alh
(q1q2 + 9193 + 9293)
aihafbaqz

K3(:l:1Eq1 ) i2Eq2 ) Eq3)+

+

Ky(£1Eq,,£2E,, Ey,) |, (21)
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e ( ) 1 A2 Z Z [g(Eqs +9 qu +1 qu)
3\d1,492,d3) = — - o — X
482m H h [’BE } e By 2 By, 1 By,
]=1 q;

X [q1q2(il +2 g 0, + 1) + qIQS(ilath Olgy + 1)+q2q3(iQQQQQQS+1)] s
(22)

Cu(a qz):fiﬁ(q%rqz) Iy, B > < >
’ 16 2m 1 2 ch? [gEq}Chz {’GE ] 64

a3 #0
q1+92+q3=0
Qg; gy 1
X X
oh? [S By | en? (5B, | n |55, ] ; ; Eg, &2 Eq, +1 Ey,

X [qqu(il +9 Qg, gy + 1) + q1q3(:|:1alh Ogy + 1) + q2q3(i2aqzaQS + 1)] X
« [ﬂ:1 (q192 + Q193 + q2q3)

Il(ilEthv :l:Qqu ) E ) -

QQ1QQ2QQ3
W) e R B+ iz(q;q3) I3(£1 By, 42y, , By)—
g3 q2
v, g e B (23)
a‘h
Ie
Pl( qua:tQqu7E d) Ill(:l: quviQquvE 3) +112(:l: E(I1?:|:2 Q27 )a
P2(:l: qu,igqu,E 3) Ill(i EQ1>:|:2E<12’E<13) 112(:l: Equi? g2 3)v
Ki(+1Ey,, £2Ey,, Byy) = Ioi(£1Eq,, £2Ey,, Eygy) + Ina(£1Ey,, £2Eq,, Ey,),
KQ(:l: EquiQquvEs) I21(:l: quvi2Eq27Eq3) IQQ(i quviQ q2> 3)a
K3(:|: EQ1’i2EQ27E a) 123(:l: EQUiQEQ’NE%) +I?4(:t Equ:lZQ q2 3)5
KV4(i qu,igqu,E 3) 123(i EqniQE 2’EQ3) 124(i Equi2 g2 3)7
Il(i qu,:tqu27E 3) I3l(ilEth7:t2E 27Eq3) +Id2(:|: EQNiZqu?E 3),
IQ(i EQMZEQEszEs) I3l(i qu,:leE 27Ef13) 132(:l: qu,:lzg g2 3)a
IS(ZI: EQ1vi2EtI27E 3) 133(:|: Equ:t?EQWE%) +I34(:|: Equ:t? q29 s)a
I4( Equ i2E¢127E‘113) = 133( EqniQEQzﬂE%) 134( Equi2 qz’ )

Aeni supasu mns Iy, lie, Io1, I22, Io3, Ioa, I31, I32, I33, I34, J1, Jo, J3 HaBeneni y
momatky . fx nacmaimok orpmMaemo:

9 —
Z = e’BF"exp{ }exp 22 Calan) +N Z Z C4[(3Q17QQ) - I
a1 £0 g, th [ } Q170 qs 70 gy Xgoth [iEm] th [gqu]
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qﬁéO 270 qs 0 Olg; Qg gy th
q1+92+q3=0

12 Z Z Z C'32(C11a d2,93) . (24)
(2B, | th |5, | th |[SE,]

CraTucTu4Ha cyMa B IPaHUIll HU3bKHUX TeMIeparyp. s toro, mob orpu-
MaTH BUPA3 I8 CTATHCTHYHO! CyMHU B IPAHUI HU3LKUX TEMIEpPaTyp, HOTPIOHO crep-
1My 3HAHTH BiAMOBiAHI rpanmmi Beix BemmdnH, AKi BXoAaATh y Bupasu mua Co, Ca(qr),
C3(q1,92,93), C4(q1,qz). Pesympraru mux pospaxysKis Hapegeni B AoaaTky E. Bu-
KOPHCTOBYIOYH BBEJEHI y IIbOMY 2K JOJATKY [TO3HAYEHHs, OTPUMAEMO HACTYITHI BUPA3H
QIS 3raJJAHAX BUINE BEJIMYMH B TPAHMII HH3BLKHX TEMIIEPATYD:

I D) DEAVRW RLLTLZUNED DD 2D 3] (o PR

OI1#00127£0 1@ 011 #0 q27#0q3#0
q1+92+q3=0

aiq
< a0, 1)+ s, + 1) + ot +1)] AL
g3
1
X [PI(EQ1>Eq27E )+7P2(EQ1’EQ2>E ):|’ (25)
Qg gy

ral 1 h2 J2( qv 2 Qg
Colan) = =g 25, (@108 =0 4 e D Z(Qm) oot Byt By, |

a27#0 a2 q27#0 q3#0
q1+9z2+q3=0

X [qqu(O‘ma(h + 1) + Q1q3(a(11a% + 1) + q2q3(a¢J2a(J3 + 1)} X

(q192) (q193)
X [ KI(EQ1>EQ27EQ3)_ KS<EQ1>Eq27Eqa) +

aQs qu2
(d2q3) (d192+d193+9293)
+ KB (quaEqu ) K4(Eq1’Eq2vE ) ) (26)
a(h ath aq2aq3

1 ﬁ [qlq2 (O“h Qgy +1) + q1q3(a(11 Qg +1) + C12CI3(Oéq2 Qg3 +1)]

63((117(12,(13) = -

122m Eg + Eq + E,, ’
(27)
_ 1 R 1 B2\ >
Ca(dr,q2) = “162m (47 + ¢3)J3(Eqy, Egy) + 61 Z (2m) X
Q370 ’
q1+qz+q3:0
x [qqu(ath Qgy + 1) + q1q3(alZ1O‘CJ3 + 1) + q2q3(O‘lZ2alJ3 + 1)]
aq1 ath x

E(I3 + EQ2 + EQ1
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(q192 + 9193 + 9293) (q192)
IIO(EQ17Eq2’EQS> +

0
12 (Eth ) EQ2 ) EQ3) -
a41 O‘Q2O‘Q3 O‘(I3

(q193) (9293)
- 71{?(EQ17E¢12=EQ3) - Iz(l)(Equqszqz) . (28)

Qg Qq,

MiacraBasitouu orpumani Bupasu y piBuicTs (24), BpaxoByodu, 1o Bli_)ngo th {g Eqi} =1,

a TAaKOK BUKOHYIOYHM HEOOXiTHI IMepeTBOPEHHI, OTPUMAEMO

Z=ePep |- 5% PG+ B) 05 F, )+ 200E,, F,) +
SN om Qgy g q1 q2 q1 q2
q17#0 q2#0

1 h2 2 1
2B ) 4 B B+ oy 5 5 5 (30) 5wy
q1#0 q2#0 q3#0 as q2 q1
q1+q2+q3=0

(q192)
Qg
X [8P{)(Eq1vE¢127qu) - ZK?(EquEQWEqs) - QK?(quvKqus) -

- QKS(qu,qu, qu) - QKS(quaqua Eq1> + 4K??(Eqsaquv Eq1)+

X [qqu(O‘(hO‘!h + 1) + (11(213(04(110[(]3 + 1) + C12(T13(Olq201q3 + 1)} X

8
+ 13(Bgys Equs Egs) = 13 (Eqy Bgg, Bgy) = 13 (Egys Bgay Bgy) + By 1 By 1 By

+ (SPQO(EQI7Eq2’ EQS) + 4K2(Eq1>Eq2a EQS) + 4K2(EQZ7EQ37 ElIl) +

Qg Qg

+ 4K2(EQS?EQI’E(12> + I?(Eqquz,Eqa) + I?(quaqu’ EQI) + I](.)(Eq.’i7 Eanqz)""

)
+ —]]-
Elh + EQ2 + EtI3
(29)

Bepyun mo yBarm piBrOCTI

4J?(Eq1aqu) + 2J20(Eq1’EQQ) + 2JS(E¢12’EQ1) + J30(Eq17qu) = ﬁ’

Splo(EquqzaEtIs) - 2K10(EQ17E¢12’ E%) - 2K?(Eq27Eq1’EQ3)_
- ZKQ(EQNEQ?N Q2) - ZKS(EquEq:w qu) + 4K??(EQ3’ Eq27EQ1)+
+ IS(EQI7E¢127EQS) - I??(quvKm qu) - IA(L)(Eqw quﬂElh)"’_

i 4,

4+ —_ =
EQ1 +EQ2 +EQS
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8P2 (qu’Ethv Eqs) + 4K4 (qu’E%?Eqs) + 4K4 (Eqw Eqw E )
+ 4K4(E<137EQ17E(12) + Il (EIJUEQWE%) + Il (quvKwE )

+I?(Eq3,qu,Eq2)+ :4ﬁ7

3HaiIeMo

_ B h? R 5
Z=eMoexp |- >0 > ——(¢i +a3) N DD
8N 2m g, O
q1#0 q2#0 Q1 #0 q27#0 a3 #0
q1+92+4q3=0

« [ChQQ(Oéquéqz‘f'l) + q1q3(a!haqz+1) + q2q3(aqza%+1)]
Qgy gy Qg (E(IB + qu + E(h)

(qqu)(O‘lhalh + 1):| :

(30)

IIpoBiBmm BimmoBimHI MEepPEeTBOPEHHHA, OTPUMAEMO BHPA3 JJIsT CTATUCTHYIHOI CYMH B
TPAHUI HU3BKUX TeMrneparyp (5 — o0) y TakKoMy BUIJISIL:

Z = e PEo, (31)

ae

Ey =

48 TIPS {qqu +43) (1—%> (1—0;) (1_0}%) _

170 g27#0 q3 #0
q1+92+q3=0

2

3
- Z (qiq;) (g, — (g, — 1) / Qg gy Qlgy Z qJQ'O‘qJ‘ +

1<i<j<3 j=1

1 1

24mN Z Z Z Z (qiq;) <1_) (1_(1)}' (32)
q17#0 q2#0 g3 #0 1<i<;j<3 i q;
q1+9q2+q3=0

3azHauuMO TAKOXK, IO MICAs BiAMOBIAHOI CHMETpPH3AIlii 3a XBUJILOBUMH BEKTOPaMU

q1, 92, q3 sesmaunn Co, Ca(qr), Cs(q1,92,93), Ca(q1,q2) y rpaHuni HUSLKEX TeM-
nepaTyp MOXKHA IIOJATH TaK:

. — ag q1 (€%} qlv —q1,d2, — )71
lim Co=—fE, — Y, 2
Jim Co=—fFy= 3 =, 4N 2 2 g, g

a#0 1 Q170 g2 70
1 [2a3(q1,92,93) + 1]
—— 33
TN 2 2 2 aacon (33)
170 9270 q3#0

q1+tqz2+q3=0
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L = 1
lim Cy(qi) = saz(a1), (34)
B—o0 2
L= 1
lim C3(q1,q2,93) = —5[2a3(a1,q2,93) + 1], (35)
B—ro0 12
lim C4(qi,q2) = <[as(qr, —qi,q2, —q2) — 1], (36)
B—o00 8
ne

1 % d2,4q1 +d2)
az(q1) = > [ 2—as(a1, —q1, 92, —q2) + (7a3(q1,q2,—q1 -az)|,

Q20 2¢3 g, i,
(37)
T (@) = iy~ 1)
1<
(13((11’(12»(13) =—— = 3 5 (38)
2 gl qF oy,
CL4(Q1a —q1,992, _CIQ) -
2 2
_ (a1 +a2) ad(ar + g2, —q1,—Ge) + (a1 — a2) @ (a1 — 92, —a1,92)
G g, + g5ag,
e, 92 +ai)(ag, — 1) + (92, a1 + 92) (g, — Das(an + 92, —q1, —q2)
@i ag, + g3ag,
— (a1, 91 —a2)(ag, —1) + (92,92 — a1) (g, — D] as(a1 — g2, —q1,92) (39)

2 2
g, + G500,

Po3paxyHOK CTATUCTUYHOI CyMW y BUIIAJKY BULJIEHHS MaTPHUI I'yCTH-
HU igeasibHOTO Go3e-razy. OrpuManuii Bupa3 ajis crarucTudaaol cymu (24), sk Gyae
MMOKa3aHO B HACTYITHOMY PO3/ILIi, HE € KOPEKTHHUM B I'PAHUII BUCOKHMX TEMIIEPATYD,
OCKiNMbKHU € po36izkHNM B 1i#t rpanuti. [11o6 yHukHyTH 3ramaHol mpobaemMu i orpumMa-
TV TIPABMUJILHI BUPA3W SK Y TPAHUI HU3BKUX, TaK 1 BHCOKUX TEMTIEpaTyp, mOTpibHO 3
MATPHUII IYCTHHHU, Ha OCHOBI SKOI MM OOYHCIIIOEMO CTATUCTHYHY CYMY, BHALIATH Ma-
TPHUIIIO T'YCTHHU i/1€aJIbHOTO 6036e-ra3y, a MOTiM MPOBECTH PO3PAXyHOK CTATHCTHUYHOL
cymu. Marputis rycTuHu i3 BUALIEHOIO MATPUIIEIO TYCTHHH 1/1eaIbHOT0 B03e-ra3y Taka:

R(plp') = Ry (r[r") Poair (ol ) P (pl0"), (40)
ne R (r|r') — marpung ryctunm 603e-9aCTHHOK, MO HE B3a€MOLIOTH [8]:

3N
2 *

N
1 m* m
R(])V(T|T,) = ﬁ <27Tﬁh2) %GXP *2 2 Zl(’f‘; — TQj)z , (41)
‘7:




I. Bakapuyk, O. purop4ak
14 ISSN 1024-588X. BicHuk JlbBiBcbkoro yH-Ty. Cepisi disuyna. 2011, Bun. 46

Pair(plp’) — dakrop, sxuit dpaxoye napui kopesuii [8]:

1 Qg th (,Bqu ) 1 —pBe
1 —e a1
Prasr(plol) = exp | BBy + 3 3 [t 2 S m( ol > «
a1 #0 th( 2q1) a1 #0 '

1
X exp _Z Z (aql Cth[ﬁqu] - Cth[ﬂqu]) (p(hp*(h + pillpiql) +
q17£0

g, 1 / /
T3 Z (bh 6%(11 h[ﬁgql]) (p(hp*(h + p(hpfql) ) (42)

q750

P(plp’) — daxrop, axuit BpaxoBye TpHU- | YOTHPUIACTHHKOBI KOPEJISATIIL:

_ -0 1 1
o~ ¢ = (17 i1y _ =0(1J i\] 1 i
Pplp) =exp | =2+ D0 Y D [0, —17) (17, 1)l o2, +

q17#041=07:=0

DI IDY S [t 2,80 - 28] o
qlsé()qzsé()qg;é()zl,m i3=0
q1+tqz2+q3=0

1 1
+ N Z Z Z Z [E4(1J1, —1%, 272 —2‘2) _ Eg(lJl ,—10 22 _212)]X
A170 Q2#£0 i1,i2=0 j1,j2=0
J1 i1 j2 i2
X p‘hp*(hpqu*(m] : (43)
Bemmaunu ¢, Eg(ljf, —lif), (1%, 2"‘273143),462(1]'1, —1%1 202 _42@'2) — me Ti cami Bemm-
apnm o (A1), e2(171, —1%1) (A.2), e3(1%1, 2% 3%3) (A.3), ea(171, —1%1 272 —282) (A 4),
3 Ti€lo Juie BiAMIHHICTIO, IO BCIoau y IXHIX BUPA3aX HOKIAAEHO Qg = g, = g, = L.
SamunriMo BUpa3 Ajis CTATUCTUIHOI CYMU K iHTerpas 3a 3N 1eKapTOBUMY 3MIHHUMH,
a TOTIM TepeiiiMo 0 iHTerpyBaHHs 33 KOJEKTUBHUMHU 3MIHHUMHA 3TiTHO 3i CXeMOI0,
HaBeJEHO y pobori [8]:

2= [devee [ des B 01 P (l0) P(o19) = 28 [ o) Py (1) PUolo) ),

ne Z% — cratuctuana cyma imeannroro 6oze-rasy, a Jo(p) — “remmeparypHOZATEK-
Hu sskobian” mepexomy Bij JeKapTOBUX [0 KOJEKTHBHUX 3MiHHHWX, B IKHUi ‘3axoBaHi’
BHECKH Bl Marpuui rycTunu igeaiabuoro 6o3e-razy. Moro moxkua nogaru rak [8,25]:

N
1 ,
/dr1 /drNRN |r) H 0| pq— Wi E e | . (44)
j=1

q#0

It Toro, mob oTpuMaTH ABHUH BHPA3 /IS 3raJaHOTO BHUINE “‘TeMIEPATypPHO3ATIEK-

: ’ : 1 —iqr; : :
HOro akobiana”, 3anumemo 0-pyuknioo § | pg — i e J) 4K IHTErpas 3a wq i



I. Bakapuyk, O. purop4ak
ISSN 1024-588X. BicHuk JlbBiscbkoro yH-Ty. Cepisi disuyna. 2011. Bun. 46 15

MIPOBEIIEMO YCEPETHEHHS 3 MATPUIIEI0 TYCTHHH i1eaabHOTO 003e-ra3y. Beeaemo Takox
TTO3HAYCHHST:

1L
Mmzvﬁgk i, (45)

TTicsst IHOTO CKOPMCTAEMOCST KOHIIETIIIEH KYMYJISHTHUX poskiaanis [21]. Toxi i3 ypa-
XYBAHHSAM TPHU- 1 YOTUPUIACTUHKOBUX KOPEASIH OTpUMaEMo:

/ MY WapPq
Jo(p)= [ dry...[ denRG(r|r) || 0 (pq — xq(r))= [(dwq)e 970 exp { —miy wq X
olp / / Nlivy };[O Pa — X / p O;)
X (xq(r)) + % D> (i) wg,was [(Xan (M)Xas (1) = (Xau (1)) (Xas (1))] —
q1#0 q2#0
1 3 3
BN Z Z )Bwaquwqg <H Xai (7")> Z Xa, (7 <H Xq; > -
Q1 #0 270 q3#£0 i=1 i=1
J#i
3 4
H Xai (7 Z Z Z Z i) waququwq4 [<HXQi(T)> -
i=1 011?50012?50013#0014#0 i=1
4 4
> (xa,(r <H Xaq, (7 > > X (MXa (M) (X, ()X ) =] ] (xa (1)
i=1 2<i#£j<k<4 =1
YR 1#k+#i

(46)

3HAK CEePESHBOro (...) MA€ 3MICT YCEPEIHEHHS 3 MATPUIICIO TYCTHHHU I1eabHOrO 603e-

rasy:
:/drl.../drNRng(m)(...). (47)

Hnst Toro, mob 3uafitu cepenmi Big moOyTKIB Xq(r), 3ammimeMo IX B IpeICTABICHH
BTOPUHHOTO KBAHTYBAaHHSI:

{(Xa(r)) \F Z ay ieyq) \F Z N0k k+q- (48)

k#0 k#0

ITe o3matae, o

> (xalr) \F DY nidierrq = 0. (49)

q#0 q#0 k#0
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Tax camo
1
ai qz =N k; Yk1+aq1 %k, Ckotqz/ =
(X (M)Xa: (1)) = & (AR
k1 #0 k2 #0

1
= |1t 3 e+ ) = Solaa(ar -+, (50

ne So(q1) — napuuit crpykrypHuit paxTop ineasbHoro 603e-ra3y. AHaJIOMUHO MOKEMO
HAIMCATH | 71 CepesHix Bl JOGYTKY TPHOX 1 YOTHPHOX BEAMTUH Xqo(r):

(Xa1 () Xa2 (1) Xqs (1)) = L (Q17Q27Q3)5(Q1 + g2 +qs),

N
> Z <XQ1 (T)Xﬁh (T)> <qu (T)XQk (T)> =

2<i#j<k<4
1#£k#1

<XQ1 (T)XQ2 (T)Xq;z ( )XCM (T)

1
= NS((’4) (q1,492,93,94)d(q1 + q2 + g3 + qa), (51)

e 533) (q1,92,q3), 554)(q1, d2,43, —q4) — BIINOBIAHO TPU- | YOTUPUIACTUHKOBUIL He-
3BlaHi crpykrypHi dakropu ineasbHoro 6ose-rasy. [losepraiouncs 1m0 Bupasy (46),
BpaxoByIo4un 3pOOJIeH] BUINE MEPETBOPEHHS, 8 TAKOK BUILIAIOYH Ti JOJAHKH, AKi 3a-
JIOBOJIBHSIOTH IPUHHATE HAMU HAOIUKEHHS ‘/TBOX CYM 33 XBUJIbOBUM BEKTOPOM, JIJist
“TeMIIepaTypHO3AJIEKHOr0 dKobiaHa  MepexoLy OTPUMAEMO HACTYITHUN BUPA3:

Ty WqPq
Jo(p) :/(dwq)e a0 exp %Z(mﬁwqw aSo(q 3'\/> Z Z Z i)

q#0 a17#0 q2#0 q37#0
q1+tqz2+q3=0

3 1 .
X waququs(() )(QMQ% as) + SN Z Z (772)4“’011“—011“012“—012 X
q17#0 q27#0

X S(()4) (Q17 —q1,92, _Q2) } . (52)

Buaiinenuit Bupa3 (52) MOxKHA LOAATH, CKOPUCTABILUCH Pe3yJibraramu poboru [26]:

r1 - 1
() = VI Lexp ] 3 Dalo) pesp d =5 3 2t (53)
q#0 n>3 q#0 0
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e
A (D™ 1 (n) o"
Dap) = L SE Py s pan) e (54)
qi+...+q,=0

106 3abe3meunTy NPUHHATE HAMU HADIUKEHHsI, TOCTATHLO B3STH TIMLKH IBA UJICHH
psny: Ds(p), Da(p). Orxe:

11 83
:VNH;eXp _|fZZZS Q1Q2,Q3)a 505 +
a70 3 q17#0 q27#0 q3#0 Pq19Pq29Pqs
q1+tqz2+q3=0

1 (4) o
+ N S (qla_qlqua_qQ)

8N qlz;ﬁ:O cmz;é:o ’ ap(h ap*ql apqz apfqz
X exp 1 PaP-a (55)

0 So(q)

IleperecemMo OCTAHHIO €KCIIOHEHTY JIIBOPYY 1 OTPUMAEMO:

Jo(p):VNH —exp —fzpqp N 3'\ﬁz Z ZS (a1, 92, q3)x

q#0 170 9270 q3#0
q1+q2+q3=0

(g £ (2 )-
ap‘h SO (Q1) apCIQ SO q2 Pas O

5
+7 Z ZS( q17 —q1,92, —q2 ( e Oqul) X

Q1750CI2750
s (o~ 5) (e~ )
X — . 56
<5Pq1 So(q1)) \9paz  So(a2)) \9p—as  So(ge) (56)
ITozrnaunmo
= SN Y s q1qzq3)(a—p_"1>(a—p‘qz>x
3'\/>q1¢0 20 60 Opq,  So(q1)) \Opq,  Solq2)
q1+92+q3=0
o  9p_ q3> (4) ( 0 ap—ql)
X Sy (a1, —q1,d2, —q - X
(qu So 8N qlz;;o qzz;;o 12 =9 ~2) Opq,  Solq)

i A R
ap*‘h So(ql) apqz SO(qQ) ap,qQ So (q2) '
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i BBIBITIN TapaMeTp A, CKOPUCTAEMOCS METOAOM 3MileHb. /s nhOro HAMUIITIMO, IO
M =e"MNs(N), (58)

ae U(N) — ne dynkuis 3minnux p, a 6(\) — meakuil HeBimomuil omeparop, skuil
MOYKHA TOJATH Y BUTVISAI €KCTIOHEHTH BiJ] BUPA3iB, MO MIiCTATH MOXiTHI 33 3MiHHUME
p (Tomy pesysbrar ail uboro oneparopa ua 1 pisuuii 1). Ilponudepenmioemo ocranuo
piBHICTB 33 A 1 OTpUMaEMO:

d5(\)

1216)\‘4 = 8%'7&)\)61]()‘)&()\) -+ GU(A)W. (59)
Tponecemo dyukiio eV N vepes oneparop /1, a MOTIM CKOPOTHUMO Ha, If0 (PYHKIIIO i
3Haii1eMo:
. OU(N). 9G(N)
A6 = Y g(A) + TN (60)

ne A — ne oneparop A, wepes sxuit nponeceno dynxmio eV ). Bubepemo U(N) y
BUTLJISIL

1
U()‘) = Z U2(q1)pq1p—q1 + ﬁ Z Z Z U3(Q1»Q27QB)Pq1PqQPq3+

q17#0 q17#0 g27#0 g3 #0
q1+92+q3=0
1
+ N Z Z U4(Q1a‘]2)pq1pfqlpqufq2~ (61)
Q170 q27#0

Toni nus A orpumaeMo BUpas, 3 SKONO BUILJIMNMO HeONepaTopHy dacTuHy A, iy
HpUAHATOMY HaMK HaOJIMKEHHI “/IBOX CyM 3a XBHJILOBUM BEKTOPOM’ 3HaileMo:

Ay = —— S Qo PasP—as | 2U: - ) x
IV Sz o oo (20 g
q1+92+q3=0
x(2U( )—1><2U( )—1>+18U( )
2(d2 SO(CJQ) 2(d3 So(qg) \/N 3(d1,92,493
1 1
2U: - 2U: QN 1F—ai1Paz2F—q2 +
X ( 2(q1) So(q1)> ( 2(q2) So(qz)) Par P—a1 Pz P q}

1 (4) 1 1
oy 38 an e ) (Walan) - g ) (20t - g )
8NQ1750<12750 SO(QI) So((]z)

1 1
Wol—ay) — —— | [ 2Us(—qo) — ——— ~ s 62
< (200 - g ) (a0 - 5 ) b (62)

IpupiBusiBu HeoneparopHy wactuny A, i supas s OU(N)/ON, orpumaemo raxi
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19
piBHSAHHS:
olx(a1) _
o
0Us(q1,92,93) 1.3 ( 1 ) ( 1 )
L2 93) 260 (g gy, qs) ( 20s(q1) — W (o) — x
I 60 (Oh q2,93) 2(Q1) So(th) 2((12) So(QQ)
1
. <2U2(q3) - SO(Q?,)) ’
OU4(q1, 1
%qﬁ = —355" (a1, a2, a3)Us (a1, a2, q3) (2U2(q1) - So(q1)> X
1
X <2U2(q2) — So(q2)> + 87NSS4)(Q17 —dq1,92, _qQ)X
1\’ 1 \?
< (2020 - g ) (atan) - s ) (63)

Bpaxosyiouu, mo npu A = 0 senuuunu Us(qq), Us(q1,q2,93), Us(q1,qz2) Tex pisui
HYJIIO, & B 3HAHJEHUX BHpa3ax A = 1, MATHMEMO:

Us(qi) =0,
Us(ai,d2,493) = 1 S5 (an, a2, a3)
T 6 So(q1)S0(g2)So(gs)’
So(gs) S(()3)(OI1 d2,43) ’ 1 5(()4)(011 —d1,42, —q2)
U , — b) b) - b b) b) . 64
e a2) = = S (@) Sola) | 8 82 Sie) (64

OcraTouno s sgrobiaHa Tepexoay, BpaxoBYIOUH YMOBY HOPMYBAaHHS, 3HANIEMO Ta-
KUii BUpa3:

( 2
VN 1 PqP— { 0 QIaQ2aQ3)
HwS P _50%% Sofa) [ Z 2 So(a1 -

a0 q;éoq;éo Q2)So( )

_ 3‘51(()4)<qla q1,92,—
4 So (Q1)50(¢12)

3|\/>Z Z Z Q1,Q27Q3)

Pa1PqzPas—
4170 a0 quo 0 (41)50(22) S0 (g2)
q1+92+q3=0

) 2
_ b Z >y [ ql’q2’q3)} 185 (an,—an, a2 -a2)
N q7ods70 S8(@1)S3(g2)S(as) 2 S§(a1)S3(gz)

X p(hp*(hpcmp*(h } (65)

Kopucryrouncs HaBeJeHOO BHINE CXEMOIO PO3PAXYHKY CTATHCTUYHOI cymu, Oepy4u 110
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yBaru BUpa3 Jjisi MATPHUIIl TYCTHHH 1 “TeMIepaTypHO3AIEKHOTO TKODIaHa”, OTPUMAEMO:

2= [ R(IoI(0)dp) = 28, [ Prselol0) P(olp)a(o) ) =

2
B ZNeXp Co + 1 Z Z {S( ) QI7QQ7QS)} B 3554)(Q1,—q1,q2,—q2)

- X
qﬁéoq 2 So(q1)So0(g2)So(q3) 4 So(q1)S0(q2)
2
xexp{ 2" Cala) (paup-an) + 57 D O | Calar,az)
a1 70 Q170 q27#0
(3) 1?
1 [SO (a1, 92, 93) +iS( (q1, —d1,92, —q2) (ParP—s Pats P—ata) +
8 52(q1)53(42)S0(as) | 16 55(41)55(g2) Gt
2 i 1 5(3)(011 d2,93)
+ —= C q1,92,q9 + = : , 1 2 3 +
\/ngoqgoqgo I 3( 1 2 3) 12 So(Q1)So(Q2)So(Q3) <Pq pq pq >
q1+92+q3=0
42 SN | Calan, azas) + S67 (ar, a2, as) r
AT 3 1,442,443 Ta
N 4o doaizo 12 50(01)S0(g2) So(gs)
q1+q2+q3=0
X [6 (Par Paz Pas P—a1 P—as P—as) — (Pa qupq3>2} } ) (66)

— —0 . —0 . . .

me C; =C; —C;,i=0,2,3,4. Bupazu qnsa C; MOxKeMO OTpUMATH i3 BiAMOBITHUX Be-
smane O, AKIO B IXHIX BUpPaA3ax BCIOAU IIOKIACTH Oy, = (g, = Oiq, = 1. B nanucanomy
Bumie Bupa3i (66) 3HAK cepenHbOro (...) Ma€ TaKuil 3MiCT:

Ag S,
[ exp [; % Sgﬁz;“pqp_q] () (dp)
q

()=

Jexp [—5 z Aqiff(ff)“pqp—q] (dp)
e

Ay = (0, thIBE,] - thif=,,] ) . (67)
Tomy

So(q1)

<qup—q1> = m,

<pQ1pCI2pCI3> = 07 (69)
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So(q1)S0(g2)

— —qz) = , 70

<p(hp q1PqzP q2> [1 + >\q150(q1)] [1 4 AQQSO(qQ)} ( )

So(q1) So(g2) So(qs) (71)

<p(hp Q1pqu Qqu3p Cl3> 1+)\q150(q1) 1+>\q2S0(q2)1+>\quO(q3)

Ilicaa mpoBeeHnx PO3PAXyHKIB OTPUMAEMO HACTYIIHUHM BHPA3 /1S CTATHCTUTHOI Cy-
MU:

1 Qg th 1— —Beq
Z =Z% exp{ —BEE + Zln g> +Zln< e_ﬂE)
q#0 th (T) q#0
2
|:S(§|3) (qla q2, q3):|
—7ZIH1+)\S() +7ZZ -
o F0 57, | Solan)Sola2)Solas)
35(()4)(0117 di,92;— ) Z Z H (4)
-7 Ty Q- So (Q1> qi, 925~ QQ)
4 So(q1)50(q2) 8Nq1¢0q2¢0 Pl 11+/\qL50( %)
WSS M X s | [ ass]
I + q1,92,93 X
| i 0
3 2N 20 dao dezo Lizt 1T Aad0(@) = T+ Aq So(a:)
q1+92+q3=0
Ca(q1)So(q1 ~ Solq)
x exp{ Cp+2 —— Ci(a1,92)
Z 1+ )‘!h SO( qlz;f_:() qzz;f-:o 1+ )‘Q1 So(ql)
So(q2) Cs Q17Q27Q3)583)(Q1,Q27Q3)
X —— e +
T+ AuSo(@) N q%;o qzz;;o qu;e:o [14Aq,50(qu)][14 g2 So(g2)][1+ Ags So(g3)]

q1+tqz2+q3=0

Z S S CEar, a2, as) So(g1)S0(g2)50(g3)
N o e 3T 4 Mg So(an)][1 + Mgy S0(g2)][L + Mgy So(gs)]
q1+qz2+q3=0

(72)

IIpoananisyiiMmo orpumanuii pesyaprar (72) B rpaHuli HU3LKUX TeMueparyp. ¥ mii
rparuni So(q) = 1, Ség)(ql,qg,qg) =1, 584)(q1,—q1,q2,—q2) = 0, ToMy BUpa3u
s cepenix (68), (69) (70), (71) y 3asuadeniii rpanunni 36iraloThCs 3 BIAMOBLITHAME
cepemnivu (16), (17), (18), (19), po3paxoBaHUMH 3 MATPUIICIO TYCTUHA B HAOIMKEHH]
MapHUX KOpeJsliil 6e3 BumisieHol MaTpuIll TYCTHHH i1eanbHOro 603e-ra3y. Bepyuu mno
ysaru 3Hafizeni supasu (33),(34),(35), (36), (37), (38), (39), a Takok Toil dakr, 1o

B TPAHUII HU3BKUX TEMIIEPATYP CTATHCTUIHA CyMa iJeaJbHOro 0o3e-rasy Z?V =1,
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Jiii1eMO BUCHOBKY, 1110 3HAMIEHUH BUPA3 [JIsl CTATUCTUIHOI cyMu (72) B rpaHUIl HU3b-
KHX TEMIEPATYD HAOYBAE BUTTISIY:

7 = e Pbo, (73)
ne Ey zanaerbea Bxke 3Haiinenow pauinie dhopmyson (32).

CraTucTuyHa cyMa B rpaHuIll BUCOKUX TeMIitepaTtyp. [l craructuanol cy-

u (72), po3paxoBaHOl HA OCHOBI MATPHUI I'YCTHHU 3 BUJLIEHOIO MATPUIICI) I'YCTHHU

imeaspbHOrO HO3e-ra3y, 3a BUCOKUX TEMIIEPATYD B KBA3IK/IACUIHI{ IpAaHUI BHECKH Bif

TPH- 1 YIOTPUIACTUHKOBUX KOPEJAIIN € MATUMU. SAJTUIIAIOTHCS JIUIIE BHECKH BTl ITap-

nux Kopenamiii. Tak B 3ramaniii rpanwil 3HaifigeHuil BUpa3 [IJid CTATHCTHYIHOI CYMH
(72) nepexoautb B y2Ke Bigomuii [8]:

NN-1) 1 N N
_ 50
Z=Z3expd —B g~ 5 Y {m (1 + ﬂvuq> - 5qu] . (T4)
q#0
ae
VN 3N/2
2% =~ (2 : (75)
N! \ 2nh2

Harowmicrb, gakino B Bupasi s craructuanol cymu (24), po3paxoBaHOl HA OCHOBL
MarTpuili rycruin 6e3 BUALIEHOI MATPUIl I'yCTHHH 17eaJIbHOTO 0603e-ra3y, CIpsaMyBaTH
T — oo (8 — 0), To MM 3HANXIEMO:

2
Z = e Poexp | Z >3 (@205)° D o ldte)
oo Q1750 q27#0 q3#0 aq, Eq, B Q170 q270 2m ag, g, g, Eg,
q1+92+q3=0

2
q29:
Y Y (4 ) @A om|. )
Q1¢OQ2¢OQJ¢O q1+~"q2~q3-~q1~q2"-qs3
q1+92+93=0

[Ipu mpoMy Mum ckopucTamucs upasamvu miaa semmana Co, Co(qr), Cs(qr, dz, q3),
C4(q1,q2) B rpaHulli BACOKUX TEMIIEPATYD, OTPUMAHUMH 3 JIOIOMOIOIO PE3YJIbTATIE,
HaBeJIEHNX B JOJATKy €:

Co =0,  Calm) = ¢ LYY (@) 0,
q27#0 q3#0
q1+92+q3=0

— ﬁﬁQ

C = 2
3(011,012,(]3)5 o 82m (Q2Q3)

Calar a2) | Z Z q1+q2>+0<53) (77)

q1 #0az 7’50
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Awnaytizytoun pisaicrs (76), AifiileM0 BUCHOBKY, IO BHPa3 JJid CTATUCTUYHOI CyMu
(24), akwuii po3paxoBaHuii Ha OCHOBI MATPHUI IyCTuHM 6€3 BUILIEHO! MATPUL ['YCTH-
HH imeasbHOro 603e-rasy, € po3biKHMM B IDAHAI] BHCOKHX TEMIIEPATYP, a TOMY i
HEKOPEKTHUM y 1ifl TPaHUIll, AK YKe 3a3HAa4YaJIOCHd BUIIIE.

BucHoBok. Y crarTi, SKIO KEPYBATUCA BUPA30OM [JIsT MATPUI T'yCTHHU 003e-
YaCTUHOK, IO B3aEMOIIIOTh, ¥ KOOPANHATHOMY 300paXkeHH] I MIUPOKOTO iHTepBaIy
TEMIEPATYP i3 BPAXyBaHHAM MPAMHUX TPU- 1 YOTHPUIACTUHKOBUX KOPEJAIid B Ha-
GIVKeHH] “IBOX CyM 3a XBHJILOBMM BekTopoMm” [20], HaM BHAIOCS pO3paxyBaTH CTa-
TUCTUYHY CyMy B IbOMY K HabkeHHi. OTpuMaHuii pe3ysbTaT pPOAHATI30BAHO B
TPAHWI BUCOKUX 1 HU3BKUX TEMIEPATYp. B rpaHWYHOMY BUIMIAAKY HU3BKHUX TEMITE-
paryp, 8 — 00, BHpa3 [Jid 3HANIEHOI CTATHCTUYHOL CyMH MA€ OYiKYyBAHMI BUIJIS
BoabuMaHiBCHKOrO (hakTopa 3 eneprieo ocuopuoro cramy: e 20/T ne T — remmepa-
Typa cucremu, FEy — eHeprisg OCHOBHOTO cTaHy B HAO/IM2KEHH] “IBOX CyM 3a XBHJIbOBAM
BEKTOPOM”, 1 y3rO/IXKyeThCs 3 BUPA30M, sIKHH MOYKHA OTPUMATH Ha OCHOBI poborn [27].
3a BHCOKHX TEMIIEPATYP Y KBa3iKIaCHUHIN MexXi oTpuMaHuii Bupa3 30iraersbes i3 Bu-
pa3oM sl CTaTHCTHYHOI CyMU B HaOJIMKeHHI NMapHUX Kopeudriit [8] 1 mae Buriss
JOOYTKY CTATHCTHYIHOI CyMHM imeanbHOro ra3y Ha hakTop, IO BPAXOBYE BHECOK Bif
[MapHUX KOPEJIAIIif.

OTrpumaHi pe3yabTaTH MOXKYTh OyTH 3aCTOCOBAHI JJIsI PO3PAXYHKY TEPMOIUHAMIY-
HUX | CTPYKTYPHUX (DYHKIIIH, TAKAX SIK €HEPTis, TEIJIOEMHICTh, MAPHWHA CTPYKTYpPHUH
dakTop, mo i Oyme mpeaAMeTOM HAIMOI HACTYMHOI CTaTTi. 3a3HAYMMO TAKOXK, 110 3HA-
Himeruit BUpas A7 cTarucTu4aHol cymu y mocTRPA-#HabimkenHi € ToCUTh TpOMIBIKIM,
a ToMy 0e3mocepeHbO WOro IMPOAHAJIZYBATH 1 MPAIIOBATH 3 HUM € JOCUTH CKJIAJIHO,
OJIHAK 1€ 3aBIAHHSI JIsT OOYMCIIOBAJIBHOI MATIIVHMY, IO CTaHe HeOOXITHUM iHCTpYMeH-
TOM Y HAIKUX TOJAJIBIINX JOCITIIKEHHSIX.

Homatoxk A

_ 1 h? 2 237700 1/ ’ 1 AN
60:*5 Z Z %(q1+q2)yl (13172a2)+§ Z Z Z % (ChC]Q)X
170 q2#0 q170 g27#0 q3#0
q1+92+q3=0

1
—oof/ 1 2/ 3 —10/ 1 2/ 3
XE E (qaqp)Y (aj b Cj>+(q1qz+q1q3+qzq3)Y <1j 0 3j)+
j=0 [1<a<b<3

a,b#c<3
—o1/ 1 2 3 —nu/1 2 3
+ Z (daqp)Y <aj b cj)+(q1q2+q1q3+qzq3)Y <1j 0 3j>:|a
1<a<b<3
a,b#c<3

(A.1)

. . 1 h? —10, 5 s
52(1]17—1“) = _ﬁz %(q% + qg)yl (1317 1“’2/7 2)"’
az27#0
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SIS BV Y] Y Y @
qg;ﬁOqg;ﬁO i=0 j=0 | 1<pu<r<31<a<b<3
q1+q2+q3=0 ig=iz3=1—1

n,v#n<3 a,bF#c<3
J2=jaz=1
00 li—ipl 1/|i*iu‘
X (— 1)1;4+Zu+Ja+]bY (N

=
n
ali=dal  pli=dvl Cj—jc|)+
+ D

o [i—ipl li—iy|
(qi92 + 9193 + qu?))(—l)Z”H"Y;O ( poonor
1<p<v<3
p,v#N<3

li—iy]
n
i-il  gli=dl  gli—jl )+
. . 01 lli—il‘ 9/
+ Z 192 + 9193 + 9293) (—1)7* 'Y, (
1<a<b<3

3/
gli—dal  pli=gsl  i—del )+
o1l [ 1limal 3
+ (Q1Q2+qqu+qQQ3) Y, ( 1li=gtl  gli=jl  gli—il >:|7 (A.2)

1 R?

a,b#c<3

Eg(lil , 92 , 3i3) _

~ g Do (4a)Vs(a" b, ")
1<a<b<3

o), (A.3)
a,b;ﬁcg_?)

64(1j1a _1i172j27

, 1 r? T
92y = Y 19t 1% 9J2 92
) 82m(q1q2) 1( 3 5 ) )+
1 2 1 1
fn L (BN Y Y @aaan
qs3#0 =0 j=0 | 1<pu<r<31<a<b<3
qi1+d2+q3=0 ig=1—1

p#n<3 a,b#c<3
Ja=t
T—1,, 1—1, 1—1
X(_l)i;b+iv+ja+jb?00 ’u‘ -1‘ V“ ‘ 7}| .n‘ n
4\ gli—dal  pli—del  eli—del

li—ipl li—iy|
10 "
+ ) (qu@) (a2 + q1qs + qeqs) (- 1) Y, (“ Y
1<p<v<3
pv#EN<3

‘i_iﬂ
n
li—dil  oli—j2l  gli—jl >+
c o1 [ 1li—il 9li—ia]
+ Z QaQb)((h(h+q1q3+q2q3)(_1)h+jby4 (
1<a<b<3
a,b#c<3

3/
ali—dal pli=isl  cliel ) +
911 1‘i_i1| 2|7;_i2‘
+ (9192 + qiq3 + OI2OI3) Y,

3/
1li=gtl  gli—j=|  gli—jl ﬂ (A.4)
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VY momaHuX BUINE BUPA3aX MU BBEJIM TAKi MO3HATCHHS:
limin]  pliziu]  pli—inl
(atg, g )PPz (F 0V 7
da a0 ali=dal pli=gel  pli—jel

3
ll:Il sh[BEy,](aq, ag, )P2 g,

?Plpz M‘i_iu‘ V‘i_iul fr"i_inl B
ali—dal  pli=dsl  gli—del ) T

(A.5)

—p1 . . . . L 1]‘17 1i1’2j2’2i2
Y;i) P2<1j17 14,272 9%2) = 1+§1( 1+p2) — (A.6)
(Sh[ﬁElhD (Sh[ﬂE%D Qg Qgy

( g fimiul  limiul  plizia]
o o o g —h1pipz - _— _—
?p1p2 N‘l_zu‘ V\z—zu| n\z—zn| B 9a b a|J*]a| b|J*Jb| C‘J*Ju|
2 ali—dal pli—isl  li—del 3 11 ’
D2— —Dp2
sh[BEy, ] [ sh[BE,](ag,aq)P2ag; Qg
=1

(A7)

O‘QaO‘Qb(_l)il+i2L1(aia7 bib> Cic) + L2(1i1 ) 2i27 3i3)
3 )

[ sh[BE,]

=1

Ys(a'e, b’ c'e) =

(A.8)

( i g limiul  ylimi]  pliziyl
o o o Qg O b2 i s s
?PIPQ H‘Z*Zu‘ V\zfz,,| n‘Z*’n‘ B da b a‘]‘]a‘ b|J—Jb‘ C|J_J6‘

4 ali—dal  pli—dsl  Gli—dcl | — 3 ’

2
ll:ll sh[BE,,] L sh[BE m](aqlan)p2*1ag§a;n_p2
(A.9)
e
]
Ly(1%,22(3%) = /F1(1i1,2i2|3i3;,81)d51, (A.10)
0
]
Ly(1%,2%2 3%) = /51(111,2i2|3i3;51)d51, (A.11)
0
]
L3(191, 1% 272 2i2) — /Sl(ljl,1i1,2j2,2i2;ﬁ1)dﬁ1, (A.12)

0
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%

) / i / Aol 7 ) (7 ),

C

<

/dﬂl/dﬂgFQ in Vl"l “V)Sl(aJ“ bjb CJL),
0

[31
dpy [ dBaSa(pin v i) Fy(al®, b |cie),

a/ja, bjb Cjc

pie i pin
aja bjb Cja

IlO( Mi_“’ v 771'_’7 )
ada  Biv e
( pin yiv o pin >

dﬁl d,@252 Z“,Vi”,’f]i")sl(aja,bjb,cjc). <A13)

[+
N

) qu} = 8,(i), sh [%Eq] = S;(i'),

5
2

-2V m-cn. alZe|-ow
A

ch
SJ(’Ll)Sj(l SJ(’Ln) :Sj(il,i/27...,in),
Cj(i1)C(i1,) S (ik41) - - - Si(in) = Fy(in, o iplinta, - in), (A.14)

IPUYIOMY J, ¢ IpobiraioTs, BiAnoBiano, 3Hawennsa: j = 1,2;¢ = 1,2, 3.

Honaroxk B
Pozpaxyemo C, BUKOPUCTOBYIOUH sBHMIT BUTIAM Co (A.1) i Gepydn 10 yBaru BBe-

Jeni nosuadenns (A.5), (A.6), (A.12), (A.13).

—00,_, , L3 (1' 1,2 2) B
i1z = sh[BEq, | sh[BEqg,|ayg, aq, B
fSh[(ﬁ_ﬂl)Elh]Sh[ﬁlE(h]Sh[(ﬁ_Bl)Eth]Sh[ﬂlEQQ]dﬁl

0
- sh[BEq, | sh[BEq,]aq, ag, . (B

1
—00 1/ 2/ 3/ B aqa,aqb 00 1/ 2/ 3/ 00 1/ 2/ 3/
Z Y (aj b ) 3 I a b o)\ oy o)

Qg ZI;Il sh [BE‘H ]

(B.2)
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Kopucryiounch criBBigHOTIEHHAMI

|-g)ma (=) m]al(-7)m] -

*ZZ h[(ﬂ—) (E,, +1 E,, +2 E,, )}7

e = )
ch [%Eqa} ch [ﬁ; Eqb] sh [ ] Z Z [ (Eq, £1Eq, £2Eq, )}
|:(ﬂ - 61) (Eq. 1 By, +2 B, )} +sh [61 (Eq. +1 Eq, +2 By ):| =

=250 | 5B, 1 By b By | (5= 1) (B 1 By 2 B, (53

3HaAEMO, 110

123 1 23
00 00 _
I (a b c>+I (a’ v c’)

Joll- )]l Hymlalo- 1))

0
JAET TN ACPANET N R
0

h[%Eqa]ch [%Eqb}sh {52 qt]dﬁg ZZ { (E,, +1 Ey, £ B, )}x

:|:1 R

X

QO

X

T T

X

ch[(B — B1) (Bq, 1 By, £2 By,)] dﬁl/ [ﬁqul]ch{ﬁ;E ]Sh{BQ 4 dpo.
0

B ocranubomy moaifinomy iHTerpaJi 3MiHMMO MOPAJAOK IHTErpyBaHHS i OTPUMAEMO:
! ! !/ !/ ! !
e h V) (e b )
B
alle im0 28,]0f6,] w28,
0
B
2

. h [5(B,. +1 By, £ B,,)]
X /Ch (B —pB2) ch +1 By, 22 E )] dB2 = ZZ E, +1 FE, +2 F x
b da

ﬁl +1 E o

621qu:| ch |:621Eq2:| sh |:521Eq3:| sh [(5 — 61) (ch :tl Eqb :|:2 E a)] dﬂl

X
o\
o
| —
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Sh |:§(Eq:, :I:l Eqb :|:2 EQu)

1
—o0 (1 2 3 Qg O
Y . . . — 9a —9p
> <aﬂ b cﬂ) 5 ;; B, +1Eg 2B,
Qg ll:ll sh[BE,| +1 *+:

Ch |:621qu:| ch |:621Eq2:| sh |:621Eq3:| Sh[(ﬁ — ﬂl) (chjil EQb igEqa)] dﬂl

(B.4)

B Takwuit xe cnocib6 MO:KHa, TOKa3aTH, IO

B
zl:?m 172 3\ g, g, Z Z sh [E(ch +1 Eg, £2 Eqa)] y
j o o) Eq. 1 By, £2 By,

3
3=0 amaqzatIs H Sh[Bqu] SRR
=1
[0 5 5
x /sh[;qu]sh[;E%} sh[;E%]sh[(ﬁ — B1) By, £1 By, +2 E,,)] dp1,
(B.5)
~_wf1 2 3 1 +1 izsh[g(ch +1 By, +2 Eqa,)]
ZY <1j 27 3J’)3 E, +,E, 49 E .
=0 a% HSh[BEQl} e o * e

B
X /Ch [%qu]Ch {%qu} sh [ﬂlEqa]Sh[(ﬂ = B1) (Eq, 1 By, 2 By, )] dp,
0

(B.6)

21:?11 A 1 ZZilizsh[g(chilEqbigEqa)}
4 17 2 31 )T 3 22 B, +1B, 2B, 8
=0 Qgqy Agy Ags lehwEru] i

B
x / sh[ﬁl qu]sh{ﬁ;qu} sh[%E%]sh[(ﬁ — B1) (By, +1 By %2 E,)] db1,

(B.7)
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Honmatoxk B
Pospaxyemo C3(q1), BUKOPHCTOBYIOUN sIBHUH BUTISAT G2 (A.2) i Gepyun 1o ysarn
BBeneni nosHauenus (A.6), (A.7), (A.12), (A.13).

1 1
Ly(1i1, 19,22
Z Z 3( )_ L3(1+1/’1+1/,2/’2) _

1 1
SS Va2, 9= =2 -
i1=051=0 Sh [5E¢11] Sh[ﬁEFD]aqz Sh [BEQJ Sh[/BEQQ]QQ2

B
J (sh[(8 = B1)Eq] +sh[B1Ey,])* sh (B — B1) Eg,) sh [B1Eg,] dfs

j— 0 -
- sh? [BEq, |sh[BE,,|aqg, -
B
J b [(g - 31) qu} sh[(8 — B1)Eq,] sh [B1Eg,] df
N . (B.1)

Sh2 [/BE(Il] Sh[ﬂEQQ]a!h

1 o o o
( 1)’iu+i1/+ja+.jb?00 /J“Z_Zu‘ pli=iv n‘l_l"l _

2 ali—dal pli—isl  li—iel B

=0

11 1
i1=0451=0 i=0 j
ip=ig=1—1i

J2=Jja3=t
LI e i g
= Xg1 Xqa Yy Z Z(—l)i“ﬂ"ﬂaﬂb 1% < proveEonto) o
3 - . in—iz=1 a]a b]b c]c
Sh[BEth] H Sh[Bqu]Oéqn 1=071=0 j2=73=0

i iy i 1—iy o l—iy  pol—i
700 . v 4+ J00 pee v AR
al=Ja  pl=dv  l=de ala biv cle

ia=iz=1 ia=i3=0
Jj2=73=0 Jj2=js=1
. ) . 11
1—1 1—1, 1—1
o [ piTh v nt 3 i tivtiatis
+ I o _ o pry 2 _]_ 123 v a X
inzmiz=0 \ a'™Ja  plTI e L (=1)
J2=js=1 i1=051=0
in o yiv o pin i yiv pin
< J Mj . 77j +  J00 Mj i Uj ) (B.2)
iamiz=1 \ ale b e io=iz=1 \ a’® b ce
Jj2=3j3=0 J2=js=1

Hexaii u=1,vr=2n=3,a=1,b=2,¢= 3. Toai

1 1 . .
) . 111 2/ 3/ ) . 111 2/ 3/
i 1700 71 2 700 _
2 Z Z |:(_1) 1tiitly ( i 9 3 ) —|—(—1) +iit2y ( oo g >:| =

i1=0 71 =0

-1 2 3 -1 2 ¥
_ _700 00
= (1—1' 2 3)+I (1—1’ 2 3’)’ (B-3)
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e

P51 D= [l 2)m] o fin -2 )-

B
700 G : }/ g, §’> = / (Ch {(5 — 521) qu] —ch [%qu]> ch [%E%] X
0

BukopucToByoUn CIiBBiTHOIIEHHS

ch [(5 - 5;) qu} —ch {%Eq} = 2sh [gEq} sh Kﬂ _251) qu] :
h

ch [%E@] ch {%qu] = % <Sh [B;(Eqs + EQQ):| +s |:ﬁ21(EtI3 - qu)}) J

|-z o [(-3)m] = (|- 7) ]

sh [%(qu + EqQ)} —sh Kﬁ - il) (B, + qu)] =—2sh [;(5 — B1)(E,, + EqQ)}x

X ch [g(Eqs + Eq2)] )

s | 309 51) B4 s | 505 - 5B £E,)] = 5 (e 36-0)(Eup £ Bun B4 -
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(J1.12)
B
. 2 B 2 B _
J3(Eq,, Eg,) = [ ch 5 M Eq | ch 5 Bi) Eq, | dB1 =
0
8 1 1
= - h{SFE h{SE
4 + 4Eq2 S [6 q2] + 4Eq1 S [ﬂ q1}+
1 1
+ shB(E,, + Eg,)] + sh[B(E,, — Eg)]-
8(EQ1 + ElIz) “ ” S(Eth EQ2) “ “
(11.13)
Honaroxk E
o h(By, By) B 1 11
1 v_dal D — — =JYE, ,E,).
5520 sh[BEq, ] sh[BEy,] 4 4By + Ey,) AE, 4B, 1 (o, Bow)

Jo(Ey,, E E
lim ; 2( q1> fI2) _ SE B q2 = = Jg(qu,Eq2).
A=e0 ch [gqu} shBEy,] o (Eq + Egy)

im JS(EQ17EQ2) — 1
f=00 h? [gqu} ch2[§Eq2] (Eq + Eq,)

= J??(Eq1vEQz)~

. Pl(:tlEqui2quvE(I3) sh {g(E% +2 E(I2 + Eth)]
1m =

B—oo Sh[ﬁqu]Sh[ﬁEQQ]Sh[ﬁE%} B

_ é _ QE% (Elh + Eih) + (Elh + EQ2 — EQ3)(E<11 + Eq2 + EQ?,)
=04 4,044, +

2 2Eq3 (E!h + qu)(Eth + EQ2 + EQS)
Eqs (Egl + qug + qu E% + quE%)
2EQ1EL12 (EQ1 + EQS)(qu + EQ3>

= Plo(th ’ Eqw E43)5+,i15+,i2'

i PQ(:tlEth’:t?qu’EQS) sh {g(EQP, + qu +1 Eth)}
1m -
B—roo sh[BE,, | sh[BE,,]sh[E]

-5 5 é _ 2E43 (Eth + Eq2) + (Eth + Eq2 — E%)(qu + qu + E%) _
= 04, £,04,%5

2 QE% (Eth + EQ2)(EQ1 + qu + EQ?,)
EQS (Egl + Egz + EQ1EQ3 + quEQ3)
2E¢Z1EQ2 (E(h + E%)(Eth + E%)

= PQO(Em ’ Eqw Eqa)5+,i16+,i2'




I. Bakapuyk, O. purop4ak

44 ISSN 1024-588X. BicHuk JlbBiBcbkoro yH-Ty. Cepisi disuyna. 2011, Bun. 46
. Kl(ilEthv:t?Equ%) ch [g(Eq:s i2E¢12)} 5 5 [ qu + qu n
im =04 4,04 1
p—oo ch? {gqu} sWBE,,|shBE,,] ' “LEq (Eqy+Eq, +Eq,)
E, — E
+ T } =044,01 4, KV (Ey, By, Eyy).
Eqy (g + Equ)(Eqy + Eqy) T e
I K2(i1EQ1’i2qu)EQ3)Ch [g(E% iQEQ2):| 5 5 |: E,, + E,,
im =04 4,04+ —
o Ch2 {gE‘Zl} Sh[ﬁEth] Sh{BE%] 1 : qu (E41+Eq2+Eq3)
Eqs — qu 0
- =4 1) K5 (E, ,E,,E;).
qu (qu + qu)(qu n Eqs) +,t1 04,42 2( q15Hq2 qz)

i Kg(:tlqu,j:QEq2,Eq3)ch{§(Eq3i2Eq2)} ) [ 2B, +Fyy+Fy,
1 = 044,04+ &
p—oo ch? [gqu}sh[ﬂEqQ]sh[ﬂqu} VT By (Bgy +Egy + Egy)

QEQ1 + qu + Eq3
(Eq, + Eq,)(Eq, + Ey,)

:| = 6+,:|:1 6+,:|:2Kg (E(h ) EqQa Eq3)~

K4(:|:1E!11 ’:tQEln ) E(IS) ch {g(Eq\s :I:QE(IZ):|

lim =01, 044 [ 2By, + Ey, + By, _
p—roo Ch2 [gEQ1:| Sh[ﬁqu]Sh[ﬁqu} o Eth (EQ1+E112+E113)
2E,, + E,, + E,.
- (E _’(_IE )(qu +% ):l E5+7i15+7i2K2(EQ17EQ2’EQS)'
q1 q2 q1 q3
lim Il(:tlEqu iQEfmvKs) — lim IQ(ilEqu:t?Equ%) _
B=r00 oy [gqu} ch? [gqu} ch [gE(B] Br00 cp? [gqu} ch? [gqu} ch [gqu}
=04 4,04+ P =04,4,04, 4,17 (B, , Egys Egy).-
e 2(EQ1 +Eq2)(Eq1 + Ey, +Eq3) I R

lim I3(ilEq1ﬂi2Equ¢I3) — lim I4(i1Eqw:l32quaEq$) _
=00 cpy? [gqu} ch? [gEqQ} ch [gE%] B=ro0 cp? [gqu} ch? [gEqQ} ch {gEqs}
— 5+ :|:15+ +, 8E¢11 + 8EQ2 + 4Ell3
, , (Eq1 + qu)(Elh + Eg, + Eqs)

=04 4,04 ,4,19(Eq,, Eqy, Ey,).



I. Bakapuyk, O. purop4ak
ISSN 1024-588X. BicHuk JlbBiscbkoro yH-Ty. Cepisi disuyna. 2011. Bun. 46 45

Honarok €
Jl(Eth?ElD) (54)

JQ(E(I17EQ2) = éEggﬂd + 0(53)

J3 (EQUE 2)6306—’— E( +E2 )53 (ﬁg)

_ 1
5012
Pz(ilE(hv:tQE(ImE ) - 0(53)'

Pl(:tlEqnj:QquvKes) Eqa (EQB +2 qu + ECJ1)53 + 0(53)'

Kl(ilE(h ) iQqu’ EQS) - 0(63)

KQ(ilEth ) i2Eq2v th) ﬁ 0 O(BS)

1
i §(EQ3 +9 EQ2 +1 EQL)52 + 0(53)'

K4(i1Eq17i2E42’EQ3> (63)

K3(i1Elh ’ :I:QEqw Elks)

1
012

IQ(:E EQ17:|:2E<12’E113) (63)

Il(:l: EIIU:I:QEqw EQ3) Eq:s (Eq:s +9 EQ2 + qu)ﬁg + O(ﬁ?))'

1

I3(i1EQ1>i2qu7 Eqa) BiOil éEth (EQ3 =) EL]2 +1 Eth)Bg + 0<53)'
1 .

I4(:l:1EtI1’:|:2E¢Z2ﬂ E%) Bi() i26Eq2 (Eq:s ) EQ2 + EQ1)53 + O(ﬂg)' (el)

1. FOxznoseckuii U.P. TlpuveHenre KOJJIEKTUBHBIX MEPEMEHHBIX M YY€T KOPOTKO-
JIefiCTBYIOIIUX CUJI B TEOPHHU CUCTeM 3apsikeHHbIX yactul / I.P. IOxuso0BCKUit //
Kypn. sxcn. teop. dus. — 1958. — T. 34, Ne 2. — C. 379-389.

2. KOznoecvruti 1.P. JIo crarucrudanol Teopil cHCTeM B3aE€MOMIIOYHNX 10HIB Ta IH-
nonbHEX gacTuHok / LP. FOxuoBchkuit // Ykp. dis. xypu. — 1961. — T. 6, Ne 3
- C. 333-339.

3. IOznoscvrud I.P. Craructuunuii oneparop ta kosektuHi 3minui. 1. Tleperso-
penns 3mimenns / LP. FOxuoscwkuii // Vkp. dis. xypr. — 1964. — T. 9, Ne 7. —
C. 702-714.

4. FOznoecvkut I.P. KBanToBa craructuydna cyma i koslektusHi 3minni. [1. @ynkiia
nepexony 10 Kosektusuux 3minnux / 1.P. FOxuoscbkuii // Ykp. dis. xypu. —

1964. — T. 9, N\e 8. — C. 827-838.



46

I. Bakapuyk, O. purop4ak
ISSN 1024-588X. BicHuk JlbBiBcbkoro yH-Ty. Cepisi disuyna. 2011, Bun. 46

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

Hosux U.M. Kpurndeckast TOUKa CHCTEMBI X KUIKOCTb-Ta3 B METOIE KOJIIEKTHB-
Hbix nepemennbix / I.M. Unzuk, B.A. Komomwuen, 1.P. FOxuosckwuii // Teop.
mar. ¢us. — 1987. — T. 73, Ne 2. — C. 264—280.

Hayazar O.B. @yukuponan GOJBIIONH CTATUCTUYECKON CYMMBL B METOJIE KOJI-
JIEKTUBHBIX [IEPEMEHHBIX C BBIIEJIEHHON CHCTEMOI OTCUeTa MHOTOKOMITOHEHTHAST
cucrema / O.B. Tamaran, N.P. FOxHoeckuit // Teop. mar. duz. — 1990. — T. 83,
Ne 1. - C. 72-82.

Baxapuyx I.O. Kineruuana enepris i rermnoemnicts pigroro He / 1.0. Bakapuyk,
P.O. IIpuryaa, A.A. Posenuak // 2Kypu. diz. goca. — 2007. — T. 11, Ne 3. —
C. 259-267.

Vakarchuk I.O. A self-consistent theory of liquid “He / 1.O. Vakarchuk // J. Phys.
Stud. — 2004. — Vol. 8, Ne 3. — C. 223-240.

Temnepau I. ®usuka npocreix kuakocreii / . Temnepnu, Tx. Poynucona,
Ix. Pambpyka. — M. : Mup, 1971. — 400 c.

Kpoxemon K. ®usuka xuukoro cocrosuus / K. Kpokcron. — M. : Mup, 1978.
— 400 c.

Chang C.C. Energy and structure of the ground state of liquid *He / C.C. Chang,
C.E. Campbell // Phys. Rev. B. - 1977. — Vol. 15, Ne 9. — P. 4238-4255.

Lee F. J. Perturbation corrections to the variational ground-state energy of liquid
‘He / F. J. Lee, D. K. Lee // Phys. Rev. B. — 1977. — Vol. 15, \¢ 11. — P. 5296
5301.

Krotscheck E. Optimal three-body correlations and elementary diagrams in li-
quid “He / E. Krotscheck // Phys. Rev. B. — 1986. — Vol. 33, Ne 5. — P. 3158~
3167.

Baxapwyx H.A. K npobiieme 603e-3HHIITeAHOBCKOH KOHAeH AN B KuIKoM ‘He
/ A, Bakapuyk // Ykp. dbus. skypu. — 1984. — T. 29, Ne 7. — C. 1112-1113.
Baxapuyx U.A. Bose-xounencar B wumkom He? / M.A. Baxapuayk // Teop. Mar.
duz. — 1985. — T. 65, Ne 2. — C. 285-295.

Baxapuyx I.O. CrpykrypHi dyukuii piaxoro *He 3 ypaxyBaHHAM HeIPAMUX TPH-
i worupuuacrunkopux Kopessuiii / 1.O. Bakapuyk, P.O. Ilpuryna // ZKypn. dis.
pocat. — 2008. — T. 12, Ne 4. — C. 4001 (12 c.).

Robkoff H.N. Structure-factor measurements in *He at saturated vapor pressure
for 1.38 < T < 4.24K / H.N. Robkoff, R.B. Hallock // Phys. Rev. B. — 1981.
—Vol. 24, Ne 1. — P. 159-182.

Baxapwyx H.A. CoGomHast 3HEpTHs MHOTOOO30HHON CHCTEMbBI TIPU HH3KUX TEM-
neparypax / U.A. Bakapuyk, II.A. Tnymak // Teop. mar. dus. — 1988. — T. 75,
Ne 1. - C. 101-113.

H.A. Baxapuyx. Mukpockonuyeckasi Teopus 003e-3KUJIKOCTU: JHUC. TOKTOPA
dbwuz.-mar. mayk / U.A. Bakapuyk. — K., 1979. — 270 c.

Baxapwyx 1.O. TloBua maTpuig ryctunn 6ararob030HHOT cHCTEMHU 3 ypaxXyBaH-
HSAM TPH- Ta 40TUPUYACTUHKOBUX npsaMux Kopensuiil / [.O. Bakapuyk, O.1. I'pu-
ropuak // ZKypu. dis. goca. — 2009. — T. 13, Ne 3. — C. 3004 (28 c.).

Heuxapa A. Crarncruueckasi dusuka / A. Ucuxapa. — M. : Mup, 1973. — 472 c.
Baxapwyx I1.0. Keanropa mexanika / 1.0. Bakapuyk. — JIbgis : JTHY iveni Isana
®panka, 2007. — 848 c.



I. Bakapuyk, O. purop4ak
ISSN 1024-588X. BicHuk JlbBiscbkoro yH-Ty. Cepisi disuyna. 2011. Bun. 46 47

23.

24.

25.

26.

27.

Baxapuyx H.A. Marpuubl IJIOTHOCTH MHOrOOO30HHOM CHCTEMbI [PU HU3KUX
remneparypax / .A. Bakapuyk // Teop. mar. dus. — 1975. — T. 23, Ne 2. —
C. 260-272.

Penrose O. On the quantum mechanics of helium IT / O. Penrose // Philos.
Mag. — 1951. — Vol. 42. — P. 1373-1377.

3ybapes /1. H. Borauciaenne KOHMUIYPAIMOHHBIX HHTETPAJIOB JJIsl CUCTEMBI Ya-
cruil ¢ KysonosckuM B3aumopeiicrsuem / JI.H. 3y6apes // JAH CCCP. — 1954.
- T. 95, \e 4. — C. 757-760.

FOzxnoscvrud 1.P. Meton cmeriennit 1 KOJUIEKTHBHBIX TepeMeHHbIX. [IpenpuaT
Nucruryra Teoperndeckoit dusnkun AH YCCP / I.P. FOxHopebkuit. — K. : UT®-
71-26 P., 1971. — 82 c.

Baxapuyrx H.A. MUKPOCKOIUYECKAS TEOPUS SHEPIETUYECKOTO CIEKTPA XKHIKOIO
He?. IT / .A. Bakapuyk, 1.P. IOxuoBckuit // Teop. mar. dbus. — 1980. — T. 42,
N 1. - C. 112-123.

PARTITION FUNCTION OF MANY-BOSON SYSTEM WITH
DIRECT THREE- AND FOUR-PARTICLE CORRELATIONS
TAKEN INTO ACCOUNT

I. Vakarchuk, O. Hryhorchak

Ivan Franko National University of Lviv
Drahomanov str., 12, 79005 Lviv, Ukraine
e-mail: G_ Orest@rambler.ru

In this article we suggest a method for obtaining the partition function of
interacting Bose-particles with taking into account direct three- and four-
particle correlations. The method is valid for a wide temperature domain. The
calculation of the partition function is carried out on the basis of the density
matrix of interacting Bose-particles obtained in a previous work. The expressi-
on calculated for the partition function in the low-temperature limit is given
by e Fo/T where T is the temperature of system and Ey the ground-state
energy in the approximation of “two sums over the wave vector”. For the high
temperatures, i.e. in the quasi-classical limit, the formula obtained by us coi-
ncides with the classical expression for the partition function in the random-
phase approximation. The results of this work can be applied when calculating
thermodynamic and structural functions of liquid *He, in order to compare the
theoretical and experimental results quantitatively, especially in the region of
A-transition.

Key words: liquid *He, density matrix, partition function.
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CTATUCTUYECKASI CYMMA MHOI'OBO30HHOM
CUCTEMBI C YYETOM IIPAMBIX TPEX- 11
YETHBIPEXYACTUYHBIX KOPPEJISIITUIA

N. Bakapuyk, O. I'puropuak

Jveosckutl nayuonarvnod yrusepcumem umernu Heana Ppanko
ya. Apazomanosa, 12, 79005 /Iveos, Ykpauna
e-mail: G_ Orest@rambler.ru

[Ipennoxxen MeTonm pacdeTa CTATUCTUYECKON CYMMBI B3aUMOIEHCTBYIONTNX
603e-9aCcTuIl AJjisd IMUPOKOr0 WHTEPBAJIA TEMIEPATYDP € YUE€TOM IIPSIMBIX TPEeX-
7 9eThIPEXIACTUIHBIX KOPpeJsnii. Pacuer mpou3BoauIca HA OCHOBE HalIeH-
HOI B MpembIAyIIeil paboTe MATPHUIBI IJIOTHOCTH B3aMMOAEHCTBYIOMNX 603e-
qacTull, B rpanuie HE3KUX TEMIEPATYP IOJIYIEHHOE BLIPAKEHHUE I CTATH-
cTdgeckoit cymuMbr mMeer oxunaembii g £~ /T e T — remmeparypa cn-
crembl, Fy — 3HEpPrusi OCHOBHOTO COCTOSIHUS B IMPHUOJVIKEHUH “IBYX CYMM IO
BOJTHOBOMY BeKTOpY . IIpu BBICOKUX TeMIepaTypax B KBA3UKJIACCHIECKOM TIpe-
Jese TONydeHHasd HaMu (DOPMYJIa COBIAIAET C BBHIPAKEHUEM IS CTATHCTHIE-
CKOM CyMMBI B NIPHOJIKEHUN XaoTW4IecKux pas. Pesymbrarsl paboThl MOTYT
OBbITH IPUMEHEHBI /I PACIETa TEPMOJUHAMUIECKUX U CTPYKTYPHBIX PYyHKIUI
xuaroro ‘He ¢ mebio KOMTHYeCTBEHHON IPOBEPKH TEOPETHUCCKHX U SKCIEPH-
MEHTAJbHBIX JAHHBIX, OCOOEHHO B OOJIACTH A-TIEPEeXoa.

Kmouesble cioBa: xugxuii ‘He, MarTpuia IJIOTHOCTH, CTATHCTHYECKAS
CyMMA.
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