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We find a probability of determining an unknown quantum state if some infor-
mation about it is known. Namely, we know that the state is one of N quantum
states. These states are represented as eigenstates of operator of projection of a
spin on N directions, corresponding to positive eigenvalues. The probability of
determining the unknown state with the smallest number of measurements and
for some number of measurements n is obtained. Dependence of these probabil-
ities on the angles between the vectors defining the N directions is studied.
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1 Introduction

The idea of quantum computations and quantum computers was born in the 80's [1,2].
For the last decades quantum programming and physical implementations of quantum
computing have achieved signi�cant progress and it actively develop today (see, for
example [3�7], and references therein). This can help to solve complex physical problems,
economical tasks, problems in logistics and many other �elds (see, for instance, [8�13]).
Quantum computers have a potential to exceed the abilities of classical ones. Quantum
supremacy was �rst demonstrated by a Google experiment conducted with the 53-qubit
quantum processor in 2019. It was shown that the quantum computer needs only 200
seconds for solving the same task that a classical one can solve approximately in 10000
years [3].

Determining of an unknown quantum state with a minimal number of measurements
can be used to optimize quantum calculations. The problem of determining of a quantum
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state in the case when it is one of two states was examined in [14]. In this paper we study a
problem of determining a quantum state among N possible ones. We �nd the probability
to solve this problem with n measurements and study it dependence on the parameters of
N possible states. Also the probability to determine the state with the smallest number
of measurements is calculated.

The paper is organized as follows. In the Section 2 the probability of determining of
a quantum state among two possible ones is considered. The problem of �nding of the
state of the spin among N possible ones with n measurements is solved in Section 3.
Conclusions are presented in Section 4.

2 Probability of determining of a quantum state among

two possible states

Let us consider two quantum states |ψ+
a1
⟩, |ψ+

a2
⟩. These states can be represented as

eigenstates of the spin-1/2 projection operators on directions given by vectors a1, a2
which correspond to positive eigenvalues ℏ/2. The operators of projection of spin on a1,
a2 directions read (s · a1), (s · a2), here si = ℏσi/2, σi are the Pauli matrixes.

We choose the coordinate system with z-axis directed along vector a1. Therefore we
can write

|ψ+
a2
⟩ = cos

θ

2
|ψ+

a1
⟩+ sin

θ

2
eiϕ|ψ−

a1
⟩, (1)

where θ, ϕ are azimuthal and polar angles representing vector a2, and |ψ−
a1
⟩ is the ei-

genstate of (s · a1) corresponding to opposite eigenvalue −ℏ/2.
The task is to determine the state. It is interesting to note that it can be solved with

only one measurement with probability given by [14]

p1 =
1

2
sin2

θ

2
. (2)

Such result is achieved if the spin is in state |ψ+
a1
⟩, we measure the projection of spin

on direction a2 and obtain negative result. The quantum state can be also determined
with one measurement if the spin is in state |ψ+

a2
⟩, we measure the projection of spin

on direction a1 and obtain negative result. The probability to solve the problem with n
measurements reads [14]

pn = 1− 1

2n

(
1 + cos2

θ

2

)n

. (3)

In the next section on the basis of this result we examine the probability to determine
quantum state in the case when it is known that it is one of N possible states.

3 Quantum state determination among N possible ones

Let us consider N quantum states |ψ+
ai
⟩ that are eigenstates of the operators of

projection of a spin on ai directions, i = (1..N) corresponding to positive eigenvalues ℏ/2.
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Let the spin is in state |ψ+
ak
⟩ (here k takes a certain �xed value, k = (1..N)). We do not

know this information, we just know that the state of the spin is one of N states |ψ+
ai
⟩,

i = (1...N). Let us �nd the probability to determine the state of the spin performing n
measurements.

Suppose in the �rst measurement we guess the direction which corresponds to ak.
The probability of this is equal to 1/N . As a result of measurement of the projection
of the spin in state |ψ+

ak
⟩ on ak direction we obtain positive result ℏ/2. In this case, we

cannot determine the state of the spin. This is because the same result one can obtain
choosing other directions ai, i = (1...N) di�erent from ak.

Let us consider another case when we do not guess the direction which corresponds
to ak. For instance, we choose al, l ̸= k. State |ψ+

ak
⟩ can be rewritten in the form

|ψ+
ak
⟩ = cos

θl
2
|ψ+

al
⟩+ sin

θl
2
eiϕl |ψ−

al
⟩, (4)

where θl, ϕl are azimuthal and polar angles that de�ne ak vector in a coordinate system
with z axis coinciding with the direction of vector al. As a result of measurement of the
projection of a spin in state |ψ+

ak
⟩ on al (l ̸= k) direction we obtain positive result ℏ/2

with probability

P+ = |⟨ψ+
ak
|ψ+

al
⟩|2 = cos2

θl
2
. (5)

In this case, we cannot say anything about the state of the spin.
Probability to obtain −ℏ/2 in the result of measurement reads

P− = |⟨ψ+
ak
|ψ−

al
⟩|2 = sin2

θl
2
. (6)

In this case we can say that the spin is in one of the states |ψ+
ai
⟩, i ̸= k. So, the problem

of determining of the state of the spin among N possible ones is reduced to the problem
of determining of the state of the spin among N − 1 possible ones. The probability to
obtain such a reduction in one measurement reads

1

N
sin2

θl
2
, (7)

where θl is angle between al direction and ak direction, which corresponds to the state
of the spin |ψ+

ak
⟩. Multiplier 1/N is the probability of choosing al direction among N

possible ones. In the second step we choose another direction am among N − 1 possible
ones (m = (1..N), m ̸= l). The probability to obtain negative result of the measurement
−ℏ/2 of the projection of the spin on am direction reads

P− = |⟨ψ+
ak
|ψ−

am
⟩|2 = sin2

θm
2
, (8)

where θm is the angle between vectors am and ak. In the case of such a result of
measurement we can say that the state of the spin does not correspond to |ψ+

al
⟩ and

|ψ+
am

⟩. So we obtain additional reduction of the problem to the problem of determining
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of the state of the spin among N − 2 possible ones |ψ+
ai
⟩, i = (1..N), i ̸== l, i ̸= m. The

probability of such reduction reads

1

N − 1
sin2

θm
2
, (9)

where 1/(N − 1) is the probability of choosing am direction among N − 1 possible ones.
On the basis of these results we have that the probability to reduce the problem of

determining of the state of the spin among N possible ones to the problem of determining
of the state of the spin among N − 2 possible ones (|ψ+

ai
⟩, i = (1..N), i ̸= l, i ̸= m) on

the basis of results of two measurements reads

1

N(N − 1)
sin2

θm
2

sin2
θl
2
. (10)

So, we can write the probability of reduction of the problem of determining the
unknown state among N possible states |ψ+

ai
⟩ i = (1..N), to the problem of determining

an unknown state among 2 states |ψ+
as
⟩, |ψ+

ak
⟩ in N − 2 measurements

2

N !

N∏
i=1

i ̸=s,i̸=k

sin2
θi
2
, (11)

where θi is the angle between ai (i ̸= s, i ̸= k) direction and ak direction, which
corresponds to the state of the spin |ψ+

ak
⟩.

Now we can use the result for the probability to determine the state of a spin in n
measurements if it is known that this state is one of two possible ones |ψ+

as
⟩, |ψ+

ak
⟩

p(2)n = 1− 1

2n

(
1 + cos2

θs
2

)n

, (12)

where θs is the angle between as and ak directions [14].
On the basis of (11), (12) we �nd that the probability of determining in which of the

N states is the spin for n (n ≥ N − 1) measurements is de�ned as

p(N)
n =

2

N !

N−2∏
i=1

sin2
θi
2

(
1− 1

2n−N+2

(
1 + cos2

θN−1

2

)n−N+2
)
. (13)

Here for convenience we consider the following notations, θi is an angle between vectors
ai and aN . Direction aN corresponds to the state of the spin |ψ+

aN
⟩.

The smallest number of measurements which is needed to determine the state of the
spin is N − 1. The probability of this fast determining of the quantum state reads

p(N)
n =

2

N !

N−2∏
i=1

sin2
θi
2

(
1− 1

2

(
1 + cos2

θN−1

2

))
=

=
1

N !

N−1∏
i=1

sin2
θi
2
. (14)

This case is realized when we get a negative result in each of the N − 1 measurements.
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Conclusions

We have studied the probability to determine a state of spin 1/2 in the case when
we know that the state is one of N quantum states. We have represented the states as
eigenstates of the spin projection operators on ai directions, i = (1..N) corresponding
to positive eigenvalues. We have found the probability of determining the unknown state
with the smallest number of measurements and with some number of measurements n.
The dependence of these probabilities on the angles between the vectors de�ning the
N directions has been obtained (13), (14). The smallest number of measurements to
determine in which of N given states is spin is N −1. It is realized when in each of N −1
measurements we obtain a negative result for the projection of the spin on a direction. The
obtained results and conclusions can be used in further studies in quantum information
and can help to optimize calculations on quantum computers.
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Iìîâiðíiñòü âèçíà÷åííÿ êâàíòîâîãî ñòàíó ñåðåä N ìîæëèâèõ

A. Â. Êðèæîâà 1, Õ. Ï. Ãíàòåíêî 2

1 Êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

âóë. Äðàãîìàíîâà, 12, 79005 Ëüâiâ, Óêðà¨íà

e-mail: anastasiakryzhova@gmail.com

2 e-mail: khrystyna.gnatenko@gmail.com

Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî âèçíà÷åííÿ êâàíòîâîãî ñòàíó ñïiíà 1/2, ÿêùî âi-
äîìà iíôîðìàöiÿ ïðî öåé ñòàí. À ñàìå, ÿêùî ìè çíà¹ìî, ùî ñòàí ¹ îäíèì
iç N çàäàíèõ êâàíòîâèõ ñòàíiâ. Âiäîìî, ùî äîâiëüíèé êâàíòîâèé ñòàí ñïi-
íà 1/2 ìè ìîæåìî ïðåäñòàâèòè ÿê âëàñíèé ñòàí îïåðàòîðà ïðîåêöi¨ ñïiíà
íà ïåâíèé íàïðÿì, ÿêèé âiäïîâiäà¹ äîäàòíîìó ÷è âiä'¹ìíîìó âëàñíîìó çíà-
÷åííþ öüîãî îïåðàòîðà. Ìè ðîçãëÿäà¹ìî N çàäàíèõ êâàíòîâèõ ñòàíiâ, ÿê
N âëàñíèõ ñòàíiâ îïåðàòîðà ïðîåêöi¨ ñïiíà íà N íàïðÿìiâ ç äîäàòíiìè âëà-
ñíèìè çíà÷åííÿìè. Äîñëiäæó¹òüñÿ ìîæëèâiñòü âèçíà÷èòè ÿêèì ¹ ñòàí ñïiíà
ç N ìîæëèâèõ êâíàòîâèõ ñòàíiâ çà äîïîìîãîþ âèìiðþâàííÿ éîãî ïðîåêöi¨
íà ïåâíi íàïðÿìè. Äëÿ åôåêòèâíîñòi ðîçâ'ÿçàííÿ ïîñòàâëåíî¨ çàäà÷i ïiä ÷àñ
êîæíîãî âèìiðó çíàõîäèòüñÿ ïðîåêöiÿ ñïiíà íà íàïðÿì, ÿêèé âiäïîâiäà¹ N
çàäàíèì êâàíòîâèì ñòàíàì. Îá÷èñëþ¹òüñÿ éìîâiðíiñòü âèçíà÷åííÿ êâàíòî-
âîãî ñòàíó çà n âèìiðiâ. Íàéìåíøà êiëüêiñòü âèìiðiâ, çà äîïîìîãîþ ÿêèõ
ìîæíà âèçíà÷èòè ó ÿêîìó ç N ñòàíiâ çíàõîäèòüñÿ ñïií, ¹ N − 1. Âîíà ðå-
àëiçó¹òüñÿ ó òîìó âèïàäêó, êîëè ó êîæíîìó ç N − 1 âèìiðiâ ìè îòðèìàëè
âiä'¹ìíi ðåçóëüòàòè äëÿ ïðî¹êöi¨ ñïiíà. Ëèøå ó öüîìó âèïàäêó ïiñëÿ êîæíî-
ãî êâàíòîâîãî âèìiðó, îòðèìàâøè âiä'¹ìíèé ðåçóëüòàò äëÿ ïðîåêöi¨ ñïiíà íà
ïåâíèé íàïðÿì, ìè ìîæåìî âiäêèíóòè öåé íàïðÿì, ÿê òîé, ùî íå âiäïîâiä-
à¹ ñòàíó ñïiíà. Çíàéäåíî éìîâiðíiñòü íàéøâèäøîãî âèçíà÷åííÿ êâàíòîâîãî
ñòàíó òà ¨¨ çàëåæíiñòü âiä ïî÷àòêîâî¨ iíôîðìàöi¨ ïðî íüîãî, à ñàìå âiä êóòiâ
ìiæ âåêòîðàìè, ÿêi âiäïîâiäàþòü N êâàíòîâèì ñòàíàì. Ó âèïàäêó, êîëè ðå-
çóëüòàò êâàíòîâîãî âèìiðó ïðîåêöi¨ ñïiíà íà ïåâíèé íàïðÿì ¹ äîäàòíiì ìè
íå îòðèìà¹ìî æîäíî¨ iíôîðìàöi¨ ïðî éîãî ñòàí, òîìó äëÿ ðîçâ'ÿçàííÿ çàäà-
÷i ïîòðiáíî ïðîâîäèòè áiëüøå íiæ N − 1 âèìiðþâàíü. Çíàéäåíî éìîâiðíiñòü
âèçíà÷èòè ñòàí çà äîâiëüíó êiëüêiñòü âèìiðiâ n (n ≥ N − 1) òà ¨¨ çàëåæíiñòü
âiä êóòiâ ìiæ âåêòîðàìè, ÿêi âiäïîâiäàþòü N êâàíòîâèì ñòàíàì. Îòðèìàíi
ðåçóëüòàòè âàæëèâi äëÿ ïîäàëüøèõ äîñëiäæåíü â îáëàñòi êâàíòîâî¨ iíôîð-
ìàöi¨ òà ìîæóòü áóòè âèêîðèñòàíi äëÿ îïòèìiçàöi¨ êâàíòîâèõ îá÷èñëåíü.

Êëþ÷îâi ñëîâà: âèçíà÷åííÿ êâàíòîâîãî ñòàíó, êâàíòîâèé âèìið, êâàíòîâi
îá÷èñëåííÿ
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