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This study presents an analysis of an approach to emulate weakly non-ideal
fermionic systems by modifying the Gentile statistics. In the original Gentile
formulation, the maximum level occupation is restricted to integers, which seems
a natural requirement. In this work, we depart from this restriction and intro-
duce a small parameter u thus formally setting the maximum occupation to
1 + u. By employing this modification, we find connections between the devi-
ation of the system’s spectrum from the ideal case and the parameter u. This
relationship is derived in the linear approximation over small quantities. We
show that an ideal system governed by such a modified Gentile statistics can
serve as an approximate model for interacting fermions.
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1. Introduction

Back in 1940, Giovanni Gentile, Jr. was �rst to derive the expression for the occupati-
on numbers generalizing conventional Bose�Einstein and Fermi�Dirac distributions.
Notably, Gentile suggested that the maximum level occupation could have a �nite value
other than unity [1]. This statistics is an example of the so called intermediate or fracti-
onal (and even sometimes exotic) types of statistics.

There are certain issues with the Gentile statistics preventing it from being a proper
quantum statistics from the �eld-theoretical standpoint [2,3]. Still, this statistics can be
used as a model in a number of problems. In particular, there is an equivalence between
the q-deformed commutator algebra with a complex q and the Gentile statistics [4]. The
problem of restricted partitions in number theory can be treated with this statistics [5].
Finite bosonic systems can be approximately described using the Gentile statistics [6].

In recent years, the Gentile statistics has garnered increased attention and has been
extensively analyzed in various problem domains. Selvi and Uncu [7] provided a concise
overview of its applications, shedding light on speci�c physical systems where the Gentile
statistics �nds relevance under particular conditions. Noteworthy examples include the
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behavior of dilute two-dimensional electron gases,and the Bose�Einstein condensation-
like phenomena of quadrupolar systems in certain liquid crystals.

Connections between the Gentile statistics and deformed boson and fermion algebras
were analyzed in [8]. Another recent study [9] investigated the transformational links
between anyons (particles with fractional statistics) and the Gentile statistics, unraveli-
ng new perspectives on their interplay. Shen et al. [10] demonstrated that Gentile quasi-
particles can e�ectively describe elementary excitations in spin lattices, expanding the
scope of the Gentile statistics to yet another realm of physics.

The present paper aims at �nding approximate equivalence between a system of
weakly interacting fermions and a modi�cation of the Gentile statistics. The paper has a
simple structure. Section 2 introduces the expression for the occupation numbers in the
Gentile statistics and discusses its generalization to describe weakly interacting fermions.
A model system allowing for analytical results of the majority of expressions involved is
considered in Section 3. Brief conclusion is given in Section 4.

2. Gentile distribution

In the Gentile statistics, the occupation numbers are given by

nG(ε, µ, T ) =
1

e(ε−µ)/T − 1
− M + 1

e(M+1)(ε−µ)/T − 1
, (1)

where 1 ≤ M < ∞ stands the maximum possible level occupation. It is straightforward
to show that M = 1 corresponds to the Fermi distribution with

nF(ε, µ, T ) =
1

e(ε−µ)/T + 1
. (2)

Obviously, in its original formulation, the Gentile statistics accepts only positive integers
for the M parameter.

In what follows we depart from such a standard formulation and let the M parameter
deviate from unity by a small correction only,

M = 1 + u, (3)

where u ≪ 1. Due to essential departure from the original Gentile's proposal assuming
integer M , it seems that referring to this distribution as simply �modi�ed� or �deformed�
would not be su�ciently justi�ed. Hence, this distribution has been dubbed �faked�.
Simultaneously, one should take into account that the chemical potential will slightly
di�er from that of the ideal Fermi gas,

µ = µid +∆µG. (4)

We further write the number of particles using the expressions for the occupation
numbers in both the Fermi and the Gentile statistics as follows:

N =

∞∫
0

dε g(ε)nF,G(ε, µ, T ), (5)
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where for the sake of generality the density of states is given by the power-law function

g(ε) = NAεs−1. (6)

At the same time, the chemical potential of the ideal Fermi gas µid

N =

∞∫
0

dε g(ε)nF(ε, µid, T ). (7)

To be more precise, we consider a weak non-ideality of the Fermi gas, so that the actual
spectrum is ε + ∆ε, where ∆ε is a small correction. Our attempt is to mimic this non-
ideality by considering a system with spectrum ε obeying the Gentile statistics with
M = 1 + u.

So, for the Fermi system we can write:

N =

∞∫
0

dε g(ε)nF(ε+∆ε, µid +∆µF, T ) =

∞∫
0

dε g(ε)nF(ε, µid, T ) + ∆NF, (8)

where ∆NF is a small correction. In the same fashion, for the Gentile system:

N =

∞∫
0

dε g(ε)nG(ε, µid +∆µG, T ) =

∞∫
0

dε g(ε)nF(ε, µid, T ) + ∆NG, (9)

with ∆NG being another small correction.
Taking into account Eq. (7), we immediately see that both small corrections should

be zero: ∆NF = ∆NG = 0. Performing a simple change of variables x = ε/T in integrals
in Eqs. (8)�(9), we obtain in the linear approximation over the small quantities:

∆µG

∞∫
0

dx g(x)
ex−ν

(ex−ν − 1)
2 = uT

∞∫
0

dx g(x)
1

e2(x−ν) − 1
, (10)

where the notation ν = µid/T is introduced for convenience. For fermions, we have

∆µF

∞∫
0

dx g(x)
ex−ν

(ex−ν + 1)
2 =

∞∫
0

dx g(x)η(x, T )
ex−ν

(ex−ν + 1)
2 , (11)

where η(x, T ) corresponds to the spectrum correction ∆ε after the change of variables.
The density of states becomes

g(x) = T s−1Axs−1, (12)

so that the respective powers of temperature cancel out in both sides of the above equati-
ons.

With η given from the problem formulation, three unknown parameters remain in
Eqs. (10), (11), namely, ∆µG, ∆µF, and u. A missing third equation might be obtained
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from the condition that thermodynamic functions of both the weakly non-ideal Fermi
system and the model Gentile system coincide in the linear approximation over the
corrections. Having written the expressions for energy,

EF =

∞∫
0

dε εg(ε)nF(ε+∆ε, µ+∆µF, T ), (13)

EG =

∞∫
0

dε εg(ε)nG(ε, µ+∆µG, T ), (14)

from EF = EG we get after simple transformations:

∆µG

∞∫
0

dxxg(x)
ex−ν

(ex−ν − 1)
2 − uT

∞∫
0

dxxg(x)
1

e2(x−ν) − 1

= ∆µF

∞∫
0

dxxg(x)
ex−ν

(ex−ν + 1)
2 −

∞∫
0

dxxg(x)η(x, T )
ex−ν

(ex−ν + 1)
2 , (15)

We have thus obtained in a general form three equations (10), (11), and (15) for three
parameters ∆µG, ∆µF, and u.

3. Model example

In order to obtain some analytical results, we consider a simpli�ed model with a
constant density of states g(ε) = NA corresponding to s = 1. The two relevant physi-
cal systems are 1D harmonic oscillators (with A = 1/(ℏω), where ω is the oscillator
frequency) and free 2D particles in a box (with A = m/(π2ℏ2ρ), where m is the particle
mass and ρ stands for the 2D concentration). The value of 1/A can be used as a unit of
temperature for convenience.

Let us introduce the following notations for the integrals in (10), (11), and (15) within
this model:

g11 =

∞∫
0

dx
ex−ν

(ex−ν − 1)
2 =

1

e−ν − 1
, (16à)

g12 =

∞∫
0

dx
1

e2(x−ν) − 1
= −1

2
ln

(
1− e2ν

)
, (16á)

f11 =

∞∫
0

dx
ex−ν

(ex−ν + 1)
2 =

1

e−ν + 1
, (16â)



�Faked� Gentile distribution mimicking weakly non-ideal fermions

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2023. Âèï. 60 65

f12 =

∞∫
0

dx η(x, T )
ex−ν

(ex−ν + 1)
2 , (16ã)

g21 =

∞∫
0

dx
x ex−ν

(ex−ν − 1)
2 = − ln (1− eν) , (16ä)

g22 =

∞∫
0

dx
x

e2(x−ν) − 1
=

1

4
Li2 e

2ν , where Lis X =

∞∑
k=1

Xk

ks
, (16å)

f21 =

∞∫
0

dx
x ex−ν

(ex−ν + 1)
2 = ln (1 + eν) , (16æ)

f22 =

∞∫
0

dxxη(x, T )
ex−ν

(ex−ν + 1)
2 . (16è)

For ν = µid/T we have from Eq. (7):

AT

∞∫
0

dx
1

(ex−ν + 1)
= AT ln (eν + 1) = 1, (17)

so that

ν = ln
(
e

1
AT − 1

)
. (18)

Equations (10), (11), and (15) become

g11∆µG − g12 uT = 0,

f11∆µF − f12 = 0, (19)

g21∆µG − g22 uT = f21∆µF − f22,

yielding

u =
1

T

g11
f11

f12f21 + f11f22
g12g21 + g11g22

. (20)

Let the spectrum of the Fermi system be ε+∆ε with the correction given by

∆ε =

{
0 for ε < ε0,

b/ε for ε ≥ ε0.
(21)
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Such an expression resembles the �rst two terms in the series expansion of the ultrarelati-

vistic spectrum
(
m2c4 + c2p2

)1/2
with ε = cp or the BCS spectrum Ek = (εk +∆)

1/2

with ε = εk [11]. For b < 0, it qualitatively corresponds, e. g., to the helium-3 elementary
excitation spectrum [12], see Fig. 1.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
/ 00.0

0.5

1.0

1.5

2.0

2.5

3.0 +

Fig. 1: Excitation spectrum corresponding to Eq. (21) with b = −0.5

Expression (21) for the spectrum correction was chosen for simplicity: with such a
function, an analytical result can be also obtained for f22:

f22 =
b/T

eε0/T−ν + 1
, (22)

but, unfortunately, not for f12.
Results of calculation of the u parameter using Eq. (20) are shown in Fig. 2. As

expected, the values of u are small thus justifying the described approach.
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Fig. 2: Statistics parameter u as a function of temperature T (given in the units of 1/A) for
some values of b in Eq. (21)
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4. Conclusion

To summarize, we have analyzed an approach that allows for mimicking a system of
weakly non-ideal fermions by modifying the Gentile statistics. In the conventional Gentile
statistics, the maximum level occupation is an integer. However, in this work, we set this
parameter to 1+u, where u is a small parameter. By doing so, we establish links between
the deviation of the spectrum from the ideal case, the di�erences in chemical potentials
between the Gentile and Fermi systems compared to the ideal Fermi gas, and ultimately
the parameter u itself. All the relationships are derived in the linear approximation over
small quantities. The analysis demonstrates that an ideal system following this modi�ed
Gentile statistics can e�ectively describe an interacting fermionic system with reasonable
accuracy. Consideration of subsequent approximations that is relevant for non-weak non-
idealities might require additional modi�cations in the proposed distribution.
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Çàïðîïîíîâàíà ó 1940 ðîöi ñòàòèñòèêà Äæåíòiëå áóëà ïåðøèì âiäîìèì óçà-
ãàëüíåííÿì êâàíòîâèõ ñòàòèñòèê Áîçå�Àéíøòàéíà òà Ôåðìi�Äiðàêà. Â îðè-
 iíàëüíîìó ôîðìóëþâàííi Äæåíòiëå ìàêñèìàëüíå çàïîâíåííÿ ðiâíÿ îáìå-
æó¹òüñÿ öiëèìè ÷èñëàìèM , ùî âèäà¹òüñÿ öiëêîì ïðèðîäíîþ âèìîãîþ. Çðî-
çóìiëî, ùî M = 1 âiäïîâiäà¹ ôåðìiîíàì, à ãðàíè÷íèé âèïàäîê M = ∞ îïè-
ñó¹ áîçîíè. Ó ñòàòòi ïîäàíî àíàëiç ïiäõîäó äî åìóëÿöi¨ ñëàáêîíåiäåàëüíèõ
ôåðìiîííèõ ñèñòåì øëÿõîì ìîäèôiêàöi¨ ñòàòèñòèêè Äæåíòiëå. Ìè âiäõîäè-
ìî âiä âèìîãè öiëî÷èñåëüíîñòi M i ââîäèìî ìàëèé ïàðàìåòð u, òàêèì ÷èíîì
ôîðìàëüíî âñòàíîâëþþ÷è ìàêñèìàëüíå çàïîâíåííÿ ó âèãëÿäi M = 1 + u,
çâiäêè é ïîõîäèòü íàçâà ¾íåñïðàâæíÿ ñòàòèñòèêà Äæåíòiëå¿. Âèêîðèñòî-
âóþ÷è öþ ìîäèôiêàöiþ ñòàòèñòèêè, ìè çíàõîäèìî â ëiíiéíîìó íàáëèæåííi
çà ìàëèìè âåëè÷èíàìè òàêi çâ'ÿçêè: ïåðøå ðiâíÿííÿ ïîâ'ÿçó¹ ïàðàìåòð u é
ðiçíèöþ ∆µG ìiæ õiìi÷íèì ïîòåíöiàëîì ñèñòåìè çi ñòàòèñòèêîþ Äæåíòiëå
òà õiìi÷íèì ïîòåíöiàëîì iäåàëüíîãî ôåðìi-ãàçó; äðóãå ðiâíÿííÿ ïîâ'ÿçó¹ ði-
çíèöþ ∆µF ìiæ õiìi÷íèì ïîòåíöiàëîì ôåðìi-ñèñòåìè çi âçà¹ìîäi¹þ òà õiìi-
÷íèì ïîòåíöiàëîì iäåàëüíîãî ôåðìi-ãàçó ç âiäõèëåííÿì ∆ε ñïåêòðà ñèñòåìè
âiä iäåàëüíîãî âèïàäêó; íàðåøòi, òðåò¹ ðiâíÿííÿ, îòðèìàíå ç óìîâè ðiâíî-
ñòi åíåð ié ñèñòåìè çi ñòàòèñòèêîþ Äæåíòiëå òà ôåðìiîíiâ çi âçà¹ìîäi¹þ,
ïîâ'ÿçó¹ óñi çãàäàíi âåëè÷èíè ìiæ ñîáîþ. Ó ñòàòòi îòðèìàíî çàãàëüíi ñïiâ-
âiäíîøåííÿ òà ïðîäåìîíñòðîâàíî ¨õí¹ çàñòîñóâàííÿ íà ïðèêëàäi ìîäåëüíî¨
ñèñòåìè, äå áiëüøiñòü âèðàçiâ âäà¹òüñÿ ðîçðàõóâàòè àíàëiòè÷íî. ßê âèñíî-
âîê, ìè ïîêàçó¹ìî, ùî iäåàëüíà ñèñòåìà, ÿêà ïiäêîðÿ¹òüñÿ çàïðîïîíîâàíié
ìîäèôiêàöi¨ ñòàòèñòèêè Äæåíòiëå, ìîæå áóòè íàáëèæåíîþ ìîäåëëþ äëÿ âçà-
¹ìîäiþ÷èõ ôåðìiîíiâ.

Êëþ÷îâi ñëîâà: ôåðìiîíè çi âçà¹ìîäi¹þ, ñòàòèñòèêà Äæåíòiëå, äðîáîâà
ñòàòèñòèêà, åôåêòèâíà ìîäåëü


