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We study maximally entangled four-qubit quantum states. Quantum protocols
for preparation of the states and calculation of the geometric measure of
entanglement are constructed and realized on IBM's quantum computer ibm-
perth. The results of quantum calculations are in agreement with theoretical
ones. We show that the quantum device ibm-perth can be in a maximally
entangled four-qubit quantum state.
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1. Introduction

Entanglement plays an extremely important role in quantum computing and quantum
programming. Among the applications of the entanglement, it is worth noting quantum
cryptography [1], and quantum teleportation [2]. Therefore much attention has been
devoted to quantifying of entanglement analytically as well as with quantum programmi-
ng. For instance, in paper [3] it was shown that 16-qubit IBM's quantum device ibmqx5
can be fully entangled. On the 20-qubit quantum device IBM Q Poughkeepsie the
entanglement of quantum states was studied in [4].

In the present paper, we consider the geometric measure of entanglement which was
proposed in [5]. The measure has a clear de�nition with geometric interpretation and is
related to the observable quantities [6]. Namely in [6] relations of the entanglement of
pure and mixed states with mean spin and spin correlations were obtained. The properties
of the geometric measure of entanglement were studied in [7�11]. The geometric measure

© B. P. Hnatenko, Kh. P. Gnatenko, 2023



Ïðèãîòóâàííÿ ìàêñèìàëüíî çàïëóòàíèõ ÷îòèðè-êóáiòíèõ êâàíòîâèõ ñòàíiâ

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2023. Âèï. 60 71

of entanglement of quantum states was calculated on IBM's quantum device in [12] Also,
it is worth noting that the geometric measure of entanglement of multi-qubit quantum
graph states was examined analytically and with quantum calculations in [13,14].

The paper is organized as follows. In Section 2 we present the relation of the
geometric measure of entanglement with mean spin. Section 3 is devoted to studies of
the entanglement of four-qubit quantum states. Quantum protocols for preparing the
maximally-entangled four-qubit quantum states and quantifying their entanglement are
constructed. The results of quantum calculations of the entanglement on ibm-perth are
presented. Conclusions are formulated in Section 4.

2. Geometric measure of entanglement of quantum

states and its detection on a quantum computer

De�nition of the geometric measure of entanglement is based on the idea of calculation
of the minimal distance between an entangled state and a set of non-entangled states.
Namely, it is de�ned as the minimal squared Fubiny-Study distance between a state and
a set of non-entangled states

E(| ψ⟩) = min
|ψs⟩

d2FS(|ψs⟩, |ψ⟩), (1)

and was proposed in [5]. Finding the minimal distance requires a large amount of
computational resources. In paper [6] it was shown that the geometric measure of
entanglement of a spin with another spin system in an entangled state

| ψ⟩ = a | 0⟩ | Φ1⟩+ b | 1⟩ | Φ2⟩, (2)

(here a, b are constants) is related with a mean value of spin. The relation reads

E(| ψ⟩) = 1

2
(1−

√
⟨σ⟩2), (3)

where √
⟨σ⟩2 =

√
⟨σx⟩2 + ⟨σy⟩2 + ⟨σz⟩2, (4)

and σx, σy, σz are Pauli matrixes. States | 0⟩, | 1⟩ are states of the spin, and | Φ1⟩,
| Φ2⟩ are states of the spin system that can be nonorthogonal ⟨Φi | Φj⟩ ≠ δij ,

√
⟨σ⟩2 =√

⟨σx⟩2 + ⟨σy⟩2 + ⟨σz⟩2, σx, σy, σz are Pauli matrixes [6].
The expression (3) relates the entanglement with the observable value and lays in

the basis of quantum algorithms for studies of the geometric measure entanglement on
quantum devices.

On IBM's quantum devices the measurement in the standard basis can be performed.
On the basis of the results of the measurements the mean value of σz operator can be
easily found. Namely, it reads

⟨σz⟩ = ⟨ψ|σz|ψ⟩ = |⟨ψ|0⟩|2 − |⟨ψ|1⟩|2 (5)



72

B. P. Hnatenko, Kh. P. Gnatenko

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2023. Âèï. 60

To detect the mean values of σx and σz operators the following identities have to be used

⟨σx⟩ = ⟨ψ|σx|ψ⟩ = ⟨ψ̃y|σz|ψ̃y⟩ = |⟨ψ̃y|0⟩|2 − |⟨ψ̃y|1⟩|2 (6)

⟨σy⟩ = ⟨ψ|σy|ψ⟩ = ⟨ψ̃x|σz|ψ̃x⟩ = |⟨ψ̃x|0⟩|2 − |⟨ψ̃x|1⟩|2, (7)

where

|ψ̃x⟩ = RX(π/2)|ψ⟩ = e−iπ4 σ
x

|ψ⟩, (8)

|ψ̃y⟩ = RY (−π/2)|ψ⟩ = ei
π
4 σ

y

|ψ⟩. (9)

So, before measurement in the standard basis we have to rotate the state of qubit (spin)
around y or x-axis with RX(π/2) = exp(−iπσx/4), RY (−π/2) = exp(iπσx/4) gates.

3. Quantum calculations of the geometric measure

of entanglement of maximally entangled four-qubit

quantum states

Four-qubit states that are maximally entangled reads

|ψ1⟩ =
1

4
(|0000⟩+ |1100⟩+ |0011⟩ − |1111⟩) , (10)

|ψ2⟩ =
1

4
(|0000⟩+ |1010⟩+ |0101⟩ − |1111⟩) , (11)

|ψ3⟩ =
1

4
(|0000⟩+ |1001⟩+ |0110⟩ − |1111⟩) , (12)

see [15]. It can be easily checked that the mean values Pauli operators in the states equal
to zero.

⟨ψi|σαj |ψi⟩ = 0, (13)

where σαj is the α component of the Pauli operator of spin j, indexes posses values
i = (1, 2, 3), j = (0, 1, 2, 3), α = (x, y, z) The states can be prepared with the following
protocols

q0 : H •
q1 : •
q2 : H •
q3 :

c : /
4

(a)

q0 : H •
q1 : H •
q2 : •
q3 :

c : /
4

(b)



Ïðèãîòóâàííÿ ìàêñèìàëüíî çàïëóòàíèõ ÷îòèðè-êóáiòíèõ êâàíòîâèõ ñòàíiâ

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2023. Âèï. 60 73

q0 : H •
q1 : H •
q2 :

q3 : •
c : /4

(c)

Ðèñ. 1: Quantum protocols for preparation of maximally entangled states (10) (a), (11) (b), (12)
(c).

In the protocols Hadamard and controlled-NOT gates are used. Note, that the states
|ψi⟩, i = (1, 2, 3) have similar structure. We can obtain |ψ2⟩, |ψ3⟩ after action of the SWAP
gate on |ψ1⟩. Namely, we have |ψ2⟩ = SWAP12 |ψ1⟩, |ψ3⟩ = SWAP13 |ψ1⟩, and vice versa.
Therefore, on a quantum device we prepare one of the states (we consider |ψ1⟩), and study
the geometric measure of entanglement of each qubit with other ones in it. Quantum
calculations are based on the relation of the geometric measure of entanglement with
mean spin. For example, to �nd the entanglement of q[0] with other qubits in quantum
state (10) we realize quantum protocols presented on Fig.2 on IBM's quantum computer
ibm-perth with number of shots 4000.

q0 : H •
q1 : •
q2 : H •
q3 :

c : /
4

0

��

(a)

q0 : H • RY (−π2 )

q1 : •

q2 : H •

q3 :

c : /
4

0

��

(b)

q0 : H • RX (π2 )

q1 : •

q2 : H •

q3 :

c : /
4

0

��

(c)

Ðèñ. 2: Quantum protocols for calculation of the mean values ⟨σz
0⟩ (a), ⟨σx

0 ⟩ (b), ⟨σy
0 ⟩ (c) in

state (10).

Results of quantum computing are presented in the table.
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Òàáë. 1: Results of quantum calculations on IBM's quantum computer ibm-perth. Rows
corresponds to the results for mean values ⟨σα

i ⟩ and the geometric measure of entanglement
of qubit q[i] with other qubits in state |ψ1⟩, i = (0, 1, 2, 3).

⟨σx⟩ ⟨σy⟩ ⟨σz⟩ E(|ψ1⟩)
q[0] 0.076 0.061 0.003 0.498
q[1] 0.069 0.070 0.003 0.498
q[2] 0.060 0.063 0.004 0.498
q[3] 0.068 0.065 0.004 0.498

From the table we can see that the geometric measure of entanglement of qubit q[i]
with other qubits in state |ψ1⟩ is close to its maximal value 0.5. So, the results of quantum
calculations are in agreement with the theoretical ones.

Conclusions

We have considered four-qubit maximally entangled quantum states and studied their
geometric measure of entanglement. The studies were done on the basis of relation of the
entanglemet with mean spin which was obtained in [6].

Quantum protocols for calculation of the mean values ⟨σxi ⟩, ⟨σ
y
i ⟩, ⟨σzi ⟩ (i = 0, 1, 2, 3)

in the maximally entangled four-qubit quantum state have been constructed and run on
IBM's quantum computer ibm-perth. On the basis of the results the geometric measure
of entanglement of each qubit q[i] with other qubits in the state has been calculated.
The results of quantum calculations are in agreement with the theoretical ones. So, we
show that IBM's quantum computer ibm-perth can be in four-qubit maximally entangled
quantum state.
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÷îòèðè-êóáiòíèõ êâàíòîâèõ ñòàíiâ íà

êâàíòîâîìó êîìï'þòåði òà îá÷èñëåííÿ

ãåîìåòðè÷íî¨ ìiðè çàïëóòàíîñòi

Á. Ï. Ãíàòåíêî 1, Õ. Ï. Ãíàòåíêî 2

1 Êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

âóë. Äðàãîìàíîâà, 12, 79005 Ëüâiâ, Óêðà¨íà

e-mail: bohdan.hnatenko@lnu.edu.ua

2 Êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

âóë. Äðàãîìàíîâà, 12, 79005 Ëüâiâ, Óêðà¨íà

e-mail: khrystyna.gnatenko@gmail.com

Çàïëóòàíiñòü êâàíòîâèõ ñòàíiâ ¹ îäíèì iç íàéâàæëèâiøèõ ðåñóðñiâ êâàíòî-
âèõ îá÷èñëåíü òà êâàíòîâîãî ïðîãðàìóâàííÿ. Âîíà, çîêðåìà, âiäiãðà¹ êëþ-
÷îâó ðîëü ó êâàíòîâèõ êîìóíiêàöiÿõ (êâàíòîâà êðèïòîãðàôiÿ, êâàíòîâà òå-
ëåïîðòàöiÿ). Òîìó âàæëèâèì ¹ äîñëiäæåííÿ çàïëóòàíîñòi êâàíòîâèõ ñòàíiâ
òà ¨¨ îá÷èñëåííÿ çà äîïîìîãîþ êâàíòîâîãî ïðîãðàìóâàííÿ. Ó ñòàòòi ðîç-
ãëÿäàþòüñÿ ìàêñèìàëüíî çàïëóòàíi ÷îòèðè-êóáiòíi êâàíòîâi ñòàíè. Áóäó-
þòüñÿ êâàíòîâi ïðîòîêîëè äëÿ ïðèãîòóâàííÿ òàêèõ ñòàíiâ íà êâàíòîâîìó
êîìï'þòåði. Ìè ðîçðàõîâó¹ìî ãåîìåòðè÷íó ìiðó çàïëóòàíîñòi ñòàíiâ çà äî-
ïîìîãîþ êâàíòîâèõ îá÷èñëåíü. Òàêà ìiðà çàïëóòàíîñòi ìà¹ ïðîçîðó ãåîìå-
òðè÷íó iíòåðïðåòàöiþ, îñêiëüêè âèçíà÷à¹òüñÿ ÿê ìiíiìàëüíå çíà÷åííÿ êâà-
äðàòà âiäñòàíi Ôóáiíi-Ñòàäi âiä çàïëóòàíîãî ñòàíó äî ìíîæèíè íåçàïëóòà-
íèõ ñòàíiâ [A. Shimony, Ann. N.Y. Acad. Sci. 755, 675 (1995)]. Âàæëèâî, ùî
âîíà ïîâ'ÿçàíà çi ñïîñòåðåæóâàíèìè âåëè÷èíàìè. À ñàìå, ãåîìåòðè÷íà ìiðà
çàïëóòàíîñòi ñïiíà ç iíøèìè ñïiíàìè ñèñòåìè âèçíà÷à¹òüñÿ éîãî ñåðåäíiì
çíà÷åííÿì. Òàêèé ðåçóëüòàò áóëî îòðèìàíî ó ðîáîòi [A. M. Frydryszak, M.
I. Samar, V. M. Tkachuk, Eur. Phys. J. D. 71, 233 (2017)]. Êâàíòîâèé àëãî-
ðèòì äëÿ çíàõîäæåííÿ ãåîìåòðè÷íî¨ ìiðè çàïëóòàíîñòi êâàíòîâèõ ñòàíiâ íà
êâàíòîâèõ êîìï'þòåðàõ áàçó¹òüñÿ íà öüîìó çâ'ÿçêó. Ìè ðåàëiçóâàëè öåé àë-
ãîðèòì íà ñåìè-êóáiòíîìó êâàíòîâîìó êîìï'þòåði êîìïàíi¨ IBM ibm-perth
òà çíàéøëè çàïëóòàíiñòü êîæíîãî êóáiòà ç iíøèìè ó ìàêñèìàëüíî çàïëóòà-
íîìó ÷îòèðè-êóáiòíîìó êâàíòîâîìó ñòàíi. Äëÿ öüîãî áóëî ïîðàõîâàíî ñåðå-
äíi çíà÷åííÿ îïåðàòîðiâ Ïàóëi σxi , σ

y
i , σ

z
i , ÿêi âiäïîâiäàþòü ðiçíèì êóáiòàì

i = (0, 1, 2, 3). Ðåçóëüòàòè êâàíòîâèõ îá÷èñëåíü äîáðå óçãîäæóþòüñÿ ç òåî-
ðåòè÷íèìè ðîçðàõóíêàìè. Ìè ïîêàçàëè, ùî êâàíòîâèé ïðîöåñîð ibm-perth
ìîæå çíàõîäèòèñÿ ó ìàêñèìàëüíî çàïëóòàíîìó ÷îòèðè-êóáiòíîìó êâàíòîâî-
ìó ñòàíi.
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