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The concurrence of two-qubit quantum states is considered. Relation between
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1. Introduction

Quantum entanglement is a phenomenon that occurs in a system of quantum parti-
cles. If quantum particles are in entangled state, quantum state of each particle in the
system cannot be written independently on states of the other particles. Entanglement is
possible over long distances [1] which is used in quantum communications and quantum
cryptography [1�6]. Also, entanglement plays an important role in quantum metrology
for reducing the statistical error of measurement [7�9]. Usage of the entanglement gives
an opportunity to reach the quantum supremacy. For instance, in papers [10�13] is shown
that the quantum entanglement is present in the Shor's algorithm.

Among entangled states a lot of attention has been paid to the studies of the quantum
graph states, namely, the states that can be represented with graphs. In paper [14]
a quantum graph state is prepared on IBM's quantum computer. It is shown that a
quantum computer can be in a maximally entangled state. In papers [15,16] the geometric
measure of entanglement of quantum graph states is studied analytically and using
quantum computations.
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In this work we prepare quantum protocols for measuring the concurrence of two-
qubit quantum states. We also present analytical relation between the concurrence and
parameters of the state. The concurrence of two-qubit quantum states is calculated on
IBM's quantum computer.

The paper is organized in the following way. In Section 2 we present theoretical
relation between the concurrence and the parameters of two-qubit quantum state in a
general case. Then we consider relation of the parameters and the mean values of the
spin operator, and correlators. In Section 3 we present quantum protocols for calculation
of the mean values of the spin operator and correlators. We also demonstrate results of
the concurrence obtained theoretically and using quantum computations on the quantum
computer IBM Lima for three di�erent states. Conclusions are done in the last Section.

2. Concurrence of two-qubit quantum states

In general case a two-qubit quantum state can be written as

|Ψ⟩ = a |00⟩+ beiϕ1 |01⟩+ ceiϕ2 |10⟩+ deiϕ3 |11⟩ , (1)

where a, b, c, d are amplitudes that satisfy equation

a2 + b2 + c2 + d2 = 1, (2)

which occurs due to normalization condition ⟨Ψ|Ψ⟩ = 1. Parameters ϕ1, ϕ2, ϕ3 are phases.
The concurrence for the state (1) can be calculated as

C = 2|adeiϕ3 − bcei(ϕ1+ϕ2)|, (3)

see, for instance, [17, 18]. The expression can be rewritten as follows

C = 2
√
a2d2 + b2c2 − 2abcd[cosϕ3(cosϕ1 cosϕ2 − sinϕ1 sinϕ2)+

+ sinϕ3(sinϕ1 cosϕ2 + cosϕ1 sinϕ2)] = 2
√
a2d2 + b2c2 − 2abcd cos(ϕ3 − ϕ1 − ϕ2), (4)

where cos(ϕ3 − ϕ1 − ϕ2), accodding to relations (5)-(9) below,

cos(ϕ3 − ϕ1 − ϕ2) =

[
⟨σx1σx2 ⟩ − ⟨σy1σ

y
2 ⟩

1 + ⟨σz1⟩+ ⟨σz2⟩+ ⟨σz1σz2⟩
×

× (⟨σx2 ⟩+ ⟨σz1σx2 ⟩)(⟨σx1 ⟩+ ⟨σx1σz2⟩)− (⟨σy2 ⟩+ ⟨σz1σ
y
2 ⟩)(⟨σ

y
1 ⟩+ ⟨σy1σz2⟩)√

((1 + ⟨σz1⟩)2 − (⟨σz2⟩+ ⟨σz1σz2⟩)2)((1− ⟨σz1⟩)2 − (⟨σz2⟩ − ⟨σz1σz2⟩)2)

]
+

+

[
⟨σx1σ

y
2 ⟩ − ⟨σy1σx2 ⟩

1 + ⟨σz1⟩+ ⟨σz2⟩+ ⟨σz1σz2⟩
×

× (⟨σy2 ⟩+ ⟨σz1σ
y
2 ⟩)(⟨σx1 ⟩+ ⟨σx1σz2⟩)− (⟨σx2 ⟩+ ⟨σz1σx2 ⟩)(⟨σ

y
1 ⟩+ ⟨σy1σz2⟩)√

((1 + ⟨σz1⟩)2 − (⟨σz2⟩+ ⟨σz1σz2⟩)2)((1− ⟨σz1⟩)2 − (⟨σz2⟩ − ⟨σz1σz2⟩)2)

]
.

The parameters of the quantum state can be found with evaluation of the mean values
of spin operators. Namely the following relations are satis�ed

a =
1

2

√
1 + ⟨σz1⟩+ ⟨σz2⟩+ ⟨σz1σz2⟩, b =

1

2

√
1 + ⟨σz1⟩ − ⟨σz2⟩ − ⟨σz1σz2⟩, (5)
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c =
1

2

√
1− ⟨σz1⟩+ ⟨σz2⟩ − ⟨σz1σz2⟩, d =

1

2

√
1− ⟨σz1⟩ − ⟨σz2⟩+ ⟨σz1σz2⟩, (6)

cosϕ3 =
⟨σx1σx2 ⟩ − ⟨σy1σ

y
2 ⟩

4ad
, sinϕ3 =

⟨σx1σ
y
2 ⟩+ ⟨σy1σx2 ⟩
4ad

, (7)

cosϕ2 =
⟨σx1 ⟩+ ⟨σx1σz2⟩

4ac
, sinϕ2 =

⟨σy1 ⟩+ ⟨σy1σz2⟩
4ac

, (8)

cosϕ1 =
⟨σx2 ⟩+ ⟨σz1σx2 ⟩

4ab
, sinϕ1 =

⟨σy2 ⟩+ ⟨σz1σ
y
2 ⟩

4ab
, (9)

cos(ϕ3 − ϕ1) =
⟨σx1 ⟩ − ⟨σx1σz2⟩

4bd
, sin(ϕ3 − ϕ1) =

⟨σy1 ⟩ − ⟨σy1σz2⟩
4bd

, (10)

cos(ϕ2 − ϕ1) =
⟨σx1σx2 ⟩+ ⟨σy1σ

y
2 ⟩

4bc
, sin(ϕ2 − ϕ1) =

⟨σy1σx2 ⟩ − ⟨σx1σ
y
2 ⟩

4bc
, (11)

cos(ϕ3 − ϕ2) =
⟨σx2 ⟩ − ⟨σz1σx2 ⟩

4cd
, sin(ϕ3 − ϕ2) =

⟨σy2 ⟩ − ⟨σz1σ
y
2 ⟩

4cd
. (12)

In the next section we construct quantum protocols for detection of the concurrence
and present results of quantum computations on IBM's quantum device.

3. Evaluation of the concurrence on IBM's quantum

computer

Mean value of the operator σzi in an arbitrary state |Ψ⟩ can be measured on a quantum
computer using its relation with the probabilities

⟨Ψ|σzi |Ψ⟩ = |⟨0|Ψ⟩|2 − |⟨1|Ψ⟩|2 = P|0⟩ − P|1⟩, (13)

where P|0⟩, P|1⟩ are the probabilities of reduction to state |0⟩ and state |1⟩, respectively,
after the measurement in the standard basis performed on the i-th qubit.

To calculate the mean value of the operator σxi , or σ
y
i in an arbitrary state we need to

modify the initial state of a particular qubit before the measurement. Operators σx, σy

can be represented as

σx = e−i
π
4 σ

y

σzei
π
4 σ

y

= RY +
(
−π
2

)
σzRY

(
−π
2

)
, (14)

σy = ei
π
4 σ

x

σze−i
π
4 σ

x

= RX+
(π
2

)
σzRX

(π
2

)
. (15)

So, the mean values ⟨Ψ|σx |Ψ⟩, ⟨Ψ|σy |Ψ⟩ can be written in the following form

⟨Ψ|σx |Ψ⟩ = ⟨Ψ|RY +
(
−π
2

)
σzRY

(
−π
2

)
|Ψ⟩ = ⟨Ψyi |σ

z |Ψyi ⟩ = |⟨0|Ψyi ⟩|
2 − |⟨1|Ψyi ⟩|

2
,

(16)

⟨Ψ|σy |Ψ⟩ = ⟨Ψ|RX+
(π
2

)
σzRX

(π
2

)
|Ψ⟩ = ⟨Ψxi |σz |Ψxi ⟩ = |⟨0|Ψxi ⟩|

2 − |⟨1|Ψxi ⟩|
2
, (17)

where |Ψyi ⟩ = RY (−π/2) |Ψ⟩, and |Ψxi ⟩ = RX(π/2) |Ψ⟩.
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In the case of mean value ⟨Ψ|σzi σzj |Ψ⟩, (i ̸= j) there is the following relation to the
probabilities obtained on a quantum computer after measurements in the standard basis

⟨Ψ|σzi σzj |Ψ⟩ = |⟨00|Ψ⟩|2 + |⟨11|Ψ⟩|2 − |⟨01|Ψ⟩|2 − |⟨10|Ψ⟩|2 =

= P|00⟩ + P|11⟩ − P|01⟩ − P|10⟩,
(18)

where P|00⟩, P|11⟩, P|01⟩, P|10⟩ are probabilities of the reduction of state |Ψ⟩ to the basis
states |00⟩, |11⟩, |01⟩, |10⟩, respectively.

Similarly, taking into account identities (14), (15) we write

⟨Ψ|σαi σ
β
j |Ψ⟩ = ⟨Ψαβij |σzi σzj |Ψ

αβ
ij ⟩ ,

⟨Ψ|σαi σzj |Ψ⟩ = ⟨Ψαi |σzi σzj |Ψαi ⟩ , (19)

where |Ψαβij ⟩ = Rβi R
α
j |Ψ⟩, |Ψαi ⟩ = Rβi |Ψ⟩. The indices read α, β = (x, y) and Rxi =

RXi(π/2), R
y
i = RYi(−π/2).

Quantum protocols for calculation of the mean values of operators σz0 , σ
x
0 , σ

y
0 and the

correlator σx0σ
y
1 in a general two-qubit quantum state |ψ⟩ = U |00⟩ considering relations

(16)-(18) are presented in Fig. 1.

q0 : |0⟩
U

q1 : |0⟩
c :

(à)

q0 : |0⟩
U

RY (−π/2)

q1 : |0⟩
c :

(á)

q0 : |0⟩
U

RX(π/2)

q1 : |0⟩
c :

(â)

q0 : |0⟩
U

RY (−π/2)

q1 : |0⟩ RX(π/2)

c :
(ã)

Fig. 1: Quantum protocols for calculation the meanvalues of operators σz0 (a), σ
x
0 (b), σy0

(c) and σx0σ
y
1 (d) in a general two-qubit quantum state.

On a quantum device we examine the dependence of the concurrence on the
parameters of quantum states in particular cases. Namely, we consider quantum state of
the form

|ψ⟩ = 1

2

(
|00⟩+ eiα1 |01⟩+ eiα2 |10⟩+ eiα3 |11⟩

)
, (20)

and study the dependence of the entanglement on the phase angels. The state (20) can
be obtained using the identity |ψ⟩ = P0(α2)P1(α1)CP01(α3 − α2 − α1)H0H1 |00⟩. The
analytical result for the entanglement reads

C|ψ⟩ =
1√
2

√
1− cos(α3 − α1 − α2). (21)

To prepare the state |ψ⟩ (20) we consider the following quantum protocol:
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q0 : |0⟩ H • P (α2)

q1 : |0⟩ H P (α3 − α2 − α1) P (α1)

Fig. 2: Quantum protocol to prepare state |ψ⟩ (20) on a quantum computer.

For the state |ψ⟩ (20) we set a pair of variables from α1, α2, α3 equal to 0, the nonzero
parameter is changed with a step π/12 starting from 0 and �nishing on 2π. Results of
quantum calculation of the concurrence using (4) and theoretical result are presented in
Fig. 3.
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Fig. 3: Results of quantum calculations of concurrence for the state |ψ(0, 0, α3)⟩ (a),
|ψ(0, α2, 0)⟩ (b), |ψ(α1, 0, 0)⟩ (c) on a quantum computer IBM Lima (marked with crosses)
and theoretical result (continuous line).

We also consider the Bell states and their generalizations. Namely, we examine the
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following two-qubit states

|χ⟩ = σx0CNOT01σ
x
0RY (θ)0 |00⟩ = cos(θ/2) |01⟩+ sin(θ/2) |10⟩ , (22)

|ϕ⟩ = CNOT01RY (θ)0 |00⟩ = cos(θ/2) |00⟩+ sin(θ/2) |11⟩ , (23)

which can be prepared on a quantum computer using quantum protocols:

q0 : |0⟩ RY (θ) X • X

q1 : |0⟩
(à)

q0 : |0⟩ RY (θ) •

q1 : |0⟩
(á)

Fig. 4: Quantum protocols for preparation of the states (22) (a) and (23) (b).

In the case of states (22), (23) the analytical result for the entanglement reads

C|χ⟩,|ϕ⟩ = |sin θ|. (24)

For these states we calculate concurrence with quantum programming taking into account
its relation with correlators, using quantum protocols presented in Fig. 1 (protocols a, b,
c, d to calculate ⟨σz0⟩, ⟨σx0 ⟩, ⟨σ

y
0 ⟩, ⟨σx0σ

y
1 ⟩ respectively). For other correlators, protocols

look in a similar way, considering equation (19). For calculations parameter θ is changed
with step π/12 from 0 to 2π. Results of quantum computations and theoretical ones for
the states (22), (23) are presented on Fig. 5.

0

0.2

0.4

0.6

0.8

1

0 π
4

π
2

3π
4 π 5π

4
3π
2

7π
4 2π

C

θ

(à)

0

0.2

0.4

0.6

0.8

1

0 π
4

π
2

3π
4 π 5π

4
3π
2

7π
4 2π

C

θ

(á)

Fig. 5: Results of quantum calculations of concurrence of the state |χ(θ)⟩ (22) (a), and
of the state |ϕ(θ)⟩ (23) (b) for di�erent values of parameter θ calculated on quantum
computer IBM Lima (marked with crosses) and theoretical results (continuous line).

At the end of this section, it is worth noting that there is another way of calculating
of the concurrence of quantum states with quantum programming which is based on its
relation with mean spin [18]. This is worth to be considered as separate studies.



Quantifying concurrence of two-qubit quantum states ...

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2023. Âèï. 60 133

Conclusions

Concurrence of 2-qubit quantum states has been studied theoretically and using
quantum computations on IBM's quantum computer IBM Lima. Relation between the
concurrence and parameters of an arbitrary quantum state has been presented. We have
considered two-qubit states given by (20), (22), (23). Results of quantum calculations for
concurrence of states (22), (23) are in good agreement with the theoretical ones (see Fig.
5). For the set of states with di�erent phases (20) concurrence calculated with quantum
programming are not in such a good agreement with analytical results (see Fig. 3). This
is because quantum protocols for detection of the concurrence of state (20) are more
gate expensive. According to (5)-(6) measuring amplitudes requires only �nding mean
values of the operator σz, so we do not need to additionally use rotation gates as when
we are measuring phases (see equations (7)-(9)), thus there are more gate errors when
measuring phases.
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Îá÷èñëåííÿ óçãîäæåíîñòi äâîêóáiòíèõ

êâàíòîâèõ ñòàíiâ íà êâàíòîâîìó êîìï'þòåði

Ï. Â. Ñàïðiÿí÷óê1, Õ. Ï. Ãíàòåíêî2

1 Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

âóë. Äðàãîìàíîâà, 12, Ëüâiâ, 79005, Óêðà¨íà

e-mail: petro.sapriianchuk30@gmail.com

2 Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

Êàôåäðà òåîðåòè÷íî¨ ôiçèêè iìåíi ïðîôåñîðà Iâàíà Âàêàð÷óêà,

âóë. Äðàãîìàíîâà, 12, Ëüâiâ, 79005, Óêðà¨íà

e-mail: khrystyna.gnatenko@gmail.com

Ìè ðîçãëÿíóëè çàäà÷ó çíàõîäæåííÿ çàïëóòàíîñòi ñòàíó äâîõ êóáiòiâ çà äîïî-
ìîãîþ êâàíòîâîãî ïðîãðàìóâàííÿ íà êâàíòîâîìó êîìï'þòåði êîìïàíi¨ IBM.
À ñàìå, âèâ÷à¹òüñÿ çàëåæíiñòü óçãîäæåíîñòi âiä ïàðàìåòðiâ êâàíòîâîãî ñòà-
íó çà äîïîìîãîþ îá÷èñëåíü íà êâàíòîâèõ êîìï'þòåðàõ êîìïàíi¨ IBM. Äî-
ñëiäæåííÿ çàïëóòàíîñòi êâàíòîâèõ ñòàíiâ ¹ âàæëèâèì òà àêòóàëüíèì. Öå
îá ðóíòîâó¹òüñÿ òèì, ùî êâàíòîâà çàïëóòàíiñòü ¹ êëþ÷îâîþ äëÿ ñòâîðåííÿ
êâàíòîâîãî êàíàëó, ùî âèêîðèñòîâó¹òüñÿ ó êâàíòîâèõ êîìóíiêàöiÿõ (êâàí-
òîâié òåëåïîðòàöi¨, êâàíòîâié êðèïòîãðàôi¨). Òàêîæ çàïëóòàíiñòü êâàíòîâèõ
ñòàíiâ ¹ êëþ÷îâèì ðåñóðñîì äëÿ äîñÿãíåííÿ êâàíòîâî¨ ïåðåâàãè (âèêîíàí-
íÿ íà êâàíòîâèõ êîìï'þòåðàõ çàäà÷ çà ìåíøèé ÷àñ òà ç ìåíøîþ çàòðà-
òîþ ðåñóðñiâ ó ïîðiâíÿííi ç êëàñè÷íèìè), ñòâîðåííÿ àëãîðèòìiâ êîðåêöi¨
ïîõèáîê êâàíòîâèõ îá÷èñëåíü. Ó ñòàòòi ïîáóäîâàíî êâàíòîâi ïðîòîêîëè äëÿ
äîñëiäæåííÿ çàëåæíîñòi óçãîäæåíîñòi äâîêóáiòíèõ êâàíòîâèõ ñòàíiâ âiä ¨õ
ïàðàìåòðiâ. Ðîçãëÿäàþòüñÿ òàêi ñòàíè (|00⟩+ exp(iα1) |01⟩+ exp(iα2) |10⟩+
exp(iα3) |11⟩)/2, cos(θ/2) |01⟩+sin(θ/2) |10⟩, cos(θ/2) |00⟩+sin(θ/2) |11⟩. Óçãî-
äæåíiñòü ðîçðàõîâó¹òüñÿ íà êâàíòîâîìó êîìï'þòåði íà îñíîâi âèçíà÷åííÿ
ñåðåäíiõ çíà÷åíü ñïiíîâèõ îïåðàòîðiâ òà êîðåëÿòîðiâ. Îá÷èñëþ¹òüñÿ ¨¨ çàëå-
æíiñòü âiä ôàçîâèõ ïàðàìåòðiâ, òà àìïëiòóä. Êâàíòîâi ïðîòîêîëè ðåàëiçîâà-
íi íà ï'ÿòèêóáiòíîìó êâàíòîâîìó êîìï'þòåði IBM Lima. Ðåçóëüòàòè êâàíòî-
âèõ îá÷èñëåíü çàëåæíîñòi óçãîäæåíîñòi âiä àìïëiòóäè äîáðå óçãîäæóþòüñÿ
ç òåîðåòè÷íèìè ðîçðàõóíêàìè. Íå òàêó äîáðó âiäïîâiäíiñòü óçãîäæåíîñòi,
îá÷èñëåíî¨ çà äîïîìîãîþ êâàíòîâîãî ïðîãðàìóâàííÿ ç òåîðåòè÷íèìè ðîçðà-
õóíêàìè îòðèìàíî ïðè äîñëiäæåííi çàëåæíîñòi óçãîäæåíîñòi âiä ôàçîâèõ
ïàðàìåòðiâ. Öå ïîâ'ÿçàíî ç áiëüøîþ ñêëàäíiñòþ êâàíòîâèõ ïðîòîêîëiâ äëÿ
òàêèõ äîñëiäæåíü.

Êëþ÷îâi ñëîâà: çàïëóòàíiñòü, óçãîäæåíiñòü, äâîêóáiòíi êâàíòîâi ñòàíè,
êâàíòîâi îá÷èñëåííÿ.


