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Òåîðåòè÷íî äîñëiäæåíî âïëèâ àíãàðìîíi÷íîñòi â ñòðóì-ôàçîâié çàëåæíîñòi
íà äèíàìiêó ôëþêñîíiâ ó òóíåëüíèõ äæîçåôñîíiâñüêèõ êîíòàêòàõ äëÿ îáëà-
ñòi òåìïåðàòóð, áëèçüêèõ äî êðèòè÷íî¨. Â îñíîâi äîñëiäæåííÿ âèêîðèñòîâó-
¹òüñÿ ìîäèôiêîâàíå ðiâíÿííÿ ñèíóñ-�îðäîíà äëÿ îïèñó ïðîñòîðîâî-÷àñîâî¨
åâîëþöi¨ ðiçíèöi ôàç â äîâãîìó äæîçåôñîíiâñüêîìó êîíòàêòi. Çíàéäåíî àíà-
ëiòè÷íèé ðîçâ'ÿçîê ìîäèôiêîâàíîãî ðiâíÿííÿ ñèíóñ-�îðäîíà äëÿ âèïàäêó
ìàëîãî çíà÷åííÿ ïàðàìåòðà, ùî õàðàêòåðèçó¹ ìiðó âiäìiííîñòi âiä ñèíóñî-
¨äíî¨ çàëåæíîñòi ñòðóìó âiä ðiçíèöi ôàç, â çàãàëüíîìó âèïàäêó îòðèìàíi
÷èñåëüíi ðåçóëüòàòè. Ïîêàçàíî, ùî ïðè çíà÷íîìó âiäõèëåííi ñòðóì-ôàçîâî¨
çàëåæíîñòi âiä ñèíóñî¨äíî¨, êðà¨ ôëþêñîíà ¹ âèðàçíiøèìè, à ðiçíèöÿ ôàç
¹ ëiíiéíîþ ôóíêöi¹þ êîîðäèíàòè ó ñåðöåâèíi ôëþêñîíà, ïðè öüîìó çàëå-
æíiñòü ìàãíiòíîãî ïîëÿ âiä ïðîñòîðîâî¨ êîîðäèíàòè áëèçüêà äî ïðÿìîêóòíî¨
ôîðìè. Çi çìåíøåííÿì ìiðè âiäìiííîñòi ñòðóì-ôàçîâî¨ çàëåæíîñòi âiä ñèíó-
ñî¨äíî¨ ìåæi ôëþêñîíà ¹ äîñèòü ðîçìèòèìè. Ïðè öüîìó ìàêñèìàëüíå çíà-
÷åííÿ ìàãíiòíîãî ïîëÿ, ÿêå ïðîíèêà¹ â ñåðöåâèíó ôëþêñîíà, çáiëüøó¹òüñÿ.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ñèíóñ-�îðäîíà, ñòðóì-ôàçîâà çàëåæíiñòü,
ôëþêñîí, äæîçåôñîíiâñüêèé êîíòàêò.

1. Âñòóï

Ó 1962 ðîöi Äæîçåôñîí Áðàéàí òåîðåòè÷íî ïåðåäáà÷èâ, ùî ÷åðåç êîíòàêò äâîõ
íàäïðîâiäíèêiâ, ðîçäiëåíèõ ïëiâêîþ äiåëåêòðèêà, ìîæå ïðîòiêàòè áåçäèñèïàòèâíèé
ñòðóìó [1]. ×èñëîâå çíà÷åííÿ öüîãî ñòðóìó çàëåæèòü âiä ðiçíèöi ôàç φ = θL−θR ìà-
êðîñêîïi÷íèõ õâèëüîâèõ ôóíêöié ëiâîãî òà ïðàâîãî íàäïðîâiäíèêiâ (òàêîæ âiäîìî¨
ÿê ôàçà Äæîçåôñîíà). Ó áiëüøîñòi íàóêîâèõ ðîáiò, ÿêi ñòîñóþòüñÿ åôåêòó Äæî-
çåôñîíà, öþ çàëåæíiñòü ââàæàþòü ñèíóñî¨äíîþ [2, 3]. Çà âiäñóòíîñòi çîâíiøíüîãî
ìàãíiòíîãî ïîëÿ òà çíà÷åííÿõ ñòðóìó ìåíøèõ êðèòè÷íîãî ñòðóìó êîíòàêòó ðiçíè-
öÿ ôàç φ ¹ ñòàëîþ âçäîâæ êîíòàêòó. ßêùî äæîçåôñîíiâñüêèé êîíòàêò ïîìiùàþòü
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ó çîâíiøí¹ ìàãíiòíå ïîëå, òî ðiçíèöÿ ôàç φ çàëåæèòü âiä ïðîñòîðîâèõ êîîðäèíàò i
öÿ çàëåæíiñòü îïèñó¹òüñÿ ðiâíÿííÿì Ôàðåëà-Ïðåíäæà àáî ñòàöiîíàðíèì ðiâíÿííÿì
ñèíóñ-�îðäîíà [4].

ßêùî âåëè÷èíà ñòðóìó â êîëi IB ç äæîçåôñîíiâñüêèì êîíòàêòîì ¹ áiëüøîþ
çà êðèòè÷íèé ñòðóìó êîíòàêòó IC , òî íà êîíòàêòi ç'ÿâëÿ¹òüñÿ ñïàä íàïðóãè i ði-
çíèöÿ ôàç φ, êðiì ïðîñòîðîâèõ êîîðäèíàò, òàêîæ çàëåæàòèìå i âiä ÷àñó [4], à
¨¨ ÷àñîâî-ïðîñòîðîâà åâîëþöiÿ îïèñóâàòèìåòüñÿ íåñòàöiîíàðíèì ðiâíÿííÿì ñèíóñ-
�îðäîíà [5,6]. Ðîçâ'ÿçêè íåñòàöiîíàðíîãî ðiâíÿííÿ ñèíóñ-�îðäîíà ¹ ñîëiòîííîãî òèïó
i îïèñóþòü ïðîíèêíåííÿ çîâíiøíüîãî ìàãíiòíîãî ïîëÿ ÷åðåç êîíòàêò ó âèãëÿäi îêðå-
ìèõ âèõîðiâ (ôëþêñîíiâ), ùî íåñóòü êâàíò ìàãíiòíîãî ïîòîêó. Çàâäÿêè ñòàáiëüíîñòi
ôëþêñîíiâ, âîíè ìàþòü õîðîøi ïåðñïåêòèâè ïðàêòè÷íîãî âèêîðèñòàííÿ [7�9]. Äî-
ñëiäæåííþ äèíàìiêè ôëþêñîíiâ ó äæîçåôñîíiâñüêèõ êîíòàêòàõ ïðèñâÿ÷åíi ÷èñëåííi
ðîáîòè, àëå â ïåðåâàæíié áiëüøîñòi öèõ ðîáiò çàëåæíiñòü íàäïðîâiäíîãî ñòðóìó IS
âiä ðiçíèöi ôàç φ ââàæà¹òüñÿ ñèíóñî¨äíîþ [5,6].

Îäíàê, çàëåæíî âiä ïàðàìåòðiâ êîíòàêòó òà óìîâ ïðîòiêàííÿ ñòðóìó, ñòðóì-
ôàçîâà çàëåæíiñòü ìîæå áóòè âiäìiííîþ âiä ñèíóñî¨äíî¨ [10, 11]. Îäèí iç ÷èííèêiâ,
ùî ïðèâîäèòü äî àíãàðìîíi÷íîñòi ó ñòðóì-ôàçîâié çàëåæíîñòi ¹ âðàõóâàííÿ åôåêòiâ
ðîçïàðîâóâàííÿ. Ïðè ìàëèõ çíà÷åííÿõ ñòðóìó ðîçïàðîâóâàííÿ ñòðóìîì ìîæíà íå
âðàõîâóâàòè, ïîêëàäàþ÷è ïàðàìåòð âïîðÿäêóâàííÿ â ãëèáèíi íàäïðîâiäíèêà ðiâíèì
éîãî ïðîñòîðîâî îäíîðiäíîìó çíà÷åííþ i, âiäïîâiäíî, âiäêèäàòè äîäàíîê ç íàäïëèí-
íîþ øâèäêiñòþ â ðiâíÿííi Ãiíçáóðãà-Ëàíäàó [12] äëÿ îáëàñòi òåìïåðàòóð, áëèçüêèõ
äî êðèòè÷íî¨. Îäíàê, iç çáiëüøåííÿì êîåôiöi¹íòà ïðîõîäæåííÿ åëåêòðîíiâ çíà÷åííÿ
êðèòè÷íîãî ñòðóìó êîíòàêòó ìîæå áóòè áëèçüêå äî ñòðóìó ðîçïàðîâóâàííÿ â îäíî-
ðiäíîìó íàäïðîâiäíèêó. Ó öüîìó âèïàäêó äëÿ îäåðæàííÿ êîðåêòíîãî ðåçóëüòàòó äëÿ
ñòðóì-ôàçîâî¨ çàëåæíîñòi ðîçïàðîâóâàííÿ ñòðóìîì íåîáõiäíî âðàõîâóâàòè. Âðàõó-
âàííÿ åôåêòiâ ðîçïàðîâóâàííÿ ïðèâîäèòü äî ñóòò¹âî¨ àíãàðìîíi÷íîñòi â çàëåæíîñòi
ñòðóìó âiä ðiçíèöi ôàç íå òiëüêè ïðè íèçüêèõ òåìïåðàòóðàõ, à é ïðè òåìïåðàòóðàõ,
áëèçüêèõ äî êðèòè÷íî¨ [11,13�16].

Ìåòîþ äàíî¨ ðîáîòè ¹ äîñëiäæåííÿ âïëèâó àíãàðìîíi÷íîñòi ñòðóì-ôàçîâî¨ çàëå-
æíîñòi íà äèíàìiêó ôëþêñîíiâ ó òóíåëüíèõ íàäïðîâiäíèõ êîíòàêòàõ, ùî ïðèâîäèòü
äî âiäïîâiäíî¨ ìîäèôiêàöi¨ íåñòàöiîíàðíîãî ðiâíÿííÿ ñèíóñ-�îðäîíà ç íåòðèâiàëü-
íîþ ñòðóì-ôàçîâîþ çàëåæíiñòþ, ÿêó îòðèìàíî â ðîáîòi [15]. Òàêîæ ââàæàòèìåìî,
ùî äæîçåôñîíiâñüêèé êîíòàêò ¹ ãðàíè÷íî ÷èñòèì.

2. Ìîäåëü òà îñíîâíi ðiâíÿííÿ

Ðîçãëÿäàòèìåìî òóíåëüíèé íàäïðîâiäíèé êîíòàêò, ââàæàþ÷è, ùî íàäïðîâiäíèê
çàéìà¹ îáëàñòü |z| > 0, à ïëiâêà äiåëåêòðèêà ðîçìiùåíà â ïëîùèíi z = 0. Îñêiëüêè
ïðîñòîðîâà íåîäíîðiäíiñòü ïîðóøåíà ëèøå â íàïðÿìêó îñi Oz, òî äîñëiäæóâàíi âå-
ëè÷èíè çàëåæàòèìóòü ëèøå âiä z-êîîðäèíàòè. Ââàæàòèìåìî, ùî îáëàñòü äîñëiäæó-
âàíèõ òåìïåðàòóð ¹ áëèçüêîþ äî êðèòè÷íî¨, à êîåôiöi¹íò ïðîõîäæåííÿ åëåêòðîíiâ
êðiçü ïëiâêó äiåëåêòðèêà ìîæå íàáóâàòè çíà÷åíü âiä íóëÿ äî áëèçüêèõ äî îäèíèöi.
Çà òàêèõ îáñòàâèí äëÿ âèêîíàííÿ êîðåêòíîãî îïèñó ñòðóìîâèõ ñòàíiâ â êîíòàêòi íå-
îáõiäíî âðàõóâàòè åôåêòè ðîçïàðîâóâàííÿ, ùî ïðèâîäèòü äî çàëåæíîñòi ñòðóìó âiä
ðiçíèöi ôàç âiäìiííî¨ âiä ñèíóñî¨äíî¨. Âiäïîâiäíå äîñëiäæåííÿ âèêîíóâàëîñü â ðîáî-
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òàõ [14,15], à îäåðæàíà äëÿ ñòðóìó ôîðìóëà, ó ñïðîùåíîìó âèãëÿäi òà çà âiäñóòíîñòi
äîìiøîê, ìà¹ âèãëÿä

I (φ) = IÑ
√
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äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü 0 < ε < 1, ¹ ìiðîþ âiäìiííîñòi â çàëåæíîñòi (1)
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τ2 =

{
ξ0

ξ (T )

}2

=
12

7ζ (3)

(
1− T

Tc

)
, (3)
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òà R (y) = 1 − D (y), ÿêi íà-

çèâàþòüñÿ êîåôiöi¹íòàìè ïðîõîäæåííÿ i âiäáèâàííÿ âiäïîâiäíî. Ïëiâêà äiåëåêòðèêà
ìîäåëþ¹òüñÿ δ - ôóíêöiéíèì áàð'¹ðîì: U(z) = U0δ(z). Âèêîðèñòàíî òàêîæ ïîçíà÷åí-
íÿ y = cos θ, äå θ - êóò ïàäiííÿ åëåêòðîíiâ íà ïëîùèíó áàð'¹ðó. Iíòåãðàëè ó ôîðìóëi
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Ó öié ôîðìóëi D ≡ D (1).
Íà Ðèñ. 1 áà÷èìî, ùî ïàðàìåòð q∞ ¹ ÷óòëèâiøèì äî çìií D ïðè ìàëèõ D. ßêùî

æ D íàáëèæà¹òüñÿ äî îäèíèöi, ïàðàìåòð q∞ ñëàáêî çàëåæèòü âiä êîåôiöi¹íòà ïðî-
õîäæåííÿ åëåêòðîíiâ.
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Ðèñ. 1: Çàëåæíiñòü ïàðàìåòðà q∞ âiä êîåôiöi¹íòà ïðîõîäæåííÿ åëåêòðîíiâ, ÿêi íàëiòàþòü
íà ãðàíèöþ íàäïðîâiäíèêà ç äiåëåêòðèêîì ïiä ïðÿìèì êóòîì.

3. Äèíàìiêà ìàãíiòíîãî ïîòîêó êðiçü äîâãèé äæîçå-
ôñîíiâñüêèé êîíòàêò

Íàäàëi ðîçãëÿäàòèìåìî ÿê âiäìiííiñòü âiä ñèíóñî¨äíî¨ â çàëåæíîñòi ñòðóìó âiä
ðiçíèöi ôàç âïëèâàòèìå íà ïðîñòîðîâî-÷àñîâó åâîëþöiþ îñòàííüî¨ ó äîâãîìó äæî-
çåôñîíiâñüêîìó êîíòàêòi. Äëÿ íåòðèâiàëüíî¨ ñòðóì-ôàçîâî¨ çàëåæíîñòi (1) ìà¹ìî
ìîäèôiêîâàíå ðiâíÿííÿ ñèíóñ-�îðäîíà
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ïðÿìó¹ äî íóëÿ.
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Ðèñ. 2: Çàëåæíiñòü âèñîòè äîïîìiæíîãî ïîòåíöiàëó U (φ) âiä ε.

Íà Ðèñ. 2 áà÷èìî, ùî âïëèâ ïàðàìåòðà ε íà âèñîòó äîïîìiæíîãî ïîòåíöiàëó ¹
íåñóòò¹âèì ïðè ìàëèõ çíà÷åííÿõ, à ïðè íàáëèæåííi ε äî îäèíèöi ∆U øâèäêî ïðÿìó¹
äî íóëÿ.

ßêùî çîâíiøí¹ ìàãíiòíå ïîëå ¹ ñëàáêèì, òîäi φ ≪ 1, ùî äîçâîëÿ¹ ñêîðèñòàòèñÿ
íàáëèæåííÿì: cosφ ∼= 1 òà sinφ ∼= φ. Â ðåçóëüòàòi ìîäèôiêîâàíå ðiâíÿííÿ ñèíóñ-
�îðäîíà (8) çâîäèòüñÿ äî ëiíiéíîãî îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî
ïîðÿäêó â ÷àñòèííèõ ïîõiäíèõ

∂2φ

∂t2
− ∂2φ

∂x2
+

(
1 + ε

1− ε

)1/2

φ = 0,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ïîòðiáíî øóêàòè ó âèãëÿäi

φ (x, t) = φ (0, 0) exp {i (qx− ωt)} .

ßê íàñëiäîê, ìè îòðèìó¹ìî àíàëiòè÷íó ôîðìóëó

ω (q) =

{(
1 + ε

1− ε

)1/2

+ q2

}1/2

äëÿ äæîçåôñîíiâñüêî¨ ïëàçìîâî¨ ÷àñòîòè. Ùî ñòîñó¹òüñÿ äæîçåôñîíiâñüêî¨ ïëà-
çìîâî¨ ÷àñòîòè ω (0) äëÿ íåñêií÷åííî âåëèêèõ äîâæèí õâèëü, òî âîíà áóäå çðîñòàòè,
ÿêùî çðîñòàòèìå ïàðàìåòð ε.
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4. Ðîçâ'ÿçêè ìîäèôiêîâàíîãî ðiâíÿííÿ ñèíóñ-
�îðäîíà

Ìè çàïðîâàäèëè ìîäèôiêîâàíå ðiâíÿííÿ ñèíóñ-�îðäîíà (8), ÿêå îïèñó¹ äèíàìiêó
ôëþêñîíiâ ó äîâãîìó äæîçåôñîíiâñüêîìó êîíòàêòi ç íåòðèâiàëüíîþ ñòðóì-ôàçîâîþ
çàëåæíiñòþ (1). Íàñ öiêàâèòü îêðåìèé âèïàäîê ðîçâ'ÿçêiâ φ = φ (x− V t), ùî îïèñó-
þòü ïîøèðåííÿ õâèëi çi ñòàëîþ áåçðîçìiðíîþ øâèäêiñòþ V . ßêùî çàïðîâàäèòè íîâó
ïðîñòîðîâó çìiííó ξ = x − V t, òî äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó â ÷à-
ñòèííèõ ïîõiäíèõ (8) ïåðåòâîðèòüñÿ íà çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî
ïîðÿäêó

(
1− V 2

) d2φ
dξ2

=

√
1− ε2 sinφ

1− ε cosφ
= U ′ (φ) (9)

äëÿ ðiçíèöi ôàç φ (ξ), ÿêå ìîæíà ââàæàòè íüþòîíiâñüêèì ðiâíÿííÿì ðóõó ÷à-
ñòèíêè ìàñè 1−V 2 > 0 ó ïîòåíöiàëüíîìó ïîëi −U (φ). Âiäîìî, ùî êâàíò ìàãíiòíîãî
ïîòîêó â äîâãîìó äæîçåôñîíiâñüêîìó êîíòàêòi ïåðåíîñèòüñÿ òîïîëîãi÷íèìè ñîëiòî-
íàìè (ôëþêñîíàìè). Ñîëiòîíè � öå ïðîñòîðîâî ëîêàëiçîâàíi õâèëi, äëÿ ÿêèõ ìàþòü
âèêîíóâàòèñü òàêi ãðàíè÷íi óìîâè:

lim
ξ→−∞

φ (ξ) = 0, lim
ξ→+∞

φ (ξ) = ±2π, lim
ξ→±∞

dφ

dξ
= 0. (10)

Çíàêè ¾+¿ òà ¾−¿ îáèðà¹ìî äëÿ ôëþêñîíà òà àíòèôëþêñîíà âiäïîâiäíî. Áåç
âòðàòè çàãàëüíîñòi ìè áóäåìî ðîçãëÿäàòè òiëüêè ôëþêñîíè. Äëÿ ìîäèôiêîâàíîãî
ðiâíÿííÿ ñèíóñ-�îðäîíà (9) âäà¹òüñÿ îòðèìàòè ïåðøèé iíòåãðàë(

dφ

dξ

)2

=
2
√
1− ε2

ε (1− V 2)
ln

(
1− ε cosφ

1− ε

)
. (11)

Äëÿ ïîäàëüøîãî àíàëiçó öüîãî ðiâíÿííÿ ïðåäñòàâèìî éîãî ïðàâó ÷àñòèíó ó âè-
ãëÿäi ðîçêëàäó â ðÿä çà ïàðàìåòðîì ε(

dφ

dξ

)2

=
2
√
1− ε2

1− V 2

{
1− cosφ+

+∞∑
n=1

[
1− (cosφ)

n+1
] εn

n+ 1

}
. (12)

ßêùî D ≪ 1, òî â òàêîìó ÷àñòèííîìó âèïàäêó çàìiñòü ôîðìóëè (5) äëÿ ñòàëî¨
âåëè÷èíè q∞ áóäåìî ìàòè òàêó àñèìïòîòèêó:

q∞ ∼=
28ζ (3)

3π2

1

D
, D ≪ 1. (13)

Îñêiëüêè êîíñòàíòà q∞ ¹ íåñêií÷åííî âåëèêîþ, òî ç ôîðìóëè (2) âèäíî, ùî ïàðà-
ìåòð ε ¹ íåñêií÷åííî ìàëèì. Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (8) ïåðåòâîðþ¹òüñÿ íà
ñòàíäàðòíå ðiâíÿííÿ ñèíóñ-�îðäîíà φtt − φxx + sinφ = 0, ñîëiòîííi ðîçâ'ÿçêè ÿêîãî
¹ äîáðå âiäîìi [5]:

φ (x, t) = 4 arctg

(
exp

{
±x− x0 − V t√

1− V 2

})
.
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Àëå ÿêùî â ïðàâié ÷àñòèíi äèôåðåíöiàëüíîãî ðiâíÿííÿ (12) îáìåæèòèñü ëiíiéíîþ
çàëåæíiñòþ çà ïàðàìåòðîì ε, òî ìîæíà ïðèéòè äî öiëêîì iíòåãðîâíîãî äèôåðåíöi-
àëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó(

dφ

dξ

)2

=
4

1− V 2

(
sin

φ

2

)2
{
1 + ε

(
cos

φ

2

)2
}
,

ÿêå ¹ òîòîæíèì äî ïîäâiéíîãî ðiâíÿííÿ ñèíóñ-�îðäîíà. Ðîçâ'ÿçóþ÷è öå ðiâíÿííÿ
îòðèìà¹ìî

tg
(φ
2

)
+

√
1 + ε

sh (z)
= 0, z = ± (x− x0 − V t)

(
1 + ε

1− V 2

)1/2

.

ßêùî â ïðàâié ÷àñòèíi äèôåðåíöiàëüíîãî ðiâíÿííÿ (12) îáìåæèòèñü êâàäðàòè-
÷íîþ çàëåæíiñòþ çà ïàðàìåòðîì ε, òî îäåðæèìî ïîòðiéíå ðiâíÿííÿ ñèíóñ-�îðäîíà.

Íåõàé òåïåð D ≲ 1, òîäi çàìiñòü ôîðìóëè (5) äëÿ ñòàëî¨ âåëè÷èíè q∞ ìà¹ìî òàêó
àñèìïòîòèêó:

q∞ ∼=
π4

56ζ (3)
(1−D) , D ≲ 1. (14)

Íà æàëü, íåìîæëèâî çíàéòè òî÷íèé àíàëiòè÷íèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî
ðiâíÿííÿ ïåðøîãî ïîðÿäêó (11) äëÿ äîâiëüíèõ çíà÷åíü ïàðàìåòðà ε. Òîìó ìè çìó-
øåíi âäàâàòèñÿ äî ÷èñåëüíèõ ðîçðàõóíêiâ. Öå áóëî çðîáëåíî äëÿ êiëüêîõ çíà÷åíü
ïàðàìåòðà ε, ñåðåä ÿêèõ ¹ êðàéíi òà ïðîìiæíi çíà÷åííÿ.

Ïðîñòîðîâó ïîâåäiíêó ôàçè Äæîçåôñîíà, ÿêà çàäîâîëüíÿ¹ ìîäèôiêîâàíå ðiâíÿí-
íÿ ñèíóñ-�îðäîíà (9) äëÿ ôëþêñîíà, ïîäàíî íà Ðèñ. 3 ó âèïàäêó ðiçíèõ çíà÷åíü ïàðà-

ìåòðà ε. Ïðîñòîðîâó ïîâåäiíêó áåçðîçìiðíîãî ìàãíiòíîãî ïîëÿ
H

H0
=

dφ

dξ
, ÿêå ïðîíè-

êà¹ â ñåðöåâèíó ôëþêñîíà, ïîäàíî íà Ðèñ. 4. Òóò ìè ìà¹ìî âåëè÷èíó H0 =
ℏ

2eµ0λjΛ
,

ÿêó ïîäàíî ÷åðåç ïîâíó ãëèáèíó ïðîíèêíåííÿ Λ = λ1 + λ2 + d. Âåëè÷èíè λ1 òà λ2

¹ ëîíäîíiâñüêèìè ãëèáèíàìè ïðîíèêíåííÿ äëÿ íàäïðîâiäíèêiâ, à âåëè÷èíà d ¹ òîâ-
ùèíîþ òîíêî¨ äiåëåêòðè÷íî¨ ïëiâêè.

Íà îñíîâi Ðèñ. 3 òà Ðèñ. 4 ìîæåìî çðîáèòè òàêi âèñíîâêè: 1) ÿêùî ïàðàìåòð ε çðî-
ñòà¹, òî çðîñòà¹ òàêîæ i ïðèáëèçíà øèðèíà ôëþêñîíà, òàêå çðîñòàííÿ ¹ íàéáiëüø
ïîìiòíèì äëÿ ε → 1, àëå ¹ íåçíà÷íèì äëÿ iíøèõ âèïàäêiâ; 2) çíà÷íå âiäõèëåííÿ
âiä ñèíóñî¨äíî¨ ñòðóì-ôàçîâî¨ çàëåæíîñòi ðîáèòü ìåæi ôëþêñîíà áiëüø âèðàçíèìè.
ßêùî ε → 1, òî ïðîñòîðîâà ïîâåäiíêà ðiçíèöi ôàç φ ¹ ìàéæå ëiíiéíîþ ó ñåðöåâè-

íi ôëþêñîíà. Ãðàôiê çàëåæíîñòi áåçðîçìiðíîãî ìàãíiòíîãî ïîëÿ
H

H0
âiä ïðîñòîðî-

âî¨ êîîðäèíàòè ξ íàáëèæà¹òüñÿ äî ïðÿìîêóòíî¨ ôîðìè. ßêùî çíà÷åííÿ ïàðàìåòðà
ε ¹ íåáëèçüêèìè äî 1, òî ìåæi ôëþêñîíà ¹ äîñèòü ðîçìèòèìè. Ïðè öüîìó ìàêñè-
ìàëüíå çíà÷åííÿ H (ξ = 0) ìàãíiòíîãî ïîëÿ, ÿêå ïðîíèêà¹ â ñåðöåâèíó ôëþêñîíà,
çáiëüøó¹òüñÿ.

Ç àñèìïòîòèêè (14) âèäíî, ùî ñòàëà âåëè÷èíà q∞ ¹ íåñêií÷åííî ìàëîþ äëÿD ≲ 1.
Ó òàêîìó ÷àñòèííîìó âèïàäêó áåçðîçìiðíèé ïàðàìåòð ε áóäå áëèçüêèì äî 1. Îñêiëü-
êè äîïîìiæíèé ïîòåíöiàë U (φ) ñòà¹ áiëüø ïëîñêèì äëÿ àñèìïòîòè÷íîãî âèïàäêó,
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êîëè ε ≲ 1, òî ìè ìîæåìî ðîçâèíóòè äîïîìiæíèé ïîòåíöiàë U (φ) â ðÿä Òåéëîðà â
îêîëi ðiçíèöi ôàç φ = π. Îòæå,

U (φ) ≈ U (π) +
U ′′ (π)

2
(φ− π)

2
=

=

√
1− ε2

ε
ln

(
1 + ε

1− ε

)
− 1

2

(
1− ε

1 + ε

)1/2

(φ− π)
2
. (15)

×èñåëüíi ðåçóëüòàòè Ðèñ. 3 ïîêàçóþòü, ùî ïðîñòîðîâà ïîâåäiíêà ðiçíèöi ôàç φ
ó ñåðöåâèíi ôëþêñîíà ¹ ìàéæå ëiíiéíîþ äëÿ àñèìïòîòè÷íîãî âèïàäêó, êîëè ε ≲ 1.
Öå îçíà÷à¹, ùî ìè ìà¹ìî îáìåæèòèñü ó ðîçêëàäi (15) ëèøå ñòàëèì äîäàíêîì. ßêùî
çàïðîâàäèòè íîâèé ïàðàìåòð δ = 1− ε, òî δ → 0 äëÿ âèïàäêó, êîëè ε → 1. Çà òàêèõ
îáñòàâèí ïîñòiéíèé ÷ëåí ó ðîçêëàäi (15) ñïàäà¹ ÿê δ1/2 ln (1/δ), òîäi ÿê êâàäðàòè÷íèé
÷ëåí ñïàäà¹ øâèäøå, ÿê δ1/2. Äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó (11), ó
ñåðöåâèíi ôëþêñîíà, ìîæíà çàìiíèòè áiëüø ñïðîùåíîþ âåðñi¹þ:

dφ

dξ
=

√
2
√
1− ε2

ε (1− V 2)
ln

(
1 + ε

1− ε

)
≡ C (ε) , |ξ| < ξi, (16)

éîãî ðîçâ'ÿçîê

φ (ξ) = C (ε) ξ +A1, |ξ| < ξi. (17)

Ïðè ξ < −ξi φ ∼= 0, òîäi cosφ ∼= 1 òà sinφ ∼= φ. Öå äîçâîëÿ¹ ïåðåòâîðèòè ìîäè-
ôiêîâàíå ðiâíÿííÿ ñèíóñ-�îðäîíà (9) íà ëiíiéíå îäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ
äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè:

d2φ

dξ2
−

{(
1 + ε

1− ε

)1/4
1√

1− V 2

}2

φ = 0, ξ < −ξi. (18)

Ðîçâ'ÿçîê öüîãî ðiâíÿííÿ

φ (ξ) = A exp

{(
1 + ε

1− ε

)1/4
ξ√

1− V 2

}
, ξ < −ξi. (19)

Ïðè ξ > ξi φ ∼= 2π. Çàñòîñóâàííÿ íàáëèæåíü cosφ ∼= 1 òà sinφ = sin (φ− 2π) ∼= φ−
2π äîçâîëÿþòü ïåðåòâîðèòè ìîäèôiêîâàíå ðiâíÿííÿ ñèíóñ-�îðäîíà (9) äî ïðîñòiøî¨
ôîðìè:

d2φ

dξ2
−

{(
1 + ε

1− ε

)1/4
1√

1− V 2

}2

(φ− 2π) = 0, ξ > ξi. (20)

Çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ

φ (ξ) = 2π +A2 exp

{
−
(
1 + ε

1− ε

)1/4
ξ√

1− V 2

}
, ξ > ξi. (21)
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Ðèñ. 3: Ïðîñòîðîâèé ðîçïîäië ðiçíèöi ôàç φ äëÿ îäíîãî ôëþêñîíà â äîâãîìó äæîçåôñîíiâ-
ñüêîìó êîíòàêòi ç ðiçíèìè çíà÷åííÿìè ïðîçîðîñòi äiåëåêòðè÷íîãî ïðîøàðêó D. Îáðàõóíêè
ïðîâåäåíî äëÿ òåìïåðàòóðè T = 0.98 Tc òà áåçðîçìiðíî¨ øâèäêîñòi ôëþêñîíà V = 0.5.

×îòèðè íåâiäîìi ñòàëi A, A1, A2 òà ξi çíàõîäèìî çà äîïîìîãîþ òàêèõ ÷îòèðüîõ
óìîâ:

φ (−ξi − 0) = φ (−ξi + 0) , φ′ (−ξi − 0) = φ′ (−ξi + 0) ,

φ (ξi − 0) = φ (ξi + 0) , φ′ (ξi − 0) = φ′ (ξi + 0) .

Â ðåçóëüòàòi îòðèìó¹ìî:

ξi = −
√

1− V 2

(
1− ε

1 + ε

)1/4

+ π

{
2
√
1− ε2

ε (1− V 2)
ln

(
1 + ε

1− ε

)}−1/2

, (22)

A1 = π, A2 = −A òà A = χ exp

(
π

χ
− 1

)
, äå χ =

√
2 (1− ε)

ε
ln

(
1 + ε

1− ε

)
.

Âèñíîâêè

Â ðîáîòi äîñëiäæåíî âïëèâ àíãàðìîíi÷íîñòi íà äèíàìiêó ôëþêñîíiâ ó äîâãîìó
äæîçåôñîíiâñüêîìó êîíòàêòi. Ïîêàçàíî, ùî çi çáiëüøåííÿì àíãàðìîíi÷íîñòi ïðîíè-
êíåííÿ ìàãíiòíîãî ïîëÿ â îáëàñòü ôëþêñîíà ¹ áiëüø ðiâíîìiðíèì. Êðiì ÷èñåëü-
íèõ ðåçóëüòàòiâ, äëÿ àñèìïòîòè÷íèõ âèïàäêiâ îòðèìàíî é àíàëiòè÷íi ôîðìóëè. Äëÿ
ìàëèõ çíà÷åíü êîåôiöi¹íòà ïðîõîäæåííÿ åëåêòðîíiâ êðiçü áàð'¹ð ïîêàçàíî, ùî äëÿ
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Ðèñ. 4: Ïðîñòîðîâèé ðîçïîäië áåçðîçìiðíîãî ìàãíiòíîãî ïîëÿ
H

H0
=

dφ

dξ
äëÿ îäíîãî ôëþêñî-

íà â äîâãîìó äæîçåôñîíiâñüêîìó êîíòàêòi ç ðiçíèìè çíà÷åííÿìè ïðîçîðîñòi äiåëåêòðè÷íîãî
ïðîøàðêó D. Çíà÷åííÿ ïàðàìåòðiâ ¹ òàêèìè æ ÿê i ó âèïàäêó Ðèñ. 3.

âíóòðiøíüî¨ îáëàñòi |ξ| < ξi ïðîñòîðîâà ïîâåäiíêà ðiçíèöi ôàç îïèñó¹òüñÿ ëiíiéíîþ
çàëåæíiñòþ φ (ξ) = C (ε) ξ + π. Íàõèë ôëþêñîíà âèçíà÷à¹òüñÿ ñòàëîþ C (ε), ÿêà
ñïàäà¹ ÿê δ1/4

√
ln (1/δ) äëÿ âèïàäêó, êîëè ε → 1. Îñêiëüêè ñåðöåâèíà ôëþêñîíà

ðîçòàøîâàíà â îáëàñòi |ξ| < ξi, òî âåëè÷èíà ξi çà ñâî¨ì ôiçè÷íèì çìiñòîì ¹ íàïiâøè-
ðèíîþ ôëþêñîíà. Ç ôîðìóëè (22) äëÿ íàïiâøèðèíè ôëþêñîíà âèäíî, ÿêùî ε → 1,
òî ξi > 0. Öå ¹ íàñëiäêîì òîãî, ùî ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi ôîðìóëè (22)
ñòà¹ íåñêií÷åííî ìàëèì, à äðóãèé çáiëüøó¹òüñÿ. Ðîçðàõóíîê íàïiâøèðèíè ôëþêñîíà
íà îñíîâi àíàëiòè÷íî¨ ôîðìóëè (22) äà¹ çíà÷åííÿ ξi ≈ 2.74 äëÿ ïàðàìåòðiâ Ðèñ. 3,
ùî ¹ áëèçüêèì äî ÷èñåëüíîãî ðåçóëüòàòó.
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The in�uence of anharmonicity in the current-phase relation on the dynamics
of �uxons in tunnel Josephson junction for the temperature region close to the
critical one is theoretically investigated. The modi�ed sine-Gordon equation that
describes the �uxon dynamics in the long Josephson junctions with the nontrivial
current-phase relation is derived. This relation originates because the depairing
e�ects are taken into account. The dimensionless parameter ε measures the
deviation from the standard sinusoidal current-phase relation. This parameter
is related to the transmission coe�cient through the insulating barrier, D. The
presented second order partial di�erential equation is reduced to the �rst order
ordinary di�erential equation with respect to the new space variable, because
a general solution to the modi�ed sine-Gordon equation is considered to be
the traveling wave solution that propagates with the constant dimensionless
velocity. The numerical methods are used to analyze the spatial behavior of the
dimensionless magnetic �eld, because it is impossible to solve the problem for
arbitrary values of the dielectric layer transparency. This have been done for
several values of ε that include the extreme values and the intermediate ones.
The analytical results can be obtained in the case of in�nitesimal dielectric
layer transparency. In this case the the modi�ed sine-Gordon equation can be
simpli�ed. If only the lowest order of ε is taken into account we end up with
the standard sine-Gordon equation. The numerical analysis allows us to make
several conclusions. As the parameter ε, which measures the deviation of the
current-phase relation from the sinusoidal form, grows the approximate width
of the �uxon increases. This increase is well seen in the limit ε → 1 but is
insigni�cant otherwise. Signi�cant departure from the sinusoidal law makes the
�uxon borders more sharp. In particular, the phase distribution for ε ≲ 1 is
almost linear in the �uxon core. The magnetic �eld distribution in the limit ε →
1 is more box-like. For small and intermediate values of ε the �uxon borders are
rather blurred. At the same time the maximal value of the penetrated magnetic
�eld decreases.

Key words: sine-Gordon equation, current-phase relation, �uxon, Josephson
junction.


