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THE N =4 SUPERSYMMETRY OF ELECTRON IN THE MAGNETIC FIELD
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It is shown that the N=2,3,4 SUSY of Pauli Hamiltonian takes place in a three-dimensional
magnetic field possessing spatial symmetry with respect to the inversion of coordinates. For example,
the N=4 SUSY is realized in the field of magnetic octopole and the non-zero energy levels are 4-fold
degenerated. We also show that Dirac equation possesses the N=2,3.4 SUSY in a three—dimensional

magnetic field.
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I. INTRODUCTION

The notion of supersymmetry was introduced into
quantum field theory in order to unify bosons and
fermions [1-3]. After the appearance of these works the
idea of SUSY began to penetrate into other areas of
physics and mathematics. Supersymmetrical quantum
mechanics was proposed in papers [4, 5]. The motion
of electrons in the magnetic field is an interesting ex-
ample of quantum mechanical problem where SUSY is
physical symmetry. It is known that supersymmetry is
present in the case of an arbitrary two-dimensional mag-
netic field B, = B(z,y),B, = B, = 0 as well as in
a three-dimensional magnetic field B(—r) = £B(r) (see
for example [6-8] and the references therein). The field of
magnetic monopole is one of the examples where SUSY is
realized in a three-dimensional case [10-12]. SUSY also
takes place in the case of electron motion on the surface
orthogonal to the magnetic field [9].

In the present paper we show that electron motion in
a three—dimensional magnetic field with a somewhat dif-
ferent spatial symmetry with respect to the inversion of
coordinates possesses the N=2,3,4 SUSY as well.

II. SUPERSYMMETRIC QUANTUM
MECHANICS

Suppose that Hamiltonian H can be written in the
form:

H = Qj, (2.1)
where Qo is a self-adjoint operator called supercharge.
In addition let us postulate the existence of n selfadjoint
operators T; that anticommute with the supercharge:

{ Q07 Tz} = 0:

i=1,..n, (2.2)

and also fulfil the Klifford algebra:

{75, T)} = 264 (2.3)

As a result of (2.1) and (2.2) T; commutes with the
Hamiltonian

[H,Ti] = 0. (2.4)

Using the introduced operators we may construct super-
charges

Q]’ = iTon, _] = ].,...,TL. (25)

They fulfil N = n + 1 superalgebra together with Qo:

{Qi,Q;} =26; ;H,
[H,Q:] = 0.

i,j=0,1,...,m, (2.6)

Note, that the method of constructing one-dimensional
N-extended supersymmetrical quantum mechanics was
suggested in [13].

The introduced operators T; are useful for the study of
SUSY in real quantum mechanical systems. In sections 3
and 4 we are going to write operators T; in explicit form
for Pauli and Dirac Hamiltonians.

III. SUSY IN THE PAULI HAMILTONIAN

The Pauli Hamiltonian

H=—"(p-%A) 0B (3.1)
- 2m c s '
can be written in the form (2.1) where the supercharge
is

QOZLU(P—Z ).

e (3.2)
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Here A is an external vector potential, B = rotA is the
magnetic field.

A. N=2 SUSY

Let us consider a three—dimensional magnetic field
with the vector potential which possesses the following
spatial symmetry with respect to the inversion of z:

Am(xaya_z) = Az(xayaz)a (33)
Ay(ﬂfay:_z) = Ay(l’,y,Z),
Az(maya _Z) = _Az(mayaz)a

where dependencies on x and y are arbitrary. The mag-
netic field in this case has the following properties:

Bm(waya_z) = _Bx(wayaz)a (34)
By(l‘aya_z) = —By(ac,y,z),
Bz(xaya _Z) = Bz(xayaz)‘

Now one can find the operator that anticommutes with
the supercharge (3.2)

T=0.1,.

2 (3.5)
Here I3 is the operator of inversion in the direction of 3
(8 = z,y, z). Using the results of the previous section we
obtain the N=2 SUSY with supercharges Qg and Q1.
Note that magnetic field (3.4) covers the case of a two—
dimensional field where SUSY was discovered earlier.

B. N=3 SUSY

The N=3 SUSY is realized in a magnetic field with
the vector potential which possesses the following spa-
tial symmetry with respect to y and z

Ap(z, -y, 2) = As(2,Y, 2), (3.6)
Ay(z, —y,2) = —Ay(2,y,2),
Az, —y,2) = A.(2,y,2),
Ag(z,y, —2) = As (2,9, 2),
Ay(z,y,—2) = Ay(z,y,2),
Ay(r,y, —2) = —A.(2,y,2),

where the dependence on z is arbitrary. The magnetic
field has the opposite parity in comparison with A (3.6).
Now there are two operators that satisfy (2.2) and (2.3)
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T, =o,l,, T.=o0.1I.. (3.7)

Thus, using (2.5) we shall come to the N=3 SUSY.

C. N=4 SUSY

The N=4 SUSY is realized when the vector potential
possesses the following spatial symmetry with respect to
the inversion of z,y and z:

Ag(—wg) = —Ap(zp), (3.8)

ﬂ:w7y7’z7

and is even with respect to other variables. The magnetic
field which corresponds to the vector potential (3.8) has
the opposite spatial symmetry

Ba(—p) (3.9)

= Bp(zp),

and is odd with respect to other variables. T" operators
here must be as follows

Ts =opls, B==x,y,z, (3.10)
and using (2.5) we finally obtain the N=4 SUSY. The
degeneracy of energy levels connected with the N SUSY
is equal to 2[N/2l where [N/2] means the integer part of
the number. Thus, for the case of (3.8) energy levels are
four-fold degenerated. As an interesting example of the
N=4 SUSY system we can adduce the electron motion
in the field of magnetic octopole.

To conclude this section we want to note that oper-
ators (3.10) satisfy simultaneously both (2.3) and the
following algebra:

[T, T = 27T, (3.11)
[T, Tp] = i2¢°7T,,
[T, Tps] = i2¢*°7T,,
where
T, = IT,, (3.12)

I = I, I,I. is the operator of full inversion. Hamilto-
nian commutes with T, and T,. The supercharge Qg also
commutes with T, . It is also interesting to note that the
operator of inversion anticommutes with the supercharge

Qo:

{1,Q} =0, (3.13)
but commutes with T,:
[I,T.] =0. (3.14)
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Thus (3.11), (3.13) and (3.14) together with (2.1)-(2.4)
fulfil the so-called generalized algebra of supersymmet-
rical quantum mechanics where commuting 7' operators
are present [14].

IV. SUSY IN THE DIRAC HAMILTONIAN
The Dirac Hamiltonian reads:
Hp = ca(p — EA) + Bmc?, (4.1)
c

where
0 oy 1 0
w=(o 7)) =0 )

Let us introduce the matrices which are connected with
the electron spin:

E_JAYO
7_007'

The supercharge commuting with Hp reads:

(4.2)

(4.3)

e
Qo=cS(p - “A). (4.4)

Squaring of Qg gives squared Dirac Hamiltonian
Q% = H —m’c* = H, (4.5)

where H can be called a new Hamiltonian.

Similarly to Pauli Hamiltonian, H also possesses the
N=2,3,4 SUSY in the case of respective fields (3.3), (3.6)
and (3.8). T operators for Dirac Hamiltonian read:

Ty =B1,Y,, a=uzy,z. (4.6)
They anticommute with Qo (4.4):
{Qo,Ta} =0 (4.7)
and commute with Hp
[T, Hp] = 0. (4.8)

Thus Qp, Qs = BI,XaQo and H also fulfil the SUSY
algebra (2.6).
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N = 4 CYIIEPCUMETPIA EJIEKTPOHA B MATHETHOMY IIOJII

B. M. Tkauyk, C. I. Bakapuyxk
JIveiscokuli deporcasnut ynisepcumem imens Ieana Pparnka, xapedpa meopemuunor diduru
Vrpaina, JIveis, 290005, eys. Upazomarosa, 12

Cynepcumerpis Gysia nmpencraBieHa Bieplie B KBAaHTOBIH Teopil mosig 3 meror o6’enHaru 6030HU Ta dep-
mionu. Haui imess cynepcumerpil moyasia nponukaru B inmn obstacti ¢izuku ta maremaruku. Cynepcumerpudna
KBaHTOBA MexaHika 0yJia 3ampornoHoBaHa B mpausx [4, 5. [likaBum mpukjagoM KBaHTOBOMEXAHIUHOI 3amadl, me
cynepcuMmerpia € pi3MIHOI0 CUMETPIEI0, MOXKe OYTH PyX eJIeKTPOHA B MarueTHoMy noJuii. [Jobpe Bimomo, mio cymep-
CHMETPis peasi3y€eTbCa B MOBLIBHOMY ABOBAMIPDHOMY MarHeTHOMY moJi i y TpuBmmipaomy mosti B(—r) = £B(r).
Cymnepcumerpist Ma€ Micue mpu pyci eJIEKTpOHA IO TIOBEPXHI, OPTOrOHAJILHI 10 MarHeTHoro moJis. Sk mpukJiamn
SUSY B TpuBuMipHOMY TOJII MOXKHA TAKOXK BIAMITHTH POGOTH, IO CTOCYIOTHCSA CyNEepCHMeTpii eJIeKTPOHA B MOJIL

MarHETHOI'O MOHOIIOJIA.

B maniii pobori mokasano, mo N=2,3,4 SUSY peasizyerncsi B TPUBUMIPHOMY MAarHETHOMY TIOJIi, sIK€ BOJIOIIE

MMEBHOIO NMTPOCTOPOBOIO CUMETPi€io BimHocHO iuBepcii koopamuar. Hampukitan, N=4 SUSY peasisyernscsa B moJti

CHMETPUIHOTO MAarHeTHOTO OKTYIIOJIs, i HEHYJIbOBL eHepreTuvHi piBHi € 4-kparHo BupomxkeHi. [lokasano, mo pis-

aanag [lipaka Ttex Bostomie N=2,3,4 cymepcuMeTpi€io B TPUBAMIPHOMY MArHETHOMY ITOJIi.
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