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I. INTRODUCTION

In this paper we intend to review and summarize some

recent developments in the theory of inhomogeneous as-

sociating uids. In addition, some original results are

presented and some problems which must be solved in

future studies are discussed.

Inhomogeneous associating uids, abbreviated in what

follows as IAFs, represent a challenging subject of inves-

tigation in statistical mechanics. Several important prob-

lems of chemistry and chemical engineering involve IAFs.

Adsorption and coadsorption, chemisorption and corro-

sion, heterogeneous catalysis on crystalline and noncrys-

talline materials, chemical reactions at gas{liquid and

liquid{liquid intefaces are particular examples involving

inhomogeneous chemically associating (reacting) uids.

Such IAFs are di�cult to study. They combine all the

complexity of the description of the bulk associating u-

ids with the additional di�culties of the interface.

The phenomena which occur in IAFs are much richer

than those which take place in the bulk. These phenom-

ena are complex because of nonassociative interactions

and of the speci�c features of the associative interac-

tions and of inhomogeneity. Therefore, it is necessary to

introduce simpli�cations which provide the possibility of

obtaining an analytical or a numerical solution. Only the

simplest models of IAFs which give insight on a restricted

set of interfacial phenomena have been studied. However,

a successful desription of adsorption can be reached, even

within the framework of such simpli�ed theoretical pro-

cedures. In this study we restrict ourselves to the case

of an associating uid in contact with the solid surface.

Association in a liquid{liquid interface is not considered.

The theory of IAFs has bene�ted from the methods

and results of the theory of the bulk associating uids

(AFs). It is a rapidly developing area, especially during

the last decade. The most important earlier contribu-

tions are due to Andersen, Chandler and Pratt, H�ye

and Olaussen [1{3]. In 1984 Cummings and Stell [4]

and Wertheim [5] initiated systematic studies of asso-

ciating bulk uids. In Ref. [4], and subsequent series

of papers of Stell and collaborators [6{8], a model of

hard spheres with a spherically symmetric associative

potential has been examined by means of the standard

Ornstein{Zernike (OZ) equation with standard liquid

state closures. This approach was applied immediately

to ionic associating uids by Rasaiah et al. [9{12]; later

more sophisticated models with electrostatic interactions

have been studied [13, 14].

However, subsequent developments showed that the

usual liquid state closures lead to deviations from the

law of mass action and are not completely adequate

for the calculation of the degree of association on the

strength of associative interaction and the density of the

uid. To overcome this di�culty, Stell and Zhou [15{

17] have proposed a thermodynamic scheme to evaluate

the equilibrium association constant. If one focuses on

the determination of the structural properties, this ther-

modynamic scheme must be introduced into the theory.

Particular examples of this approach are the extended

mean spherical approximation (EMSA) and the \site{

site" EMSA which uses the \site{site" OZ equation re-

formulated for the particle{particle correlations and for

the incomplete association [18{20]. These approxima-

tions have been used for the heterogeneous dimerization

reaction (A+B

*

)

AB).

The theory of Wertheim [5, 21{23] is constructed in a

di�erent way. It uses a fugacity expansion as a corner-

stone, in contrast to the method briey reviewed above.

Diagrammatic expansions of the grand partition sum and

one-particle distribution function then permit the dis-

tinction of the densities of the nonbonded and bonded

particles. The OZ equation is reformulated in terms of

these densities and an OZ-like equation results. The

particle{particle correlation functions are given as linear

combinations of the partial correlation functions which

correspond to those nonbonded and bonded species. This

theory has been exploited extensively by di�erent groups
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to study nonionic and ionic associating systems in a set

of recent publications [24{29]. Originally the theory of

Wertheim was developed for a highly directional asso-

ciative interactions. Later, Stell and Kalyuzhnyi have ex-

tended this approach for a spherically symmetric inter-

actions [20, 30]. We will not make a detailed overview of

the theory of the bulk systems as our aim is to discuss

IAFs.

The study of IAF's has been initiated very recently.

Di�erent methods have been applied. Kierlik and Rosin-

berg [31{33] have constructed a density functional ap-

proach for IAFs on the basis of Wertheim's theory.

However, they considered only systems in which the

monomers cannot penetrate each other, i.e. there is no

contraction of the volume during the formation of mul-

timers. Similar dimerizing models have been considered

in Refs. [34, 35] by means of the associative analogue of

the Henderson{Abraham{Barker (HAB) integral equa-

tion [36, 37]. We have investigated those models which

permit a contraction of the volume of dimers in respect

to the monomers [38{46]. These models are reviewed in

the present paper.

Two levels of the description of inhomogeneous sim-

ple uids [37] have been developed, namely the singlet

level theory (SLT) and the pair level theory (PLT). The

SLT is simpler than the PLT and, as a result, has been

most frequently applied to IAFs. To our best knowledge,

the only attept to implement the PLT for IAFs has been

undertaken in Ref. [46]. Therefore, in what follows we

emphasize the SLT and the results obtained from this

method. Structureless and crystalline surfaces are dis-

cussed in detail. The PLT is discussed more briey. In

addition, we present some Monte Carlo simulation re-

sults.

II. SINGLET LEVEL THEORY FOR

DIMERIZING FLUIDS ON THE

NONCRYSTALLINE SURFACES

A. General consideration

The singlet level theory is the most straightforward

way to obtain the density pro�les (DPs). We shall use it

in this and following sections. The models under study

are described by the following potential energy

U

pot

=

X

m;n=A;B

X

i<j

U

mn

(r

ij

) +

X

m=A;B

X

i

U

m

(z

i

); (2.1)

where the �rst term is the potential energy of the bulk

uid and the second term corresponds to the uid{

surface interactions. It is chosen as

U

m

(z) =

�

1; z � 0

0; z > 0

; (2.2)

i.e. we study the associating uid near a hard wall.

The planar, impenetrable, wall is formed as a result

of a limiting procedure in which the concentration of the

wall particle species is taken to tend to zero whereas

the diameter of the wall particles tends to in�nity [36].

This is the so-called wall limit which provides the singlet

level description of the interfacial properties. The singlet

level Percus{Yevick (PY1) and singlet hypernetted chain

equation (HNC1) are the most popular approximations

for the DPs. They read, respectively

y

m

(r

1

) = 1 (2.3)

+

X
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�

n

Z

dr

2

c

mn

(j r

1
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(r

2

)
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)� 1];

y

m
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) (2.4)

= expf

X

n

�

n

Z

dr

2

c

mn

(j r

1

�r

2

j)[y

n

(r

2

)

n

(r

2

)� 1]g;

where y

m

(r) is the one-particle cavity distribution

function, 

m

(r) is the Boltzmann factor, 

m

(r) =

exp[��U

m

(r)], and c

mn

(r) are the direct correlation

functions of the bulk uid. The HNC approximation con-

sists in setting the bridge function, B(r), equal to zero.

The c

mn

(r) represent the only input necessary to obtain

the DPs, �

m

(r); �

m

(r) = �

m

g

m

(r) = �

m

y

m

(r)

m

(r): Be-

fore describing the models for the bulk associating uids

it is worth noting that for the �-like (sticky) associa-

tive interactions, used in the majority of the previous

studies, the direct correlation functions contain a term

proportional to the �{function which must be treated an-

alytically while solving the Eqs. (2.3), (2.4) numerically.

This �-type interaction results from the transformation

proposed by Baxter [47] which is employed to yield an

analytical solution of the model AF. In the case of a

square well associative interaction, the singlet level can

be solved numerically without di�culty. We prefer to

use the square well interaction and a numerical solution

of the integral equations for the IAFs, because numeri-

cal methods are required when more sophisticated forms

for the interparticle and particle{surface interactions are

considered.

B. Bulk input into the singlet level theory

We focus on the model of Cummings and Stell [4] pro-

posed for heterogeneous association, A+ B

*

)

AB. It is

de�ned by the following interaction potentials

U

AA

(r) = U

BB

(r) =

�

1; r < �

f

0; r > �

f

; (2.5)

and

U

AB

(r) = U

BA

(r) (2.6)
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where �

A

= �

B

= �

f

is the diameter of the spherically

symmetric monomers (without any loss of generality we

assume �

f

= 1). The associative interaction between the

A and B species has the form of a square well with

the width w located at the bonding distance L

b

. The

strength of the associative interaction is given by the

depth of the square well "

b

. The height of the square

mound "

m

is chosen to satisfy the condition e

��"

m

� 0:

The associative interaction is spherically symmetric and

for L

b

+0:5w < 1=2; steric saturation occurs at the dimer

level, i.e. higher order complexes are not formed. This

model has been solved analytically under equimolar con-

ditions (�

A

= �

B

= �=2, � is the total density of parti-

cles) by means of the Percus{Yevick (PY) approximation

[4], the extended mean spherical approximation (EMSA)

[20], a reformulated site{site EMSA, and the associative

Percus{Yevick approximation (APY) [5]. An analytical

solution can be obtained only by a transformation of the

square well potential to a delta function. However, as

mentioned above, the importance of obtaining an ana-

lytical solution decreases if one needs to apply the bulk

direct correlation functions in Eqs. (2.3), (2.4) because

even for quite simple uid{solid potentials, Eqs. (2.3),

(2.4) must be solved numerically. A numerical solution

of the equations for the bulk model is more convenient

when the square well associative interaction is in the form

given by Eq. (2.6). However, we have performed calcula-

tions of the DPs for the models with intracore sticky po-

tential by using the PY approximation [38{41]. In order

to omit problems arising in the evaluation of the degree

of association, a more sophisticated theory provided by

the EMSA has been applied [43]. The EMSA consists of

the OZ equation

h

mn

(r

12

)� c

mn

(r

12

) =

X

k

�

k

Z

dr

3

h

mk

(r

13

)c
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(r
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); (2.7)

and closure relations

h
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b
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2

b

p

�

m

�

n
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c
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�

mn

3[�

b

(1� �

mn

) + �

mn

]

4�rL

2

b

p

�

m

�

n

e

�Kr

; r > 1; (2.9)

where K is the correlation length dependent on the de-

gree of dimerization �

b

in the following way

K

2

=

3(1� �

2

b

)

(�

b

L

b

)

2

: (2.10)

The EMSA requires the degree of dimerization �

b

as an input parameter. We calculate it according to

the scheme used in Ref. [20] and modi�ed for a two-

component case (see [43] for more details). The direct

correlation functions obtained from the numerical solu-

tion of the EMSA are then used in the PY1 approxima-

tion to calculate the DPs.

The reformulated \site{site" EMSA (SSEMSA) ap-

proximation is a more re�ned treatment. Actually, Eqs.

(2.8) and (2.9) constitute a simpli�ed version of the

SSEMSA. The SSEMSA comprises following closures

h

mn

(r) = �1 +

!

mn

(r)

p

�

m

�

n

; r < 1; (2.11)

and

c

mn

(r) = �

[!

�1

]

mn

p

�

m

�

n

; r > 1; (2.12)

where !

mn

(r) = (1 � �

mn

)�

b

F

(as)

(r)=K

0b

is the in-

tramolecular structure factor under o�-con�nement con-

ditions [19], F

(as)

(r) = f

AB

(r) � f

(hs)

AB

(r) is the di�er-

ence between the Mayer functions of the model with as-

sociative interactions and a corresponding hard sphere

model [20]. The parameter K

0b

is the equilibrium asso-

ciation constant of dimerization reaction at in�nite dilu-

tion. It can be expressed in terms of the parameters of

the square{well associative interaction as follows [4]

57



D. HENDERSON, O. PIZIO, S. SOKO LOWSKI, A. TROKHYMCHUK

K

0b

=

�

3

e

�"

b

[12L

2

b

w + w

3

]: (2.13)

The elements of the reverse matrix in Eq. (2.12) are cal-

culated numerically for the square{well associative inter-

action. Actually, the EMSA closure given by Eq. (2.9) in-

cludes the long{range asymptotics of the SSEMSA, Eq.

(2.12). The EMSA and SSEMSA results coincide for high

densities. The EMSA becomes less adequate at lower

densities , in contrast to the SSEMSA which agrees well

with the simulation data for a wide range of densities

[20].

The SSEMSA is the most sophisticated approach de-

veloped within the framework of the theory of Stell et

al. for the description of structural properties. It can be

used successfully as input into the singlet level equations

for the density pro�les. Some of the results which involve

the bulk SSEMSA are presented in the next section.

As we have noted in the description of the interparticle

interactions, when L

b

+ 0:5w > 0:5 the spherically sym-

metric associative interaction in the models for homo-

geneous and heterogeneous association [4] allow for the

formation of not only dimers but also of chain{like and

branched structures made of monomeric units. To gen-

erate longer dimers without chains and branched struc-

tures, one must use a highly directional associative in-

teraction.

Therefore it is worth discussing the model for asso-

ciation which comprises a highly directional associative

interaction and serves to demonstrate an application of

the theory of Wertheim. Study homogeneous associa-

tion for simplicity. Consider in contrast to the intra-

core nonsticky associative shell investigated above, a one-

component shielded sticky point model for an associating

uid. This was introduced originally in Refs. [5, 48] and

has been studied by us near a hard wall in Ref. [42]. It is

characterized by the following interparticle interaction

U(1; 2) = U

(ref)

(j r

12

j) + U

(as)

(x

12

); (2.14)

where x

12

=j r

12

+ d(


1

) � d(


2

) j, d(
) denotes

the position and orientation of the interaction site lo-

cated inside a hard core of the particles determined by

U

(ref)

(j r

12

j);

U

(ref)

(j r

12
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8

>

>

>
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>

:

1; r
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< L

b

"

m

; L

b

< r

12

< �

f

0; r

12

> �

f

; (2.15)

and where the associative potential is

U

(as)

(x) =

�

�"

b

; x < a

0; x > a

: (2.16)

Some of the notation has been introduced before and

need not be explained again. The parameter a describes

the range of action of the associative potential. In order

to ensure steric saturation at the dimer level, one must

choose the bonding distance L

b

, the position of the intra-

core site d (d =j d j) and range of associative potential a

in a speci�c manner, namely L

b

< 2d+a < L

b

�(2�

p

3)d.

This model permits an analytical solution in the delta

function limit (see, eg. [48] for more detail), which is

similar to the transformation of a square well into the

��type potential according to the recipe of Baxter [47].

An analytic solution has been obtained using Wertheim's

theory in the associative Percus{Yevick approximation.

This provides partial pair correlation functions h

��

(r)

(�; � = 0; 1 for nondimerized and dimerized particles,

respectively) which form the familiar total correlation

function

h(r) = h

00

(r) (2.17)

+(1� �

b

)h

01

(r) + (1� �

b

)

2

h

11

(r):

As previously, �

b

is the degree of dimerization. One can

apply either h(r) or c(r) as an input for the singlet level

theory of associating uids.

Usually the direct correlation function is used for nu-

merical solutions because it is shorter{ranged than the

pair correlation function. The direct correlation function

follows from the numerical solution of the standard OZ

equation with the given h(r): This is the scheme applied

in Ref. [42] to evaluate the DPs of particles near a hard

wall and in a slit{like pores.

With these comments we terminate the description of

the bulk models. In the next section the density pro-

�les obtained for models with di�erent forms of the one-

dimensional external �eld U

m

(z) are discussed.

C. Density pro�les for associating uids near

structureless surfaces

Consider �rst the case of a hard wall. This is the sim-

plest model which includes the geometrical constraints of

the solid surface. We postpone investigation of more so-

phisticated uid{solid interactions (Yukawa type, etc.).

The hard wall case is determined by U

m

(z) given by

Eq. (2.2), i.e. a nonassociative hard wall is located at

z = 0. The nonassociative adsorption on the idealized

structureless surface is studied. The DPs of a heteroge-

neously dimerizing uid (the model of Cummings and

Stell [4]) are presented in Figs 1 and 2. They have

been calculated within the framework of the PY1/EMSA

and HNC1/EMSA approximations. We have chosen here

L

b

= 0:42.

The model is studied at high densities (� = 0:646

(Fig. 1) and � = 0:821 (Fig. 2)) and high degrees of

dimerization (�"

b

= 4:25, see Fig. 1 of Ref. [43]). There-

fore, possible inaccuracies of the EMSA are minimized. A

comparison with our MC simulation data [49] shows that,

in general, the PY1 and HNC1 approximations provide

an adequate description of the DPs. Some inaccuracies
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are observed in the vicinity of the wall. It is worth not-

ing that for increasing density, the contact adsorption of

the AF under study increases, similarly to the case of a

hard sphere uid. The oscillating behaviour of the DPs

for high packing fractions and for high degrees of asso-

ciation reects the tendency for the formation of a mul-

tilayer structure near a hard wall. The cusp at z � L

b

,

demonstrates the presence of dimer species in the ad-

layer. A comparison with the MC data shows that the

HNC1/EMSA approximation overestimates the contact

value of the DP whereas the PY1/EMSA underestimates

it slightly. In general the PY1 approximation is prefer-

able.

Fig. 1. The total local density �(z) for � = 0:646 and

�"

b

= 4:25. The solid line is for PY1/EMSA, the dashed

line is for HNC1/EMSA, the squares are the MC simulation

results [23].

Fig. 2. The same as in Fig. 1 at � = 0:821.

We have already discussed the e�ect of association on

the DPs for this model in the PY1/PY and PY1/HNC

approximations [38, 39]. The contact value of the DPs is

lower for an associated uid compared to a hard sphere

uid. For the states of incomplete association monomers

adsorb easier on the wall than the dimers. However, for

a highly dimerized uid, such as presented in Figs. 1 and

2, the adlayer is mainly composed of the dimer species

which prefer to lie parallel to the wall plane. This fol-

lows from the position of the cusp. One cannot discuss

the lateral correlations in detail when only the DPs are

available. It is worth noting that the simulation data

show that some of the dimers are tilted with respect to

the surface which results in a shift into the bulk of the

position of the center of mass of the dimers [49]. In gen-

eral, the correlations in the normal direction decay faster

for the increasing dimerization. This e�ect, in particular,

leads to a weak oscillation of the solvation force for the

associated uids in slit{like pores [50].

It is of special interest for various chemical problems to

formulate a more sophisticated model for the bulk uid{

solid interactions. In particular, an interplay between the

attractive and repulsive interactions would lead to the

possibility of wetting. Here, we would like to focus on

another issue, namely on the penetrability of the surface.

Modelling of penetrability is important in di�erent appli-

cations. For example, in experimental studies of colloidal

systems, the surface of a colloid is often made by means

of a chemical reaction at the interface [51]. In general,

surface chemical reactions represent a novel fascinating

subject of research.

On the other hand, even in the absence of a sur-

face chemical reaction, the incorporation of certain bulk

species into the composite penetrable interfacial region

would lead to the behaviour of the solvation force be-

tween the solid surfaces which is similar to experiment

[52]. As an initial step in the study of the e�ects of pene-

trability, we consider a simple model of a �nite gaussian

barrier for the particle{surface interactions [53] which

has been used for the case of simple uids [54]. It is cho-

sen in the form of

U

m

(z) = h

m

[1 + (2!

�1

j z j)

9

]

�1

; (2.18)

where ! is the halfwidth of the barrier located at z =

0. The parameter h

m

denotes the height of the bar-

rier for the species m. The DPs for the model de�ned

by Eqs. (2.5), (2.6) and (2.18) are calculated by using

the HNC1/EMSA approximation. The HNC1 is used

because it is successful for simple uids in the pres-

ence of penetrable barriers [54]. The DPs are shown in

Figs. 3 and 4. We assume h

A

= h

B

= h for simplic-

ity and transparency of analysis and consider a dense

(� = 0:57) highly dimerized uid (�"

b

= 4:0, �

b

= 0:879

for L

b

= 0:42). In the case of a wide barrier (Fig. 3,

! = 1:42 which coincides with dimer length) one ob-

serves a maximum of the DP at z = 0 in spite of a maxi-

mum repulsion at the center of the barrier. However, the

value of the DP at z = 0 is higher for a hard sphere

uid, reecting a higher penetrability of the monomeric

units compared to the dimers. The �rst maximum of the

DP outside the barrier is of the same order for the hard

sphere and the highly associated uid. The decay of cor-

relations outside the barrier is somewhat faster for the

highly dimerized uid. With increasing strength of repul-

sion, the height of the local maximum at the center of

barrier decreases. It decreases faster for a highly dimer-

ized uid.
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Fig. 3. Density pro�les of particles inside and near the isolated barrier for hard spheres (dashed curves) and highly dimerized

uid (solid curves) for � = 0:57; ! = 1:42, h = 1 (a) and h = 4 (b).

Fig. 4. Density pro�les of particles inside and near the isolated barrier for hard spheres (dashed curves) and highly dimerized

uid (solid curves) for � = 0:57; ! = 0:5, h = 1(a) and h = 4(b).

For a narrow barrier (! = 0:5, Fig. 4), there is no

local maximum of the density in the center of barrier.

This local maximum arises only for barriers whose width

is commensurate with the length of dimer species. Also a

di�erence in the height of the �rst maximum of the DP

outside barrier is observed for the hard sphere and the

highly dimerized uid. The dimers prefer to be adsorbed

on the surface of the barrier and are mostly parallel to

the surface. It is worth noting that there is no cusp on

the DP, in contrast to the case of a hard wall. In general,

the di�erent penetrability of the monomeric and multi-

mer species can be used to form adlayer with speci�c

composition.

Now let us proceed and describe the DPs which follow

from the application of Wertheim's theory for a model

of homogeneous association near a hard wall de�ned

by Eqs. (2.14)-(2.16). Actually here we pursue di�erent

goals. As it has been discussed in the introduction, a uni-

versal theory for the bulk associating uids which is suc-

cessful for a wide range of densities is not available. The
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DPs for the di�erent models discussed above correspond

to high densities. The two-density formalism developed

within the framework of Wertheim's theory [5] is success-

ful for low densities. In Figs. 5 and 6 we show the results

for the DPs calculated in the PY1/APY approximation.

Fig. 5. The dependence of the normalized density pro�les

g(z) on K

0b

. The bulk uid density is � = 0:1, L

b

= 0:5. The

curves from the bottom at z = 0 are for K

0b

= 1000, 100, 50,

20, 10, 5, 1 and 0.

Fig. 6. The dependence of the normalized density pro�les

g(z) on � evaluated for K

0b

= 5, L

b

= 0:5. The curves from

the bottom at z = 0 are for � = 0:2, 0.4, 0.5, 0.6, 0.7 and

0.75.

The dependence of the normalized DPs g(z) on the

strength of the associative interaction for the model with

L

b

= 0:5 is presented in Fig. 5. Similarly to other asso-

ciating uids a small extent of the particle{wall correla-

tions is observed. The cusp at z = L

b

indicates the pres-

ence of the dimerized species in the adlayer. An impor-

tant e�ect worth discussing is the decrease of the contact

value of the DPs for increasing level of dimerization. For

a highly dimerized uid at low density, the contact value

of the DP on the wall can become less than unity, i.e. the

so-called depletion of the pro�le is observed. For higher

densities, a lowering of the contact value of the DP on

the wall is obtained at increasing level of dimerization.

As expected, at �xed strength of association (�xed K

0b

),

longer range of the uid{wall correlation is observed for

increasing density. For higher densities the packing e�ect

prevails and the role of association is weaker. As before,

association is manifested by the cusp at L

b

(Fig. 6), even

in the presence of multilayer structure due to the pack-

ing e�ects. In general, the contact values for the DPs of

the shorter dimers are lower compared with the case of

longer dimers.

It is worth discussing briey another important issue

which results from the application of Wertheim's the-

ory, that we had not realized previously. It is possible to

treat the associating uid{solid interactions in detail and

distinguish between the e�ects of the bonded and non-

bonded species in the contact adlayer and in the vicinity

of the surface. This information is probably less impor-

tant in thermodynamic aspect (for example, the adsorp-

tion isotherms resulting from both contributions). How-

ever, it gives an insight into the structure of the adlayer

and its composition. It is possible to develop associative

closures for the uid{solid interactions which distinguish

betweeen the bonded and nonbonded species and as a re-

sult one could discuss a number of dimers, for example,

over a speci�c position on the surface.

III. SINGLET LEVEL THEORY FOR

DIMERIZING FLUIDS IN CONTACT WITH

CRYSTALLINE SURFACES

A. General consideration

In this section we use the basic equations for the den-

sity pro�les, given by Eqs. (2.3), (2.4) using the PY1 and

HNC1 approximation. However, with crystalline surfaces

it is necessary to develop additional procedures. We focus

on the PY1 equation because its transformation for crys-

talline surfaces is more straightforward and contains less

technical details. The HNC1 implementation for crys-

talline surfaces is more cumbersome. It has been pre-

sented recently in our paper [40] and we omit that pro-

cedure for the sake of brevity. Consider nonassociative

crystalline surfaces �rst , where there is no associative

interaction between the uid particles and atoms which

constitute the solid subsystem. In this presentation we

follow the method of Steele [55]. It is assumed that the

summation of interactions between a given uid particle

and all the atoms of the solid leads to the formation of

e�ective potentials between the uid particle and solid

as a whole. The potential energy of these interactions is

given as

U

pot

fs

=

X

m=A;B

X

j

U

m

(r

j

): (3.1)

The uid{solid potentials U

m

(r

j

) are periodic functions

in the surface plane. Thus U

m

(r

j

) = U

m

(r

j

+ l), where

l =l

1

a

1

+ l

2

a

2

, a

1

; a

2

, are two-dimensional unit lattice

vectors and l

1

; l

2

are integers. Following to Steele [55], the
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nonassociative interaction potential between the spheri-

cally symmetric particles of the bulk uid and solid sur-

face are given as

1

"

fs

U

m

(r

j

) = E

m;0

(z

j

) + �

X

l>0

E

m;l

(z

j

)f

l

(s

1

; s

2

); (3.2)

where the �rst term describes the interaction averaged

over the solid atoms and the second term represents all

the e�ects due to the crystalline symmetry of the surface.

For all the details concerning these potentials we refer to

Ref. [55]. The distance between the uid particle and the

surface is measured in dimensional units, i.e. in terms of

the length of the unit lattice vector. The parameter �

can be used to magnify or decrease energetic e�ects of

periodicity. The functions f

l

(s

1

; s

2

) have been given by

Steele for some types of the crystalline lattices. We shall

use also the estimates of Steele for the energy parameter

"

fs

.

Because of the periodicity of the crystal surface plane,

all the functions which characterize the position of the

uid particle over the surface can be expanded into a

two-dimensional Fourier series

 

m

(r

j

) =

X

q>0

 

m;q

(z

j

) exp(�iqt

j

); (3.3)

where  

m

(r

j

) stands for y

m

(r

j

) or 

m

(r

j

) and �

m

(r

j

),

as appropriate. The vector t is the two-dimensional

translation vector in the plane parallel to the surface,

t =s

1

a

1

+ s

2

a

2

in which s

1

; s

2

range from 0 to 1 as

the position of a uid particle moves over a unit sur-

face cell. The vector q is the reciprocal lattice vector,

q =2�(q

1

b

1

+q

2

b

2

);where b

1

;b

2

are two-dimensional re-

ciprocal lattice unit vectors and q

1

; q

2

are integers. In-

verse transformation of Eq. (3.3) yields the expansion

coe�cients

 

m;q

(z

j

) = a

�1

s

Z

dt

j

e

iqt

j

 

m

(r

j

); (3.4)

where a

s

is the area of the unit lattice cell. Using the

transformation (21), the PY1 equation is rewritten in

the form

y

m;q

(z

i

) = a

�

m

�

q;0

+ (3.5)

X

q

1

+q

2

=q

X

n=A;B

�

n

Z

dz

j

y

n;q

2

(z

j

)

n;q

1

(z

j

)c

mn

(z

ij

; j q j);

where

a

�

m

= 1� 2�

X

n=A;B

�

n

Z

drr

2

c

mn

(r); (3.6)

and

c

mn

(z

ij

; q) (3.7)

= 2�

X

n=A;B

�

n

Z

drrJ

0

(qr)c

mn

([z

2

ij

+ r

2

]

1=2

);

and where J

0

(qr) is the Bessel function of the �rst kind.

Due to the properties of the direct and reciprocal lattices

Eq. (3.5) can be made more simple. The expansion coef-

�cients in Eq. (3.3) depend only on the magnitude of the

vector q. Therefore the expansion for the cavity function

y

m

(z) can be written in the form of a series, ordered by

the increasing value of the wave vector. The expansion

for the cavity function can be presented in the form [40,

41, 56]

y

m

(r) = y

m;0

(z) +

X

l�1

y

m;l

(z)f

l

(s

1

; s

2

); (3.8)

where the functions f

l

(s

1

; s

2

) have been given in Ref. [55]

for (100) and (111) fcc lattice planes and for graphite

basal plane. In what follows we shall present some of the

results for (100) lattice plane. For the technical details

of the calculations and the explicit form of particle{solid

interactions see Refs. [40, 41, 55].

B. Density pro�les

The DPs are presented for the model of heterogeneous

dimerization due to Cummings and Stell [4]. The uid

is in contact with the (100) solid surface. For simplicity,

we restrict our attention to the case where the bulk uid

particles and solid atoms are of equal size and L

b

= 0:5.

The DPs were calculated by using the PY1/PY approx-

imation and are shown in Figs. 7 and 8. We assumed

that the interactions of both the bulk species with the

surface are identical, Therefore the DPs of each species

are equal. The e�ect of a strong uid{solid interaction

and that of dimerization can be discussed using the DPs

shown in Fig. 7. For a small degree of dimerization and

a relatively low packing fraction (see the �gure caption)

the structure of the adlayer is di�erent from that for a

high degree of dimerization. The e�ect of dimerization

leads to a decrease in the height of the �rst maximum of

the DP over the adsorbing site position s of the unit lat-

tice cell. The dimers prefer to adsorb over this position

compared with the saddle point sp and atom a positions.

The dimers prefer to be normal to the surface plane, in

contrast to the case of a dimerized uid in contact with

a hard wall. However, as follows from the increase of the

�rst maxima over the sp and a positions for increasing

dimerization, the tilted orientations of dimers adsorbed

in the s position are also probable. The normal correla-

tions decay rapidly at this density and a multilayer struc-

ture of the adlayer is not observed. The e�ect of the pe-

riodicity of the crystalline lattice plays an important role

on the shape of the DPs (see Fig. 8). It is evident that an

increase of the strength of periodicity of the uid{solid
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interactions leads to the expulsion of the dimer species

from the atom positions. The dimerized particles prefer

to be adsorbed over the s and sp positions of the unit

lattice cell. The e�ect of a high packing fraction results

in the formation of the structure which is di�erent from

that for a hard sphere uid.

In all the studies discussed above only the nonasso-

ciative adsorption of bulk species on the crystalline sur-

faces has been considered. Localization of the species in

the adlayer is generated solely by nonassociative inter-

actions between the uid particles and the atoms of the

surface. A more sophisticated model which includes as-

sociative adsorption on the crystalline lattices has been

proposed recently in Ref. [57]. We refer to this model

as to the model for localized site adsorption. Associative

adsorption is characterized by a high degree of localiza-

tion of adsorbed monomers and dimers as a consequence

of a strong bonding between the bulk species and solid

atoms. In this model the interaction between the bulk

uid particles and solid is taken in the form

U

m

(r) =U

m

(z) + U

(a)

m

(r); (3.9)

where the �rst term is chosen as a hard wall potential

whereas the second is given as

Fig. 7. The normalized density pro�les g(z) as a function of distance from the surface obtained for �"

fs

= 0:25, � = 1,

� = 0:191 L

b

= 0:5 and for K

0b

= 0:131, weak dimerization (part a) and for K

0b

= 13:1, high dimerization (part b). The labels

s, sp and a denote the (s), (sp) and (a) positions, respectively. The inset in part a shows the surface lattice unit cell and the

location of the (s), (sp) and (a) positions.

Fig. 8. The normalized density pro�les g(z) obtained for �"

fs

= 0:05, � = 0:764, K

0b

= 13:1, and for � = 1 (part a) and

� = 2 (part b). The nomenclature of the lines is as in Fig. 7.
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U

(a)

m

(r) = �

mA

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

1; j r j< L

s

� 0:5w

�"

s

; L

s

� 0:5w <j r j< L

s

+ 0:5w

"

m

; L

s

+ 0:5w <j r j< 1

0; j r j> 1

;

(3.10)

where L

s

is the bonding distance for the uid{solid inter-

action and �

ij

denotes the Kronecker symbol. The other

notation coincides with those for the model of Cum-

mings and Stell [4]. The strength of the uid{solid en-

ergy is given by the energy parameter "

s

. The poten-

tial U

(a)

m

(r) is a periodic function in the crystal plane,

i.e. U

(a)

m

(r) =U

(a)

m

(r + l); where l is the two-dimensional

translation vector. The parameter L

s

determines the

type of the complexes of the bulk uid particles and sur-

face atoms which are formed. In the following calcula-

tions we have used the SSEMSA approach to describe

the bulk model of Cummings and Stell for the hetero-

geneous asssociation [4] and the PY1 approximation to

evaluate the pro�les. The surface atoms in what follows

will be denoted as S

a

.

The results for the DPs are presented in Figs. 9�11.

All correspond to �"

s

= 2:0 and the width of the square

well w = 0:05. The bulk model is taken at the den-

sity � = 0:668 and L

b

= 0:475 and for �"

b

= 1:0 and

�"

b

= 3:0. These values for the bulk bonding energy

provide a highly dimerized uid with �

b

= 0:559 and

�

b

= 0:784 respectively. In Fig. 9 we present the case of

a (100) lattice plane and di�erent bonding lengths, L

s

.

For small L

s

( L

s

= 0:425 and �"

b

= 3:0, Fig. 9a), an

intraparticle peak over atom position which corresponds

to A � S

a

bonding is observed. Such adsorption is usu-

ally called on-top localized site adsorption. However, the

monomer A can be tilted with respect to the normal to

the surface plane. The dimers AB cannot adsorb asso-

ciatively due to the chosen values of the bonding length.

Two intraparticle peaks arise for a larger bonding dis-

tance L

s

( L

s

= 0:65 and �"

b

= 1:0, Fig. 9b). In this

case we identify them as A�S

a

; BA�S

a

; and A� 2S

a

;

BA � 2S

a

bonding. The �rst intraparticle peak corre-

sponds to the on-top monomer and on-top dimer adsorp-

tion whereas the second (over sp position) corresponds to

the two-fold bridging site adsorption of the monomer A

and dimer AB: It is worth noting that for small bonding

distances the species pro�les do not di�er by the inter-

particle terms and, therefore, we present the pro�les for

A particles only. In Fig. 9c three intraparticle peaks are

present for L

s

= 0:9 (�"

b

= 3:0). The intraparticle peak

Fig. 9. Density pro�les of A particles over the unit lattice cell of (100) surface. Nomenclature of the lines is the following:

a position | solid line, sp | dashed line, s | short dashed line. Part a is for �"

b

= 3 and L

s

= 0:425 (the intraparticle peak

is multiplied by 0.5). Part b is for �"

b

= 1 and L

s

= 0:65 (the intraparticle peak at sp position is multiplied by 0.1 and at a

position is scaled as previously). Part c is for �"

b

= 3 and L

s

= 0:9 (the intraparticle peak over s position is multiplied by

0.01 whereas over the sp position and a position are scaled as previously). In Figs. 9�11 L

b

= 0:475.
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Fig. 10. Density pro�les of A and B particles over the unit lattice cell of (100) surface (left and right panel, respectively)

for �"

b

= 1 and L

s

= 0:9. Nomenclature of the lines is as in Fig. 9 (the intraparticle peaks are scaled as in Fig. 9c).

Fig. 11. Density pro�les of A and B particles over the unit

lattice cell of (111) surface plane (left and right panels in each

part, respectively) for �"

b

= 1 and L

s

= 0:425 (part a) and

for �"

b

= 3 and L

s

= 0:635 (part b). Nomenclature of the

lines is as in Fig. 9.

over the s position corresponds to A � 4S

a

; BA � 4S

a

bonding which are called the four-fold hollow site adsorp-

tion of the monomer and dimer. In all the cases decribed

above, it could be seen that nonassociatively adsorbed

dimers prefer to locate over the s position of the unit

lattice cell. In general, the range of normal correlations

is not larger than the dimer length. A higher association

of the bulk uid (cf. Fig. 9c and Fig. 10, the latter is

for L

s

= 0:9 and �"

b

= 1:0, (100) lattice plane) leads to

lower values of the intraparticle peaks, especially for s

and sp positions in which associative adsorption is quite

strong. An overall decrease in the contact values for the

interparticle terms is observed too. For high values of the

bonding distance, L

s

, the pro�les for A and B species

di�er by the interparticle terms. They di�er because the

surface complexes in this case are more exposed into the

bulk. However, it is seen that the dimers prefer to orient

normally to the surface plane.

Similar trends in the behaviour of the bulk model in

contact with the (111) surface are observed by inspecting

Fig. 11. In general, the (111) surface is more smooth ener-

getically, as is evident from the values of the interparticle

terms of the pro�les. As noted previously, only one intra-

particle peak is present for a small value of the bonding

distance (L

s

= 0:425 and �"

b

= 1:0, Fig. 11a) whereas

for larger L

s

(L

s

= 0:635 and �"

b

= 3:0, Fig. 11b) two

intraparticle peaks arise. They correspond to the on-top

and two-fold bridging adsorption respectively. It is worth

noting, that for (111) and graphite basal plane lattices,

the complexes which involve three surface atoms can be

obtained for the large values of the bonding length L

s

.

Our results are preliminary. A detailed investigation of

all the possibilities for adsorption on the low{index lat-

tices is postponed for future publications.

IV. PAIR LEVEL THEORY FOR

INHOMOGENEOUS ASSOCIATING FLUIDS

We start with general remarks. The PLT yields a much

more detailed description of interfacial phenomena. It

provides the inhomogeneous pair correlation functions as

well as the density pro�les of particles, in contrast to the

SLT in which only the density pro�les are given. More-

over, the PLT is able to describe surface phase transfor-

mations including the formation of adsorbate phases and

wetting phase transitions.

The pair level theory consists of inhomogeneous OZ

equation(OZ2)

h

ij

(r

1

; r

2

)� c

ij

(r

1

; r

2

) (4.1)

65



D. HENDERSON, O. PIZIO, S. SOKO LOWSKI, A. TROKHYMCHUK

=

X

n

Z

dr

3

h

an

(r

1

; r

3

)c

nb

(r

3

; r

2

)�

n

(r

3

);

and additional equation for the density pro�les such as

the Lovett{Mou{Bu�{Wertheim equation,

r ln y

i

(r

1

) =

X

n

Z

dr

2

[r�

n

(r

2

)]c

in

(r

1

; r

2

); (4.2)

where y(r) is the one-particle cavity distribution func-

tion. Other equations for the pro�le, such as the Born{

Green{Yvon equation, can be used instead of Eq. (4.2).

To make the problem complete one must supplement

Eqs. (4.1) and (4.2) by a closure relation for the inhomo-

geneous direct correlation function.

In most previous studies of inhomogeneous simple u-

ids, by means of PLT, the inhomogeneous Percus{Yevick

(PY2) approximation has been used [37]. It reads

c

ij

(r

1

; r

2

) = y

ij

(r

1

; r

2

)f

ij

(r

12

); (4.3)

where y

ij

(r

1

; r

2

) is the inhomogeneous cavity pair distri-

bution function and f

ij

(r

12

) is the Mayer function cor-

responding to the pair interparticle interaction. The in-

homogeneous hypernetted chain closure (HNC2)

c

ij

(r

1

; r

2

) = �1 (4.4)

+y

ij

(r

1

; r

2

)[f

ij

(r

12

) + 1]� ln[y

ij

(r

1

; r

2

)];

can be used too [37]. The HNC2 approximation is equiv-

alent to setting the bridge function B(r

1

; r

2

), equal to

zero.

We would like to emphasize two important issues.

First, it is clear that the implementation of the PLT is

a completely numerical procedure. It is a complicated

numerical task even for simple uids. The presence of

associative interactions makes the problem even more

di�cult technically. Secondly, the accuracy of the results

depends on the closures applied. In this context we re-

call that usual liquid state closures, when applied for the

bulk associating uids, lead to deviations from the law of

mass action. At distances far from the source of the inho-

mogeneity (a hard wall for example), the inhomogeneous

correlation functions reduce to their bulk counterparts.

Therefore, one needs to seek for the closures which for

example reduce to the bulk EMSA closure for distances

far from the wall.

Before considering this issue in more detail we discuss

briey some of the results obtained in Ref. [46] by using

the PY2 approximation for the model of Cummings and

Stell [4] in the one-dimensional external �eld

U

A

(z) = U

B

(z) =

�

1; z � 0

0; z > 0

: (4.5)

The density pro�les of the particles are shown in

Figs. 12 and 13. Obviously the PY2 results are in bet-

ter agreement with the MC simulation data than the

results of the SLT PY1. This improvement is observed

at high density (� = 0:728) as well as at lower den-

sity (� = 0:391). Unfortunately, the interesting region

Fig. 12. A comparison of the MC (points), NPY (solid

lines), HNC1 (short dashed lines), and PY1 (long dashed

lines) density pro�les. The model parameters used in calcu-

lations are: �"

b

= 4:245, L

b

= 0:42, and w = 0:1. The bulk

density � = 0:728.

Fig. 13. The same as in Fig. 12 but the bulk density is

� = 0:391.

of very low densities as well as the dependence of the re-

sults on the strength of associative interaction have not

been studied. Therefore, it is hard to judge the overall

accuracy of the PY2 and the possibility of its use for a

wide range of parameters. As expected, at large distances

from the wall the pro�les obtained by means of PY2 co-

incide with the PY1 results. The PY2 approximation is

not completely satisfactory and we do not have an easy

answer to the question: what closure is necessary in or-

der to improve the results at distances far from the wall.

One possibility would be to extend the PLT for IAFs

in a manner similar to the application of a perturbative
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treatment which has been developed in another context

in Ref. [58].

Let us assume that we have the results of the EMSA

or SSEMSA theory for the bulk model which agree well

with the simulation data, at least for a certain range of

the parameters. These results can be used for the de-

scription of the reference uid and the inhomogeneous

closures can be used only for some part of the correla-

tion functions. The inhomogeneous correlation functions

can be written in the form

h

ij

(r

1

; r

2

) = h

ref

ij

(r

12

) + �h

ij

(r

1

; r

2

);

c

ij

(r

1

; r

2

) = c

ref

ij

(r

12

) + �c

ij

(r

1

; r

2

);

(4.6)

where h

ref

ij

(r

12

); c

ref

ij

(r

12

) stand for the correlation func-

tions of the bulk associating uid. It is not necessary to

assume any particular approximation for the bulk uid.

We assume that the choice of the reference uid descrip-

tion is successful. The functions �f

ij

(f ) (h; c)) are

the deviations of the corresponding inhomogeneous cor-

relation functions from their bulk counterparts. They are

signi�cant only in the range of the inhomogeneity. The

correlation functions of the reference uid satisfy the OZ

equation:

h

ij

(r

12

)� c

ij

(r

12

) =

X

n

Z

dr

3

h

in

(r

13

)c

nj

(r

32

): (4.7)

Let us obtain now the di�erence OZ2 (DOZ2) integral

equation for the functions �f

ij

(1; 2) = �f

ij

(r

1

; r

2

) by

subtracting the OZ from the OZ2 equation. The DOZ2

equation has the form:

�h

ij

(1; 2)��c

ij

(1; 2) =

P

n

f

R

dr

3

(�

n

(r

3

)� �

n

)h

ref

in

(13)c

ref

nj

(32)

+

R

dr

3

�

n

(r

3

)[�h

in

(1; 3)(c

ref

nj

(32) + �c

nj

(3; 2)) + h

ref

in

(13)�c

nj

(3; 2)]g:

(4.8)

Before considering the integral equation for the pro�le, we proceed directly to the closure relations. To derive them,

consider the exponential representation for the inhomogeneous pair distribution function:

g

ij

(1; 2) = expf��U

ij

(12) + h

ij

(1; 2)� c

ij

(1; 2) +B

ij

(1; 2)g

= g

ij

(12) expf�h

ij

(1; 2)��c

ij

(1; 2) + �B

ij

(1; 2)g;

(4.9)

where g

ij

(12) is the exact pair distribution function of the bulk uid (an associating uid in our case). This g

ij

(12)

corresponds to the reference uid. The di�erence HNC2 (DHNC2) closure is de�ned in a standard way:

�B

ij

(1; 2) = 0; (4.10)

where �B

ij

(1; 2) is the di�erence in the bridge function. Equation (38) leads to

�c

ij

(1; 2) = �h

ij

(1; 2)� lnf1 +

�h

ij

(1; 2)

g

ref

ij

(12)

g: (4.11)

The di�erence PY2 (DPY2) approximation is obtained by the linearization of the logarithmic term in Eq. (4.11)

�c

ij

(1; 2) = �h

ij

(1; 2)

h

ref

ij

(12)

g

ref

ij

(12)

: (4.12)

Now we can rewrite the �nal form of the DOZ2 equation in the DPY2 approximation

�h

ij

(1; 2)��c

ij

(1; 2) =

P

n

f

R

dr

3

(�

n

(r

3

)� �

n

)h

ref

in

(13)c

ref

nj

(32)

+

R

dr

3

�

n

(r

3

)[�h

in

(1; 3)(c

ref

nj

(32) + �h

nj

(3; 2)

h

ref

nj

(32)

g

ref

nj

(32)

) + h

ref

in

(13)�h

nj

(3; 2)

h

ref

nj

(32)

g

ref

nj

(32)

]g

(4.13)

which is characterized by a transparent and quite simple nonlinearity on �h

mn

(i; j). The DOZ2 equation within the
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DHNC2 closure has a more complicated form. We shall rewrite Eq. (4.13) in a form which is appropriate for the

numerical procedure. Introduce the function:

�

ij

(1; 2) = �h

ij

(1; 2)��c

ij

(1; 2): (4.14)

Then the DPY2 has a very convenient form

�c

ij

(1; 2) = �

ij

(1; 2)h

ref

ij

(12) (4.15)

and the DOZ2 in the DPY2 approximation is given in a form which is convenient for numerical studies

�

ij

(1; 2) =

P

n

f

R

dr

3

(�

n

(r

3

)� �

n

)h

ref

in

(13)c

ref

nj

(32) +

R

dr

3

�

n

(r

3

)[(�

in

(1; 3) + �c

in

(1; 3))(c

ref

nj

(32)

+�

nj

(3; 2)h

ref

nj

(32)) + h

ref

in

(13)�

nj

(3; 2)h

ref

nj

(32)]g:

(4.16)

Let us now proceed with the equation for the pro�le. The LMBW equation is

r ln y

i

(r

1

) =

X

n

X

Z

dr

2

[r�

n

(r

2

)][c

ref

in

(12) + �

in

(1; 2)h

ref

in

(12)]: (4.17)

Thus, the problem is complete. If one would like to focus on the description of the surface phase transitions it is

possible to develop a more sophisticated closure which includes the bridge diagrams contribution. For any case a

major part of the associative interaction is treated adequately by the introduction of the reference uid. Any possible

inaccuracies in the treament of bonding arise from the DPY2 approximation. We hope to investigate the scheme

presented above in future studies.
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ADSORBC�� DIMERIZOVANIH R�DIN B�L� POVERHN� TVERDOGO T�LA.

MODEL^ PRONIKNENN� TVERDIH SFER

D. Genderson

1

, O. P�z�o

2;�

, S. Sokolovsk�

3

, A. Trohimquk

2;�

1

Fakul~tet h�m�Ý � b�olog�Ý Bra�m �ng, Provo, �ta 84602, SXA

2

�nstitut h�m�Ý UNAM, Ko�oakan, 04510, Meh�ko, Meksika

3
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Post��na adresa: �nstitut f�ziki kondensovanih sistem NAN UkraÝni, 290011 L~v�v, UkraÝna

Zrobleno ogl�d nedavn�h dosl�d�en~ neodnor�dnih asoc�ativnih r�din. Rozgl�d obme�eno vipadkom ad-

sorbc�Ý dimerizovanih r�din b�l� poverhn� tverdogo t�la. Rozgl�da�t~s� kristal�qn� abo pozbavlen� struk-

turi poverhn�, �k� mo�ut~ buti reaktivnimi abo nereaktivnimi. Osnovnimi metodami, wo zastosovu�t~s�,

 metodi �nte�ral~nogo r�vn�nn�, prote tako� predstavleno de�k� rezul~tati, otriman� za dopomogo� me-

todu Monte{Karlo.
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