ȷURNAL F�ZIQNIH DOSL�DȷEN^ t. 1, ˝ 1 (1996) s. 39{41^{JOURNAL OF PHYSICAL STUDIES}

v. 1, No 1 (1996) p. 39{41

THE N = 4 SUPERSYMMETRY OF ELECTRON IN THE MAGNETIC FIELD

V. M. Tkachuk, S. I. Vakarchuk Ivan Franko Lviv State University, Chair of Theoretical Physics 12 Drahomanov Str., Lviv UA–290005, Ukraine (Received February 1, 1996)

It is shown that the N=2,3,4 SUSY of Pauli Hamiltonian takes place in a three-dimensional magnetic field possessing spatial symmetry with respect to the inversion of coordinates. For example,

the N=4 SUSY is realized in the field of magnetic octopole and the non-zero energy levels are 4-fold

degenerated. We also show that Dirac equation possesses the N=2,3,4 SUSY in a three–dimensional magnetic field.

Key words: supersymmetry, quantum mechanics, magnetic field.

PACS number(s): 03.65.-w; 11.30.Pb

I. INTRODUCTION

The notion of supersymmetry was introduced into quantum field theory in order to unify bosons and fermions [1–3]. After the appearance of these works the idea of SUSY began to penetrate into other areas of physics and mathematics. Supersymmetrical quantum mechanics was proposed in papers [4, 5]. The motion of electrons in the magnetic field is an interesting example of quantum mechanical problem where SUSY is physical symmetry. It is known that supersymmetry is present in the case of an arbitrary two-dimensional magnetic field B_z = B(x, y), B_x = B_y = 0 as well as in a three-dimensional magnetic field B(−r) = ±B(r) (see for example [6–8] and the references therein). The field of magnetic monopole is one of the examples where SUSY is realized in a three–dimensional case [10–12]. SUSY also takes place in the case of electron motion on the surface orthogonal to the magnetic field [9].

In the present paper we show that electron motion in a three–dimensional magnetic field with a somewhat different spatial symmetry with respect to the inversion of coordinates possesses the N=2,3,4 SUSY as well.

II. SUPERSYMMETRIC QUANTUM MECHANICS

Suppose that Hamiltonian H can be written in the form:

H = Q^2_0, (2.1)

where Q_0 is a self-adjoint operator called supercharge. In addition let us postulate the existence of n selfadjoint operators T_i that anticommute with the supercharge: { Q_0, T_i} = 0, i = 1, ..., n, (2.2) and also fulfil the Klifford algebra:

{ T_i, T_j } = 2δ_{ij} . (2.3)

As a result of (2.1) and (2.2) T_i commutes with the Hamiltonian

[H, T_i] = 0. (2.4)

Using the introduced operators we may construct supercharges Q_j = iT_j Q_0, j = 1, ..., n. (2.5) They fulfil N = n + 1 superalgebra together with Q_0: { Q_i, Q_j } = 2δ_{i,j} H, i, j = 0, 1, ..., n, (2.6) [H, Q_i] = 0.

Note, that the method of constructing one-dimensional N-extended supersymmetrical quantum mechanics was suggested in [13].

The introduced operators T_i are useful for the study of SUSY in real quantum mechanical systems. In sections 3 and 4 we are going to write operators T_i in explicit form for Pauli and Dirac Hamiltonians.

III. SUSY IN THE PAULI HAMILTONIAN

The Pauli Hamiltonian H = 1 2m (p − e c A)^2 − μœB (3.1)

can be written in the form (2.1) where the supercharge is Q_0 = 1 √ 2mœ(p −^e_c A). (3.2)

V. M. TKACHUK, S. I. VAKARCHUK

Here A is an external vector potential, B = rotA is the magnetic field.

A. N=2 SUSY

Let us consider a three–dimensional magnetic field with the vector potential which possesses the following spatial symmetry with respect to the inversion of z: A_x(x, y, −z) = A_x(x, y, z), (3.3) A_y(x, y, −z) = A_y(x, y, z), A_z (x, y, −z) = −A_z(x, y, z), where dependencies on x and y are arbitrary. The magnetic field in this case has the following properties: B_x(x, y, −z) = −B_x(x, y, z), (3.4) B_y(x, y, −z) = −B_y(x, y, z), B_z (x, y, −z) = B_z(x, y, z). Now one can find the operator that anticommutes with the supercharge (3.2) T = σ_zI_z . (3.5) Here I_β is the operator of inversion in the direction of β (β = x, y, z). Using the results of the previous section we obtain the N=2 SUSY with supercharges Q_0 and Q_1.

Note that magnetic field (3.4) covers the case of a two– dimensional field where SUSY was discovered earlier.

B. N=3 SUSY

The N=3 SUSY is realized in a magnetic field with the vector potential which possesses the following spatial symmetry with respect to y and z A_x(x, −y, z) = A_x(x, y, z), (3.6) A_y(x, −y, z) = −A_y(x, y, z), A_z (x, −y, z) = A_z(x, y, z), A_x(x, y, −z) = A_x(x, y, z), A_y(x, y, −z) = A_y(x, y, z), A_z (x, y, −z) = −A_z(x, y, z), where the dependence on x is arbitrary. The magnetic field has the opposite parity in comparison with A (3.6). Now there are two operators that satisfy (2.2) and (2.3)

T_y = σ_yI_y , T_z = σ_z I_z . (3.7) Thus, using (2.5) we shall come to the N=3 SUSY.

C. N=4 SUSY

The N=4 SUSY is realized when the vector potential possesses the following spatial symmetry with respect to the inversion of x, y and z:

A_β (−x_β ) = −A_β(x_β ), β = x, y, z, (3.8) and is even with respect to other variables. The magnetic field which corresponds to the vector potential (3.8) has the opposite spatial symmetry B_β(−x_β ) = B_β (x_β ), (3.9) and is odd with respect to other variables. T operators here must be as follows T_β = σ_β I_β , β = x, y, z, (3.10) and using (2.5) we finally obtain the N=4 SUSY. The degeneracy of energy levels connected with the N SUSY is equal to 2^{[N/2]}, where [N/2] means the integer part of the number. Thus, for the case of (3.8) energy levels are four-fold degenerated. As an interesting example of the N=4 SUSY system we can adduce the electron motion in the field of magnetic octopole.

To conclude this section we want to note that operators (3.10) satisfy simultaneously both (2.3) and the following algebra:

[T_α, T_β] = i2ϵ^{αβγ}T̃_γ , (3.11) [T̃_α, T_β] = i2ϵ^{αβγ}T_γ , [T̃_α, T̃_β] = i2ϵ^{αβγ}T̃_γ , where T̃_α = IT_α, (3.12)

I = I_xI_yI_z is the operator of full inversion. Hamiltonian commutes with T̃_α and T_α. The supercharge Q_0 also commutes with T̃_α. It is also interesting to note that the operator of inversion anticommutes with the supercharge Q_0:

{ I, Q_0} = 0, (3.13) but commutes with T_α:

[I, T_α] = 0. (3.14)

THE N = 4 SUPERSYMMETRY OF ELECTRON IN THE MAGNETIC FIELD

Thus (3.11), (3.13) and (3.14) together with (2.1)–(2.4) fulfil the so-called generalized algebra of supersymmetrical quantum mechanics where commuting T operators are present [14].

IV. SUSY IN THE DIRAC HAMILTONIAN

The Dirac Hamiltonian reads:

H_D = cff(p − e c A) + βmc^2, (4.1)

where

α_γ =

`_{0 σγ}

σ_γ 0

´_{, β =} `_{1 0}

0 − 1

´_{. (4.2)}

Let us introduce the matrices which are connected with the electron spin:

Σ_γ =

`_{σγ 0} 0 σ_γ ´_{. (4.3)}

The supercharge commuting with H_D reads:

Q_0 = cΣ(p − e c A). (4.4)

Squaring of Q_0 gives squared Dirac Hamiltonian

Q^2_0 = H^2_D − m^2c^4 = H, (4.5)

where H can be called a new Hamiltonian.

Similarly to Pauli Hamiltonian, H also possesses the N=2,3,4 SUSY in the case of respective fields (3.3), (3.6) and (3.8). T operators for Dirac Hamiltonian read: T_α = βI_αΣ_α, α = x, y, z. (4.6) They anticommute with Q_0 (4.4):

{ Q_0, T_α} = 0 (4.7)

and commute with H_D

[T_α, H_D] = 0. (4.8)

Thus Q_0, Q_α = βI_αΣ_αQ_0 and H also fulfil the SUSY algebra (2.6).

[1] J. A. Golfand, E. P. Lihtman, Pisma Zh. Eksp. Teor. Fiz.

13, 452 (1971).

[2] D. V. Volkov, V. P. Akulov, Pisma Zh. Eksp. Teor. Fiz.

16, 621 (1972).

[3] J. Wess, B. Zumino, Nucl. Phys. B 70, 39 (1974). [4] E. Witten, Nucl. Phys. B 185, 513 (1981). [5] H. Nicolai, J. Phys. B 70, 39 (1974).

[6] L. E. Gendenshteyn, Jadern. Fiz. 41 (5), 261 (1985). [7] L. E. Gendenshteyn, N. V. Krive, Usp. Fiz. Nauk.

146(4), 553 (1985).

[8] G. Junker, Preprint, cond-mat / 9403088 (1994). [9] Yu. A. Sitenko, Jadern. fiz. 51(5), 1416 (1990). [10] R. Jackiw, Ann. Phys. 129, 183 (1980). [11] E. D’Hoker, L. Vinet, Phys. Lett. 137B, 72 (1984). [12] F. De Jonghe, A. J. Macfarlane, K. Peters, J. W. van Holten, preprint, hep-th / 9507077, (1995).

[13] V. P. Berezovoy, A. I. Pashnev, Teor. mat. fiz. 78 (2), 289 (1989).

[14] N. V. Borisov, K. N. Ilinski, V. M. Uzdin, Teor. mat. fiz.

94 (3), 418 (1993).

N = 4 SUPERSIMETR�˚ ELEKTRONA V MAGNETNOMU POL�

V. M. Tkaquk, S. ¨. Vakarquk L~v˛vs~kiȷ derıavniȷ un˛versitet ˛men˛ ¨vana Franka, kafedra teoretiqnoÝ f˛ziki UkraÝna, L~v˛v, 290005, vul. Dragomanova, 12

Supersimetr˛ffl bula predstavlena vperxe v kvantov˛ȷ teor˛Ý polffl z meto ob’‚dnati bozoni ta ferm˛oni. Dal˛ ˛deffl supersimetr˛Ý poqala pronikati v ˛nx˛ oblast˛ f˛ziki ta matematiki. Supersimetriqna kvantova mehan˛ka bula zaproponovana v pracfflh [4, 5]. C˛kavim prikladom kvantovomehan˛qnoÝ zadaq˛, de supersimetr˛ffl ‚ f˛ziqno simetr˛‚, moıe buti ruh elektrona v magnetnomu pol˛. Dobre v˛domo, wo supersimetr˛ffl real˛zu‚t~sffl v dov˛l~nomu dvovim˛rnomu magnetnomu pol˛ ˛ u trivim˛rnomu pol˛ B(�r) = �B(r). Supersimetr˛ffl ma‚ m˛sce pri rus˛ elektrona po poverhn˛, ortogonal~n˛ȷ do magnetnogo polffl. k priklad SUSY v trivim˛rnomu pol˛ moına takoı v˛dm˛titi roboti, wo stosut~sffl supersimetr˛Ý elektrona v pol˛ magnetnogo monopolffl.

V dan˛ȷ robot˛ pokazano, wo N=2,3,4 SUSY real˛zu‚t~sffl v trivim˛rnomu magnetnomu pol˛, fflke volod˛‚ pevno prostorovo simetr˛‚ v˛dnosno ˛nvers˛Ý koordinat. Napriklad, N=4 SUSY real˛zu‚t~sffl v pol˛ simetriqnogo magnetnogo oktupolffl, ˛ nenul~ov˛ energetiqn˛ r˛vn˛ ‚ 4-kratno virodıen˛. Pokazano, wo r˛vnfflnnffl D˛raka teı volod˛‚ N=2,3,4 supersimetr˛‚ v trivim˛rnomu magnetnomu pol˛.