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A scheme of the construction of the many-body microscopic metallic state theory which is based
on the two main principles, is proposed. The first principle consists in the use of the optimal repre-
sentation basic set with orths close to one-particle quantum states in different electron subsystems
of metal. The second one consists in the choice of the corresponding reference system as a statistical
basis of description. The developed approach allows to describe different functional subsystems of
electrons in metal as well as the effects of their mutual interaction with the correct allowance for

the many-particle correlation effects.
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I. INTRODUCTION

A transition from one-particle semifenomenological de-
scription to the many-particle microscopic one forms the
principal peculiarity of the modern metallic theory evo-
lution. The coexistence of two electron subsystems — lo-
calized and collectivised — determines the metallic state
specifity. It follows from the main problem of the micro-
scopic metal theory — the adequate description of both
electron subsystems with the allowance for their mutual
interacting effects.

It is well known that the precise description of both
isolated electron subsystems — localized and collec-
tivised — can be done with the help of quantum chem-
istry and the electron liquid methods, correspondingly.
There are two main approaches to the allowance for inter-
action between these two different electron subsystems in
the present-day theory of non-transition metals. The first
approach is based on the pseudopotential conception (or
model potential) [1, 2]. The second one — on the reduc-
tion of statistical operator in the exact electron—nuclear
model by the averaging over the localized electron states
[3]. In such metals the separation of electrons into two
different subsystems is physically substantiated by the
existence of deep energy levels of localized electrons and
compact ionic cores. It follows that the localized electron
states are determinated clearly. Pseudopotentials (model
potentials) or the effective potentials of electron—ion in-
teraction are too weak here which makes it possible to use
of perturbation theory to take into account mutual in-
teraction between two electron subsystems [4]. However,
the pseudopotential description of such simplest metallic
systems is not adequate in the whole region of external
parameters (see [5]).

The success of the electron—ion model in the theory
of nontransition metals is due to the fact that the elec-
trons of ionic internal shells play a passive role in many
physical processes.

An essentially different pattern arises in transition
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metals where the localized d-electrons of external shell
play the active role in physical processes. In this case
the separation itself of the electrons into localized and
delocalized loses an absolute significance, so does the
electron—ion model conception. A strong gibridization
between conductive and d-electrons is caused by a small
value of excitation energies. Its rigorous account cannot
be done in terms of pseudopotential or effective poten-
tials methods.

A particular interest represents the situation when
the ionic core changes itself with the variation of ex-
ternal parameters. It takes place for the systems with
changeable valency where the portion of f-electrons be-
comes delocalized or the f-state character itself changes
sharply (the collapse phenomenon). For the “anomalous”
f-systems the “localize — delocalize dualism” of electron
states comes forth with particular strength [5]. Above
we have considered pure metals. The important field of
metallic state theory forms metals with impurities. The
microscopic description of such objects becomes more
difficult as far as we have no apriory information about
the character of the electron states localized in the im-
purities region. The presented examples certify that the
electron—-ion model conception in its modern version is
far from universality.

In the present paper a general scheme of construct-
ing the many-particle microscopic metal state theory in
terms of renormalized perturbation theory is proposed.
It is well known that precise calculations of the physical
system characteristics are invariant over the representa-
tion basic-set. However, for the approximate calculations
(which are the only possible ones for many-particle sys-
tems) it is not the case — for different basis we obtain
different results. It follows from the essentiality of the
use of such a basis representation, having basic functions
close to one-particle wave functions of electron states of a
physical system (optimal basic-set). This provides for the
speedy convergentive perturbation theory. In the case of
metallic state such basic-set must include functions close
to one-particle wave functions in functionally different
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isolated electron subsystems.

A rigorous account of the correlation effects in the iso-
lated electron subsystems, especially what concerns their
mutual influence in terms of a basis-set, is impossible in
principle. This fact moves forward the problem of their
correct account with the help of an adequate formula-
tion of perturbation theory. A successive solution of this
problem fully depends on zero approximation which in
its turn depends on adequate reference system (statisti-
cal basis). The suggested approach is based on the use
of optimal basis of representation and on the choice of
adequate reference system.

II. MODEL AND BASIS OF REPRESENTATION

Let us consider the electron—nuclei model of the elec-
troneutral metallic system which consists of M sorts
of nuclei with the charge Qq.e(1 < a < M) and N,
electrons in the volume V in the thermodynamic limit
N.,V = oo, N,V~! = const. In order to simplify the
calculations we shall use the adiabatic approximation for
the ionic subsystem, describing the ions in coordinate
representation. With the same aim we shall neglect the
relativistic effects too. In that case the Hamiltonian of
the considered model in coordinate representation takes
the form of

Ne h2V2
Z 2m

Jj=1

ﬁ = nucl (21)

i#j=1

Here, f[nud(R) is the Hamiltonian of nuclei subsystem;
R is the radius—vector of the j-th nuclei of sort a; m and
e 1s the mass and the charge of the electron. To carry out
the construction of this model, we shall assume proceed-
ing from general physical considerations, that there may
exist n functional different subsystems of localized elec-
trons (n > M) and a subsystem of collectivised electrons
in the model. Here, the condition of properly defined
localized states cannot be satisfied ( small excitation en-
ergies or a large radius of the corresponding localized
states may take place). Such localized electrons subsys-
tems can conform to the electrons of ionic cores, d- and
f-electrons, to the electrons localized in the impurity re-
gion,vacancy, etc.

We shall construct the optimal basis of func-
tions {¥,(r)} from the plane wave basis {pk(r)} =
{V=1/2 exp(ikr)} and n subspaces of the atomic-like lo-
calized functions {®s,(r—R$)}. Here 3, is a set of quan-
tum numbers of state and the wave-function is centered
on the j-th nuclei of the sort a. The functions @5, (r—RY)
may be considered as well known, or be determined si-
multaneously. We shall consider that the overlap inte-
grals

Ne
-RI T+ Z e |rj —ri| L.

Sa.0, (R} = Rj) = (P, (r —R{) |®5,(r —R})) (2.2)

are equal to 04, 3, at a = b,i = j, and their values in
the other cases are much smaller in magnitude in com-
parison with the unit. It serves as a justification for the
approximate orthogonalization procedure for the func-
tions of these subspaces on the basis of forming their
linear combinations

b
Z ﬁbaaa i -7 (PBB( R?)
b,8p,j

(2.3)

The transformation coefficients U g;‘faa (i, ) are presented
in the form of expansion in terms of overlap integrals. In
order to follow the given accuracy further we must stick
to the same approximation as for Uz;f% (4,7)- Let us con-
struct the basis of functions in the form of

{Uo(r)} = {¥s, (r)} ®{¥0,(r)} ©

o{,, ()} & {¥o,,, ()},

(2.4)

where n subspaces {¥,,_(r)} represent the whole func-
tions set (2.3) and the subspace {¥,, ., (r)} = {¥i(r)}
is constructed due to methods of papers [7, 8] on the
base of {¥,, (r)} (1 < s < n) and a plane waves basis
{¢K(r)}. It must be noted here that the wave-vector k
takes on all values, allowed by Born—Carman’s boundary
conditions, but for the set {k,}, which contains as many
vectors, as many functions ¥, (r) were introduced into
the basis {¥,(r)}. Functions ¥, (r) form a complete and
orthonormal system (basis) so far as

Z \I’ 1‘1 1‘2)

<\Ifa./ |‘I'0.H> = (50_170.11’

(5(1‘1 — 1‘2), (25)

and d, - the Kroneker symbol, §(a — b) — the Dirac
delta-function (¢ = {01,049, ...,0,,k}). In the case when
nuclei form a crystal lattice in order to avoid the degener-
ation it is sensible to introduce into basis (2.4) instead of
functions {¥,_(r)} the corresponding subspace of Bloch
functions.

The functions ¥, (r) arise as a result of the canonical
transformation of the plane wave basis and proceeds by
the unitary operator U:

(2.6)

N U, (r k),
o (r) = Upq(r) = { wké)) o Ek{

They are eigenfunctions of a linear Hermitian operator
A = UTU* and obviously the spectrum of the opera-
tor A coincides with the spectrum of the kinetic energy
operator T' = —h*V?/2m.

We transform the Hamiltonian (2.1) from coordinate
representation to another one using basis (2.4):
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ﬁ = ﬁnucl(R) + Z Zbﬂl"m a;hs Ogs,s

01,02 S

2.7)

1
}: }: + +
+2V V17147'27‘7370'4 aa’1781 aa’2782 a0'3’32 a0'4’317
o1

3000904 81,82

where the following symbols for matrix elements are
used:

M
bor,o0 = To1,00 — v Z Qa Z Vq qu Ro, 00 (a),
a=1 q

Voi,00,05,00 = V! Z Ry, 0.(a) Rosos(—a),

qa

(2.8)

RU1,0'2 (q) = V1/2<\IJU1 |90Cl \I!0'2>7

Na
T01,02 = (‘I’01|T|\Iltfz> ) Sg = Zexp (ZqR;L)

j=1

Here, V, = 4me?q~2 and operators a, s are up to the ba-
sic functions (s = £1/2 is spin variable). The use of the
basis {U,} gives a possibility for possessing description
of all electron subsystems.

III. REFERENCE SYSTEM AND
RENORMALIZED PERTURBATION THEORY

The ultimate aim of this consideration is the calcu-
lation of partition function by means of averaging over
electron variables in grand canonical ensemble

Z(p) = Sp p = Splexp[—B(H — pN)]} = exp [-BQ()],
(3.1)

where p is the chemical potential variable, N =
Y- a}, as, is the operator of total number of electrons in
a,s

the system, Q(u) is the grand thermodynamic potential.
There are some electron subsystems among the consid-
ered (n+1) ones, which are sufficiently isolated and have
a weak influence on other subsystems, which play an ac-
tive role in physical processes. A subsystem of localized
electrons in nontransition metals, a subsystem of core
electrons in d- or f-metals, etc. can serve as examples of
such a sufficiently isolated system. This substantiates the
reduced description of model (2.7) and the calculation of
its partition function in step-by-step form. It demands
the calculation of partitial functions just over the elec-
tron states of some L subsystems (over L subspaces of
the basis (2.4))

Zp () = Spr,.... {exp [~B(H — uN)]} = Pr;

L<n+1.

(3.2)
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The partial underintegrated partitial function Z,(u) de-
termines the effective statistical operator Py for other
(n+ 1 — L) subsystems or the effective Hamiltonian of a
reduced model which deals with the mentioned (n+1—1L)
electron subsystem.In particular, when only one subsys-
tem is of special interest a reduction of the statistical op-
erator over all subsystems, except that of (L = n), can
be done. At L = n + 1 formulae (3.2) defines a complete
partition function of the whole model. Consequently by
definition

Z(/j’) = Spn+1 Zn(:u)

= Spn,nJrl anl(/Jl) = ... = Spl,...,n+1 ﬁ

(3.3)

In some sense the procedure proposed here is the quan-
tum analogue of the step-by-step integration method
used for the calculation of partition function of the clas-
sic Ising model (see [9]). We shall explain this by giving
examples. For the pure nontransition metal the reduc-
tion over the states of the localized electron subsystem
results in the microscopic electron—ion model. In the case
of pure transition metal the reduction over the core elec-
tron states brings to the model which describes subsys-
tems of d- and f-electrons in the effective field of ions.
In the presence of the hydrogen impurities in metal the
mentioned reduction over the states of all electron sub-
systems of the pure metal gives the effective Hamiltonian
for the electron subsystem in the field of protons and
metallic “atoms”. Statistical averaging over the states
of the collectivised electron subsystem in the nontran-
sition metals gives the off-beat quantum ionic model of
metal. A statistical reduction procedure was used in the
papers [3, 10] for the transition from the exact electron—
nuclei model of the nontransition metal to an approxi-
mate electron—ion model.

For the Z(u) calculation we use the renormalized per-
turbation theory, proceeding from the statistical opera-
tor to the interaction presentation on the basis of some
operator HE. As a result of this procedure we obtain

Zr(p) = Z9(1) (Lo,

Z9(u) = Spy....p e PH0 (3.4)

16
§1 = Texp {— / dBTH () — HE(F) — nN(8)]).

Here Z?(w) is the partition function of the model
with the Hamiltonian HF, the symbol (...)o stands
for a statistical averaging over this model states, T
is the symbol of ordinary chronological ordering [11],
andf[(ﬂ’),N(ﬂ’),ro(ﬂ’) — corresponding operators in
the interaction presentation. Both in papers [3, 10] and
[12, 13] (devoted to the electron liquid model) in the
capacity of the operator HI the Hamiltonian of non-
interacting particles (or quasiparticles) — the diagonal
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quadratic Hamiltonian of the type Y &, a;s
0,8

used. Such a choice is justified in the case of a weak in-

teraction both between electrons inside some subsystem

and between different subsystems. In the general case we

shall choose the nondiagonal operator in the capacity of

operator H}

Qq,s Was

HOL = Z (5)\1)\2 M 5)\17)\2) a;,s AXa,s) (3.5)
1,22
1<L<n+1,
where A1, Ay € {01,...,0r}. The matrix elements e, x,

can be obtained by some approximation from the ini-
tial Hamiltonian, or they are considered as variational
parameters which are obtained self-consistently in the
process of solving the problem. Really the thermody-
namic potential Q(u) forms a functional on the unknowns
€x1,).- However, it is obvious that with the allowance of
perturbation theory for all diagrams the series Q(u) be-
comes invariant over the fI()L choice and independent on
VDTS

90w _

0 EX1, )2 (36)

For approximate calculations which are practically the
only possible ones formula (3.6) becomes the extremum
condition for thermodynamic potential and determines
the system of equations for the unknown matrix elements
€A1 A-

The nondiagonal terms of the operator H} take into
account the gibridization effects both between different
basic states inside one subsystem and between different
electron subsystems. This becomes sufficiently important
in the case of d- and f-metals, the presence of impurity,
etc. However, the calculation of (St on the use of inter-
action presentation on the basis of nondiagonal operator
(3.5) becomes too difficult. In order to avoid this diffi-
culty we diagonalize H'OL by transition from the operators
ax,s to “quasiparticle” Fermi operators ¢, s on the base
of canonical transformation

axs = ZC}\,I/ Cu,s, (37)

Cy,s = th/,)\ a),s, {V} = {A}
A

The transformation coefficients ( , determine the one-
particle spectrum of the model system described by
Hamiltonian HF:

E, = Z [Ekl,/\z —H 5/\1,/\2]4;1,1/ Qrov-
A1,A2

(3.8)

And for the determination of the coefficients (), we ob-
tain the following system of equations:

Z [Ekl,)\z — M 6/\1,/\2]C;\1,u1 C/\z,llz =0 at n 7& V2;
A1,A2

Z C;(\Z’V C’\h" = 6*1,/\2' (39)

In terms of quasiparticles the Hamiltonian fI()L takes the
form of:

ﬁ({/ = ZEV C;s Cu,ss (310)
v,s

which is in conformity with the unitary transformation
of subspace {¥,, } & {¥,,} + ...+ {¥,, } of basis (2.4).
Really, the electron field operator projection on this sub-
space can be represented both in ¥y and is some new

functions ¥, (r) which correspond to the operators ¢, s:

TV@) =D ar, Ua(r) =) cs Ty(r).  (3.11)
A v

With the allowance for orthogonality of functions, both
Uy (r) and ¥, (r), we obtain the following transformation
rules

U, (r) =Y G Ua(r); (3.12)
A

Uy (r) = Z §V7>\‘§~[’,,(r).

Thus, the transformation from the operators ay s to ¢, s
means the substitution of the initial basis (2.4) with a
new basis

{\i’a} = {\i’m}@ {\i!,,Z} D...D {iIVL} @

O {Ur 4.1 B ... 0 {U, } & { Tk}

(3.13)

Obviously, the transformation from {¥,} to {¥,} — ba-
sis can be presented in the form of

(3.14)

Taking into account the eigenvalue equation for the op-
erator A one can find that the basis {¥,} is formed by
eigenfunctions of the linear Hermitian operator

W = (ALt = oTut . (3.15)
The operator é is the unitary operator which is defined
by matrix clements ( , on the subspace {U),} & ... &
{¥y, } and on the additional complement {¥y, , }®...®
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{¥x} coinsides with the unit operator. Using the first
formula (3.7) we transfer Sz, (see (3.4)) from ay , to op-
erators ¢, s (') on the basis of interaction representation
with Hamiltonian (3.10). The choice of operator (3.5)
makes it possible to speed up the convergence of a per-
turbation theory series. As a result of reduction (3.2) we
obtain the effective statistical operator in the form of

pL = exp {_ﬂﬁnucl(R) - BQr(p) — ﬂﬁEf (aa,S)}a
(3.16)

where Q,(u) is the grand thermodynamic potential of
extracted L subsystems, and erf (as,5) is the effective
Hamiltonian for all other electron subsystems of the
physical system.

All well known methods of optimal basis construction
[7,8, 14, 15] are based on the purely mathematical princi-
ple: the plane wave basis and a subspace of localized func-
tions are used; further their certain linear combinations
form the basic functions which satisfy formal mathemat-
ical conditions of orthogonality and completeness (2.5).
In this way the optimal basis construction, being purely
mathematical, absolutely disregards the specific physical
problems, in particular, the interaction between the dif-
ferent electron subsystems is neglected. Here it must be
noted, that with the help of linear combinations of the

initial basis functions (2.4) a continuum of mathemati-
cally equivalent optimal basis can be formed and their
use brings to different physical results. In this situation
some physical principle must be formulated which con-
sists in the allowance for a specific physical system for
an optimal basis choice. It consists in the imposition
of an additional (except (2.5)) conditions set, which is
to consider on the basis level the allowance for inter-
action between different electron subsystems, a strong
convergence of renormalized perturbation theory series,
etc. Mathematically it corresponds to zeroing the most
important matrix elements which accounts for the inter-
action between subsystems, or in the general case it cor-
responds to the diagonalization of the Hamiltonian HF.
This procedure is the logical generalization of the purely
mathematical condition of mutual orthogonality for the
basic functions (second formula in (2.4)), which in its
turn is only a formal reason to consider the nondiagonal
matrix elements to be small.

The basic approach suggested in this paper combines
in the only possible way two important aspects: optimal
representation basis and statistical basis (reference sys-
tem). It provides for the speeding up of the convergency
of the perturbation theory series with the allowance for
various many-particle correlation effects.
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BA3UCHUI MIIXIO Y MIKPOCKOIIYHIN TEOPIT METAJIIB

B. B. Cosio’san

Inemumym @iduru Kondencosanux cucmem Haytonasvhot akademii nayx Yxpainu
Yrepaina, UA-290011, JIvsis, eys. Ceenyiyvrozo, 1

BanpononoBano cxemy mo0yI0BU HAraTrOYACTUHKOBOI MIKPOCKOMIYHOI TEOpil MeTasiuHOro CraHy, sika I'pyH-

TYETHCA Ha OBOX 3aCaldaX. Ho—nepme, BUKOPUCTAHHA ONITUMAJIBHOTO 6a3ncy npeaCTaBJIEHHA, OPTU AKOTO OJTM3HK1

10 OIHOYACTWHKOBUX CTAHIB B OKPEMHX MiACHCTEMaX eJIeKTPOHIB Merasty. Ilo-apyre, Bubip Bimmosimuoi 6a3ncHol

CHCTEMHU fK CTaTUCTUIHOrO Gazucy onucy. Po3Bunyruii miaxin m03Bosisi€ aeKBATHO ONKUCATH AK OKpeMi PyHKIIO-

HaJIbHI MiACUCTEMU €JIEKTPOHIB MeTasly, TaK i edeKTu iX B3a€MHOI0 BILIMBY 3 BPaxXyBaHHAM 0araTro4acTUHKOBUX

KOpeJIAImitHuX eeKTiB.
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