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I. INTRODUCTION AND SETUP OF THE
PROBLEM

A. Mathematical Framework

To describe any (Z%-lattice) quantum statistical
model, one has to start from microscopical dynamical
system which is a triplet (A4,w, ;) where:

(a) A= Up A, is the quasi-local algebra of observ-
ables, here A are bounded subset of Z¢ and [Arr,Apn] =
0if A'NA" =0.

(b) w is a state of A. Let 7, be space translation
automorphism of translations over the distance z € Z¢,
ie, 1, + A €Ay = 7,(A) €Apts- Then the state w
is translation invariant if (w o 7,(A) = w(1,(4)) = w(A)
and space clustering if lim || o W(AT:(B)) = w(A)w(B)
for A,B €A.

(¢) «; is dynamics described by the family
of local Hamiltonians {Ax}a. Usually, a; is defined
as a norm limit of the local dynamics: a;(4) =
lim exp(it[Aa, o])(A) = limp exp(it.Ap) A exp(—itAn),
ie., oy :A— A-norm-closure of A. For equilibrium states
one assumes that w o oy = w (time invariance).

Usually one assumes also that the space and time
translations commute: 7, (a;(0)) = ay (1, ((0)).

On the way from the micro system (A,w, at) to macro
system of physical observables, one has to distinguish two
essential classes.

The first one (macro I) correponds to the Weak Law of
Large Numbers (WLLN) and well-suited for description
of order parameters in the system. Formally this class of
observables is defined as follows (WLLN):

For any A € Athe local space mean mapping my : A —
mp(A) = [A|71 Y, cx 72 (A), Then, the limiting mapping
m : A — C exist in the weak operator topology induced
by the state w:

w(AB) — w(A)w(B)

m(A) :w—li/r\nmA(A). (1.1)

Let m(A) = {m(A) : A €A}. Then the macro system 1
has the following properties:

(Ta) m(A) is a set of observables at infinity be-
cause [m(A),A]= 0.

(Ib) m(A) is an abelian algebra and m(A4) =
w(A).1, hence the states on m(A) are probability mea-
sures.

(Ic) the map m: A— m(A) is not injective, e.g.,
m(7,(A)) = m(A). this is the mathematical of the coarse
graining under the WLLN.

(Id) The macro-dynamics cym(A) = m(azA) in-
duced by the microdynamics (c¢) on m(A) is trivial:
m(aA) = w(a(A)).1 = w(A).1 =m(A).

The second class of macro-observable (macro II) cor-
responds to the Quantum Central Limit (QCL), which
is well-suited for description of (quantum) fluctuations
and, in particular, for description of collective and el-
ementary exitations (phonons, plasmons, etc) in many
body quantum systems, see e.g. [1, 2].

Let A €As, = {B €A: B = B*}. Then one can define
the local mapping FIiA A — FIiA (A) where

1
dA —
Fk,A(A) - |A|%+6A

D (7 (4) = w(A))e™;

zEA

(1.2)

k,o4 € R!

which is nothing but the local fluctuation operator for
the mode k. If § = 0, this fluctuation operator is called
normal. The next important concept is due to [3-6]:
Central Limit Theorem Let

~Yo(r) = sup sup {
AN A€Ap
BEA,,

and

A1 B

e < dist(A,A')}
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> ) < oo

z€Z?

Then, for any A €A,,, the corresponding limiting characteristic fonction exists for the normal fluctuation operator

(i.e. for d4 = 0) for the mode k = 0:

lim w(e™Fa(4)) = o= % Su(A,4)
A

where S,(4, B) = Re ", ya w((A — w(A)).7(B — w(B))).

, u € R (1.3)

(I a) The result (1.3) establishes the meaning of the Quantum Central Limit. If (1.3) exists for d4 # 0 with

modified bilinear form

Ssas (A, B) = lim Rewﬁ 3 w((A - w(4).m(B - w(B)))
xcZ?

(1.4)

we say about existence of QCL for abnormal fluctuations for k =0

lim F4(A) = FO4(A).

(1.5)

(I b) Let be A,s consedered now as a vectorspace with the symplectic form o, (o, o) correctly defined by the

WLLN for the case 4 +dp =0

i0,(A,B).1 = li/r\n[F/fA (A), F{® (B)] = 2iIm ) (w(AryB) — w(A)w(B)).

Consider the Weyl algebra W (Asq,0.), i.e., Weyl op-
erators W : A €A, — W(A) such that

W(A)W (B) = W(A + B)e 57-(AB)

where A, B € A,,, acting on some Hilbert space.
Reconstruction Theorem: Let © be quasi-free state on
W(Asa,0,,) defined by the form S, (o, 0)

HW(4)) = e 354D

as far as W(A4) = e'®) | where & : A — &(A) are boson
field operators acting on the representation space Hg of
the state @, the (1.2) and (1.6) give the identification
H= 7‘[@ and

lim FA(A) = Fo4(A) = ®(A)

(I ¢) The Reconstruction Theorem gives a tran-
sition from the micro-system (As,,w) to the macro-
system of the fluctuation operators (F(Asa,04),),
where F(Aga,0,) = {F®4(A) aep,, } is the CCR-algebra
on the symplectic space (Asq,0.), see (1.6) and (1.8).

(I d) The map F :As;, — F(Asq,0,) is not
injective (zero mode coase graining), e.g., T, F(4) =
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(1.6)
yeZd

F(r,(A)) = F(A), it has (non-trivial) macro-dynamics
at(F(A)) = F(at(A)). Therefore, the macro-system I
defined by the algebra of fluctuation operators is the
triplet (F(Asa,04),0, ).

B. Fluctuation Operators

Identification of the algebra of the fluctuation opera-
tors F(Asq,0,) for a given micro-system (A,w, ay) with
the CCR-algebra of the boson field operators supplies
a mathematical description of so-called collective excita-
tions (phonons, plasmons, etc [1, 2]) in the pure state w.
The same approach gives as well a break into the mathe-
matical foundation of another physical concept: the Lin-
ear Response Theory [6].

In the latter case, it became clear that algebra of fluctu-
ations is more sensible with respect to “gentle” pertuba-
tions of the microscopic Hamiltonian than, e.g., algebra
at infinity m(A). This property gets even more sound
if the equilibrium state w (being pure) belongs to the
critical domain [7-10]. In this case, pertubations of mi-
croscopic Hamiltonien which do not change equilibrium
state w (“gentle” pertubations) can produce different al-
gebras of fluctuations independent of quantum or classi-
cal nature of the micro-system.

The idea of pertubation of Hamiltonien to produce
pure equilibrium states comes back to Bogoliubov quasi-
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averages [11], generalized later to include mized states
[12]. It can be formulated as follows

(i) Let {B; = m(B)};eza be operators breaking
the symmetry of the initial system

Hy(h)=Hy =Y MB;, h €R" (1.7)
leA
(ii) Then the limiting states for h; = h
(=) = lim im(—)a p (1.8)

h—0 A

pick out pure states with respect to decomposition cor-
responding the symmetry (Bogoliubov’s quasi-averages).
(i) If the external field b = h/|A|*, then the ob-
vious generalization of (1.10) either (& < a.) coincides
with pure states or give a family of mixed states enumer-
ated by h and a > a., see [7, 12]. For an interesting ap-
plication of this concept in the nontranslation-invariant
case by = hy/|A|* see [13].
As it was discovered in [7], the algebra of fluctuations
for a quantum model of ferroelectric (structural phase
transitions) depends on the parameter « in the critical
domain (below the critical line) even for the pures states,
ie., for a < a, = 1 one gets dg = «/2, while p = 0
(for T # 0, T is the temperature), see (1.3), (1.6). Here
A =@ and B = P are respectively the atomic displace-
ment and momentum operators in the site (I = 0) of Z<.
The second observation made in [7] concernes the gquan-
tum nature of the critical fluctuations, i.e., fluctuations
in the pure state w which belongs to the critical line. It
was shown that expected abelian properties of critical
fluctuations can changes into non-abelian commutations
between F2(Q) and F°F(P) with dg = —dp > 0, see
(1.6), for T =0, \. Here, A = h/\/m is quantum param-
eter of the model where m is the mass of atoms in the
nodes of lattice Z<.
The aim of the present note is to study the algebra of
fluctuation operators and its instability driven by quan-
tum fluctuations on the critical line. As far as corre-
sponding critical equilibrium state use to have long-range
correlations, the critical fluctuations are unticipated to
be sensitive with respect to above “gentle” pertubations
h = h/|A|* . On the other hand, they have to be sensitive
to decay of a direct interaction between particles: in our
model, the decay of the harmonic force matrix elements
is given by

b~ [L=1719%) for |1 —1'| — oo. (1.9)

If o > 2 one classified (1.11) as a short range while the
case 0 < o < 2 is classified as long range because the
corresponding lattice Fourier-transform has the follow-
ing asymptotics for k — 0

a’k” +o(k”), 0<o <2

Q;(k) ~ { a2k2 -|-O(k2), o Z ) (].].0)

Therefore, our purpose is to find exponents d4 as the

function of the parameter a and o for the quantum fer-
roelectric model [7]. Note that d4 = da(«, o) is directly
related to the critical exponent n describing decay of
the two-point correlation function on the critical line:
n=2-—2dd, [14].
The paper is organized as follows. In the next section,
we recall our model and describe its thermodynamics
related to fluctuations on the critical line. Detailed anal-
ysis of the latter as well as the main result: calculation
of 6g(a,0) and dp(w, o) are collected in section 3. Con-
cluding remarks are postponed up to section 4.

II. MODEL AND PHASE TRANSITION
A. The Ferroelectric Model

Let Z? the d-dimensional square lattice. At each lat-
tice site | occupied by a particle with mass m, we asso-
ciate the position operator Q; € IR' and the momentum
operator P, = (h/i)(0/0Q;). Let A be a finite subset of
Z",V =|A| and A* is the dual. The local Hamiltonian
of our model is given by

2
Hy=>" /" iz(ﬁl,l’(@l -Qu)°

2m

lEA LI
+ZU(Q1)—hZQl- (2.1)
IeA len

The second term of (2.1) represents the harmonic po-
tential between particles, the last term represents the
action of an external field and the third one is the an-
harmonic potential acting on each site [. U must have
a double potential form to describe a displacive struc-
tural phase transition attribuated to one-component fer-
roelectric. For instance, U(z) = %Q? + W(Q7), a < 0,
with W(z) = %b2?, b > 0 or a > 0 with W(z) =
tbexp(—nz) , n > 0 and b > 0 sufficiently large to
destabilize the a-term. In that way, (2.1) becomes

Pl2 1 2 , @ 2
Hy :Z%‘FZ;@,!’(QI_QI’) +§ZQ1

leA leA

+Y W@ —hY_ Q.

leA leA

(2.2)

The model (2.2) can be solved exactly if we applie the
following rule (spherical approximation) known as the
concept of Self-Consistent Phonons, see [15, 16].

S W@ — VIG5 Y @h).

leA leA

Then we get Hamiltonian of our model
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2
HA=ZP 4Z¢lz (Q—Qu)°

leA L

ZQMVW > Q-

leA lEHA leA

hYy Q.

(2.3)

The model (2.3) can be solved by the Approximating Hamiltonian Method [17]. We obtain the free energy density

(see, e.g., appendix of [7])

BAQ (e n(T, /\))] 1 h?
Hp(can(T, M) In [2sinh : - =
Ialfa(eanT A=y QEZA* [ 2 2 Alea n(T:(V), V)
+ W(ean(T,N) = ean(T, )W (ean(T, V)] (2.4)
where ca 1, (T, A) is the solution of the self-consistency equation
h? 1 A BA
ean(ToN) = —————— —————— coth —Q,(ea n(T, A 2.5
A h( ) A2(CA h(T /\)) V e 2Qq(CA,h(T, /\)) 2 q( A7h( )) ( )
with A(e(T, b)) = li[r\n A(ea,n(Te(N),N) > 0. (2.12)
2 _ 2
2, (ean(T, ) = Alean(T, A) +wy, (2.6) Let a > 0 and W : Bi — Bi be a monotonous de-
_ / creasing function with W'"(¢) > w > 0. Then by (2.7)
Alean(T;A)) = a+ 20 ean(T, A), (2.7) and (2.12) one gets for the stability domain: D = [¢*, c0)
= 3(0) - d(a) CON
q) = Z¢l,0 exp (—igl), (2.9) ¢ =inf{c;e >0, A(e) > 0}, (2.13)
leA
ie, A(c*) =
R (2.10)
= )
B. The Phase Transition
B=(kT)™! (2.11)

Here, {Q,}4ea+ are frequencies of the approximating har-
monic Hamiltonian [7] and A(ca n(T:(X),A)) is a gap in
the spectrum of (self-consistent) phonons.

To study the phase diagram of the model (2.3) we have
to pass to equation (2.5) in the thermodynamic limit
A — ZzZ%

Finally, X is the quantum parameter of the model. (T, h) = p(c(T, h), T, X) + La(c(T, h), T, \) (2.14)
The approximating Hamiltonian method gives us the
condition of stability of our model where
1 A BA h?
T, =1im coth —/A(cA h(Te(A),N) + ————— 2.15
p(T, ) {va — T VACA (TN, ) N(CA,h(T,A))} (2.15)
and
A 1 ,8/\
I;(c(T,h), T, \) = / dlqg—— coth ==Q,(c(T, h)). 2.16
TN = o | g o(e(T, 1)) (2.16)
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Here, B; = {q € R% |q| < 7} is the first Brillouin
zone.

Let consider two cases: (a) h =0 and (b) h # 0.

(a) h = 0: From (2.14),(2.16), one easily gets that for
T =0, there is A, such that ¢* < I;(¢*,0,) for A > A.
Then line of critical temperatures T. = T.(\) which sep-
arates the phase diagram is defined by the condition

" =1, TN, A< .. (2.17)

So we obtain the two domains:
e p(c(T,h), T,\) =0,

e p(c(T,h), T,\) > 0.

For A < X, fixed, by looking along the horizontal
(XA =const) line, we observe the well-known temperature-
driven phase transition at T.(\) > 0 with an order pa-
rameter related to p. Then, for T' < T..(0) fixed, by look-
ing along the vertical (T =const) line, the same occurs.
Here, it is the quantum-parameter driven phase transi-
tion.

Note that for A > A, ie. for light atoms, the
temperature-driven phase transition is suppressed by
quatum tunneling or quatum fluctuations. Decreasing of
T.()\) for light atoms is well-known as isotopic effect in
ferroelectrics [18]. For the proof that one has the same
effect in the model (2.3) including the existence of A,
see [7].The proof for the original model (2.1) has been
obtained recently in [19].

At last, because of the Z? symmetry of the Hamiltonian
(2.3): Qi = —@Qy, on has

1(Qr) = limna (Qr) = Un(Qu) by (h=0) = 0; (2.18)
(b) h #0:
Then we obtain
L (2.19)

U(Ql) = A(Ch) .

For disordered phase, we have limp_ocp(T,\) =
e(T,\) > c¢*. So A(e) > 0 and

lim 7(Q) = 0. (2.20)

For ordered phase, we have limy,_,q ¢, (T, A) = ¢*, then

2

p(c*, T)\) =c" —I;(c*",T,\) = lim > 0.

h—0 AQ(Ch) (2'21)

lijr\n A ({V%#HQ Z(Qi - nA(Qi))}2

i€A

Finally, (2.19) and (2.21) yield yield the values of the
physical order parameters

(@) = lim n(Q1) = +v/p(e*, T, N) #0. (2.22)

Therefore, using the Bogoliubov quasi-average (1.10),
we obtain two extremal translation invariant equilibrium
states 4 and n_, invariant by translation, such that

N+ (Q1) = —n-(Q1) = [p(c*, T N]? #0.  (2.23)

In this case, one can easily check that positions and mo-
menta have normal fluctuations [7]. So, we pass to gen-
eralized quasi-average:

a>0 (2.24)

h

h —_— W 3
i.e. we couple lim h — 0 to lim A — Z?. This choice of
pertubation of (2.3) is flexible enough to scan between
“gentle”—“non-gentle” ones. For example, if o < 1, then
limiting equilibrium states for the phase (II) rest pure:
limA(Ql>HA(B) = (signh)[p(c*,T, ]2, while for a > 1
n(Q:) becomes

n(Q1) = any + (1 —a)n-

where a is computed in the Proposition 4.2 of [7]. More-
over, changes will emerge for fluctuations operators: it is
the mean aim of this note.

C. Phase Transition and Fluctuations

Consider now the fluctuation operators of position and
momentum given by

1

Fs5,(Q) = lim Vitee Z(Qi —na(Q4)) (2.25)
ieA
and
Fsp (P) = lim ﬁ Z(Pi —na(F)). (2.26)

i€A

The calculations of the variances of (2.25) and (2.26)
based on the approximating Hamiltonian yield (see e.g.

[71)

)

337



V. A. ZAGREBNOV

= lim L A @ c

=i s 5 A < 3 VACr (TN, V), (2.27)
lim 74 Gﬁ ieZA(Pi - ﬂA(Pi))}2>

~lim V216P /\m\/A(CA,Qh(Tc(/\), A) coth %\/A(CAJI(TC(A), ). (2.28)

Here cp (T, A) is solution of the self-consistent equa-
tion (2.5). The existence of nontrivial variances (2.27)
and (2.28) is sufficient for existence of the corresponding
quadratic forms in (1.3) [7].

If (T,)\) is above the critical line, one has
lima A(ea,n(Te(X),A)) > ¢*, consequently 6g = 0 = dp,
i.e. both momentum and displacement fluctuation oper-
ators are normal.

If (T, \) belongs to the critical line and h = 0, then for
T. > 0, the momentum fluctuation operator is normal
while position fluctuation operator is abnormal with the
exponent dg depending on the dimension d and on o, the
range of the interactions (1.11). At T, = 0, momentum
fluctuation operator is squeezed (6p < 0) while position
fluctuation operator is abnormal with dg > 0 such that
d0g + ép = 0. This leads to a non-abelian algebra of
fluctuation operators [7].

Finally,below the critical line, the quasi-averages con-
troled by an external field h = h/V® shows for T' > 0
and finite range interactions (o > 2) that momentum

fluctuation operator is normal while position fluctuation
operator is abnormal with the exponent § depended on
the dimension d and on « [7]. Of course, this domain is
specific because there one has more than one pure phase.
That is why the challenge problem is to study whether
there such dependence of exponents dg,dp on a in the
domain where the equilibrium state is unique. from dis-
cussion above, one deduces that the critical line is the
only place where something non-trivial could realize.

III. FLUCTUATIONS ON THE CRITICAL LINE
A. Preliminaries

Our challenge is to characterize the exponents dg and
dp on the critical line as function of d, o and if it is the
case of a. To this end, we shall proceed as follows. On
the critical line, one has (2.17). Hence, p(c*, T.(X), A = 0,
and (2.15) becomes

lim x A
A V2\/A(CA7h(Tc(/\)a/\))

Where due to the choice h = il/ V' one has

lim A(ea n(Te(), 4)) = 0.

Now we have to distinguish two cases
(a) T.(A) > 0, then Eq.(3.5) is equivalent to

1

lim

(b) T.(\) =0, then Eq.(3.5) is equivalent to

jLz
A {VMcAﬁ(Tc(A),A))mu) T VR ey A (T, A))} -

lim
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A
A {QV\/A((M(TC(A),A)) T VR A ey (T, /\))} =0

BA h2
coth 7\/A(0A,h(T6(A), A)) + V2 A% (or n(T5 ) } =0. (3.4)
(3.5)
—0; (3.6)
h (3.7)
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Both cases imply that, for V' — oo, the gap A (3.4) has the asymptotic behaviour A ~ V=7 with 0 < v < 1 and

0<vy<aor0<+vy<1andO0<vy< «a correspondingly.

It is equation (2.5) which is the key to get these asymptotics. To make it evident, we rewrite (2.5) as

LN 2
. . A BAQ(cn) h 1 A BAVA
(ea—c*)+[c*—=Ia(ea, Te, N+ [Ta(ea, Te, ) — Z (o) coth 9 = VoA +Vm coth 5 .
g€A*,g£0 1
(3.8)
[
The asymptotic behaviour of the left-hand side terms  (3.10) yields
of Eq. (3.8) is calculated in [7, 8]. Thus, we have to
combine these calculations with perturbation due to the o =2 + 1 (3.11)
term in the right hand-side. c2d 2 '

B. T.(\) > 0: Abelian Fluctuations

Lemma 3.1 If (T,)\) belongs to the critical line
(Te(X),A) with T.(A) > 0, then the asymptotic vol-
ume behaviour of the gap A(ca ,(Te(N), A)) is defined by

(if d> 20
7:% fora<§:ozc
vT=3 fora>4
ifd=20

= :%a—}—o fora<§=ac
vy=35+0 fora> 3
ifo<d<2o
Y =2a77; fora<%+%=ac
(=2 fora>Ll+z

Proof :
As T.(X) > 0, the right side of Eq.(3.8) becomes has
asymptotics (3.6) or

{ () <)

Let us define o, such that O[(1/V*A)’] ~ O(1/VA)
Then for the asymptotics (3.9) one obviously has

IR AN
VeaeA VA | VA

i.e. at a., the gap § has the same asymptotic behaviour
as for h = 0. These cases are considered in details in [8].
To make use of this consideration we have to distinguish
three regimes of the potentiel decreasing

(@) o<d<20
From [8] it is known that v = o/d, i.e. A ~ V7, then

(3.9)

(3.10)

(b) d=2c
In this limiting case one has v = % + 0, so we obtain

3
c= T 12
oe=1 (312)
(¢) d>20
The analysis effected in [8] provides v = £, then
3
=2 1
@ =y (3.13)

Consider the case o > a,. Then, the decay of h = iL/VQ
is too fast in order that asymptotics (3.6) not be sensi-

tive to h, i.e. the right side of Eq.(3.8) has asymptotics
(1/VA). This means that asymptotics in (3.8) are the

same as for h = 0, i.e. we reproduce the results of [8]:
o .
7:3 if o<d< 20,
1 )
'y=§+0 if d=20,

1

Then we twin to a < a, for the three cases (a), (b)
and (c) correspondingly. Now the asymptotics of the
first term in (3.8) will dominate.

(@) o<d<20
Then Eq.(3.8) gets the following asymptotics form

0 [(A+A%—1 +v%—1) VQ"‘AQ] = 0(1). (3.14)
By to the condition ¢ < d < 20, one gets
O(A71V22A2) = O(1). (3.15)
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Hence The lemma is proven e
o Proposition 3.2 If (T, \) belongs to the critical line
V=20, (3.16)  (T.(A),\) with T,(\) > 0, then the algebra of
fluctuation operators is abelian. The momentum
(b) d=20 fluctuation operator Fj, (P) is normal (6p = 0) while
Then the asymptotic form of (3.8) is the position fluctuation operator Fjs, (Q) is abnormal
with a critical exponent given by
0 [(A+Aln(A) +v%) V2“A2] —0(1). (3.17) (ifd> 20
5=%a fora<§=ac
Therefore we obtain 0=1 forazj
VZ?-I-O. (3.18) 4= 5=%a—|—0 fora<§=ac
d=7+0 fora> 3
Where the zero in (4.15) means logarithmic corrections ifo<d<2o
(c) d>20 §=a-2 sia< s+ Z=a
Then the asymptotic form of Eq.(3.8) is e 2 2d e
(6= 35 fora>5+ 3

O[(A+ VI HV2*A?] =0(1). (3.19)
Proof :
To check the abelian character of the algebra of
fluctuation operators generated by F%@ and F°F, it is
20 enough to calculate the limit of commutator (cf. the

=3 (320)  definition of the symplectic form (1.16)):

By d > 20, one can check that

. s 5 . 1
lim [FAP’FAQ] _ 111{n|A|1+T+5Q S [PL,Qu] =0. (3.21)

LUeA

The second part of the Proposition results from (2.27) and (2.28) which get on the critical line for h = h/V® the
form:

: 1 AT | kT.(A)
lpap <{VT 2 (@ -m@) ) = 725 Ao (100 V) 322
and
lim 74 Gﬁ ieZA(Pi - ﬂA(Pi))}2> = lim %kac(/\)- (3.23)

So the variance (3.22) is not trivial if and only if dg = /2 and (4.18) is not trivial if and only if dp = 0.Hence, one
gets dg due to the lemma 3.1 o

Remark that if we put ¢ = 2 in the preceding Proposition, then one gets the results for all short-range inhteractions
(o >2).

C. T:(Ac) = 0: Quantum Fluctuations

Lemma 3.3 If (T,)\) coincides with the point (0,)\.), then the asymptotic volume behaviour of the gap
A(ep,n(0,),0) is given by
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; 3
'zfd2>7"
"}/Zga fora<l1l=a,
=3 fora>1
,Lfd:?)a

v = 7:%a+0 fora<l=a,

=35+0 fora>1

if§<d<¥
7:2a2d2+—"30 fora<%+i—§:ac
Ly=72 fora> 41+ 32

Proof :
In that particular point of the critical line, the right side
of Eq.(3.8) gets the following asymptotic form:

LY,
VaA VA3

As in the lemma 3.1 we define «, such that
O [(I/VC“A)Q] = O(1/VAZ) for three cases of the in-
teraction decay:

@)

(3.24)

(a) % <d< 37" (3.25)
®) d= 37" (3.26)
(€ d> 37” (3.27)

The conditions for a. leads the asymptotic analysis of
(3.8) to the case h = 0, so we again can profit by [§]
where asymptotics are calculated for h =0

(@) $<d< ¥

From [8], we have for (3.24), when a = a., O(A) =
O(V), when a = a.. So we obtain straightfowardly

3o
Qe = @ + 5, (328)

) d=%.
Here, [8] yields O(A) = O(V=(319) 50 we obtain

ac =1, (3.29)
(c) d> 322
In that case, [8] gives O(A) = O(V~3), so

a.=1. (3.30)

If @« > ag, 7, then the last term in (3.24) dominates,
hence v coincides with those for h = 0, or for a = a..

Now we pass to a < a, (a) § <d <32
Then the asymptotic form of Eq.(3.8) is

1

[(a+azspva)]= .

(3.31)

Then, straightforward calculations (just use £ < d < %)
yield

40

—a— 32
Y+ 30 (3.32)

v

(b) d=22.
Then Eq.(3.8) transform to the following asymptotic
form:

0(a+Am(a)+vi) = 0(@). (3.33)
So we obtain
v = 2?(1 +0, (3.34)
(c) d>322.
Now the asymptotic form of Eq.(3.8) becomes
Va0 (tmg). )
Due to the the condition d > 30/2, we find
= %a (3.36)

This complete the demonstration of the lemma e

Proposition 3.4 If (T, ) coincides with the point
(0,A:(0)), then the algebra of fluctuation operators
is non-abelian and the position fluctuation operator
F5,(Q) is abnormal (6 > 0), while the momentum fluc-

tuation operator Fj, (P) is supernormal with dp = —dg
and
( 3
if d 1> Z
0= <a fora<l=a,
i
2

fora<l=a,
fora>1

1,3

0 = aggtss fora<s+37=a
o 1 30
(0= 13 foraz3+43

Proof:
If 3= (kT)~" — oo, variances (2.27) and (2.28) become
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1

liII\Il N <{V%—+‘5Q Z(Qi - UA(Qi))}2

1EA

and

lim na <{ﬁ Z(Pi —na(P:)}?

i€A

So one has just to apply the lemma 3.3 with dp =
v/4 = —0p to get dg.
As far as dg + dp = 0, the non-abelian nature of the
algebra of fluctuation operators is given by (1.6) e

IV. CONCLUSION

Results of the Sect.2 show that the structural phase
transition driven by individual fluctuations of atoms
strongly depends on their intensivity and the nature:
large quantum fluctuations of light atoms can suppress
the phase transition. On the other hand, statements of

. 1 A
) B RN Ew R (3:37)
~ lim V2—15P/\7m\/A(cA7h(Tc(/\), ). (3.38)

the Sects.3,4 demonstrate that in the case of existence
of the critical line collective fluctuations show sensitiv-
ity on such perturbations as infinitisimal external fields.
This kind of behaviour is typical for systems with devel-
oped quantum fluctuations such as, e.g., Bose systems in
condensed phase,see [20].
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