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Higher—order vertices at zero external momenta for the scalar field theory, describing the critical
behaviour of the Ising model, are studied within the field—theoretical renormalization group (RG)
approach in three dimensions. Dimensionless six—point gs and eight—point gs effective coupling
constants are calculated in the three-loop approximation. Their numerical values, universal at
criticality, are estimated by means of the Padé and Padé—Borel summation of the RG expansions
found and by putting the renormalized quartic coupling constant equal to its universal fixed—point
value known from six-loop RG calculations. The values of g obtained are compared with their
analogs resulting from the e-expansion, Monte Carlo simulations, the Wegner-Houghton equations
and the linked cluster expansion series. The field—theoretical estimates for g are shown to be in a
good agreement with each other, differing considerably from the values given by other methods.
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I. INTRODUCTION

The critical thermodynamics of the three—dimensional
Ising model is known to be described by Euclidean scalar
field theory with the Hamiltonian

= [ daf5mie+ (o) + o], @

where a bare mass squared m3 is proportional to T' —TC(O),

TC(O) being the phase transition temperature in the ab-
sence of the order parameter fluctuations. Taking fluctu-
ations into account leads to renormalization of the mass
m2 — m?, the field ¢ — ¢r, and the coupling constant
A — mgy, and also to the appearance of terms of the
form m?®~"g,,,¢%" with n > 2 in the effective action (free
energy) of the system. In the critical region, where fluctu-
ations are so strong that they completely screen out the
initial (bare) interaction, the behaviour of the system be-
comes universal and the dimensionless vertices go, tend
toward their asymptotic limits, i.e. they assume constant,
values which are also universal.

In this paper, we calculate numerical values of gg and
gs at criticality using the field—theoretical renormaliza-
tion group (RG) approach in three dimensions. Higher—
order coupling constants mentioned related to corre-
sponding vertices at zero external momenta will be found
as power series in the renormalized dimensionless quartic
coupling constant g4 up to three-loop order, and the RG
series will be resummed by means of the Padé and Padé—
Borel techniques. Then g4 in resummed RG expansions
will be put equal to its universal value g; known from
the canonical six-loop RG calculations resulting in nu-
merical estimates for g5 and g35. The numbers obtained
for ¢gi will be compared with those resulting from the
e—expansion for gg/g3 as well as with the values given by
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Monte Carlo simulations, by the approximate solution of
the Wegner—Houghton equations and by the analysis of
the linked cluster expansions.

II. RG EXPANSIONS FOR SEXTIC AND OCTIC
EFFECTIVE INTERACTIONS

Since higher—order bare coupling constants are known
to be irrelevant at criticality in the RG sense, renormal-
ized perturbative expansions for gg, gs, etc. may be ob-
tained from conventional Feynman—graph expansions of
these quantities in terms of the only bare coupling con-
stant — A. In its turn, A may be expressed perturbatively
as a function of the renormalized dimensionless quartic
coupling constant g,. Substituting corresponding power
series for A into original Feynman—graph expansions for
g6 and gg, we can obtain the RG series for these higher—
order effective coupling constants.

Recently, one of the authors has found the sextic cou-
pling constant gg in the two—loop RG approximation [1].
Thus, what we are interested in is the three—loop con-
tribution to this quantity. As may be shown, there are
16 graphs contributing to gg in the three—loop order. In
fact, their calculation is neither cumbersome nor lengthy
since corresponding contribution may be written down as
a sum of a few terms having a form of mass derivatives
of some two—point and four—point graphs. So, within the
three—loop approximation we get
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where go = A/4! and Z relates the dressed Green func-
tion GG to the renormalized one G in a conventional
way:

Z A
G=7Gp = =

2
mg_l_qg_ER +O(g4)

(2.2)

The renormalized perturbative expansion for bare cou-
pling constant go may be obtained using the normalizing
condition

Zy
go = Mgs—5

> (2.3)

and the RG expansion for Z; which has been calculated
by many people:

_ 9 63 3
Zy =1+ 591+ 595 + O43). (2.4)
Combining (2.1, 2.3, 2.4) we obtain
_ 9 3 3 2
% =g (1 “g1 + 1.38996295294). (2.5)

The RG expansion for the eight—point effective cou-
pling constant gg may be found in an analogous way
although it requires more job than in the case of gs.
Two—loop and three—loop contributions to gs are given
by 5 and 36 Feynman graphs respectively. Use of the
trick mentioned above, however, considerably simplifies
their calculation. The result is as follows
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Expressing go in terms of g4 leads to the RG series for
gs:

81, 65 2
oo = i (1 — ot 7.77500131094).

(2.7)
With the RG expansions (2.5, 2.7) in hand, we can get
numerical estimates for universal critical values of gg and

gs-

III. RESUMMATION AND NUMERICAL
ESTIMATES

Perturbative expansions in a field theory are known to
be divergent, at best asymptotic. Moreover, the theory
under consideration has no small parameter. That is why
direct substitution of the fixed point value g to (2.5, 2.7)

can not lead to satisfactory results. These expansions,
however, contain important information which may be
extracted provided some procedure making them conver-
gent is applied. Here Padé and Padé-Borel methods will
play roles of such procedures, i.e. we shall construct Padé
approximants [L/M] for the functions given by the series
(2.5, 2.7) as well as for their Borel transforms which are
related to the functions to be found (“sum of series”) by
the formula

fl@)=> et = / e F(xt)dt, (3.1)
k=0 0
HOEDIE (3.2)
k=0

and then evaluate the integral Eq. (3.1) where series
Eq. (3.2) possessing nonzero radii of convergence are re-
placed by the corresponding Padé approximants.

Starting from the three—loop expansions available, it
is possible to construct Padé approximants of the only
reasonable type: [1/1]. On the other hand, one can try
several different ways of resummation. Indeed, the Padé—
Borel procedure may be applied not only to the series for
ge and gg themselves but also to corresponding RG ex-
pansions for the ratios gs/g3 and gs/gs.

Let us construct first the Padé approximant for the
six—point effective coupling constant. From Eq. (2.5) we
readily obtain:

9 31+0.50063694

96 =TI 1 1.45556694 (3:3)

Substituting into this expression the most accurate nu-
merical estimate g; = 0.988 for the fixed point value
known from six-loop RG calculations in three dimen-
sions [2, 3] we find for the universal value of gs:

gi = 1.694. (3.4)

Apply then more sophisticated, Padé—Borel procedure
to the series Eq. (2.5) which is expected to lead to more
accurate estimate for g§. After simple algebra we obtain

o0
1+ 0.052382¢4t 5 _
= 0.477465g; | ——————t3e 'dt. 35
g6 94/ 1+0.291114gat © (3:5)
0
Computation of this integral for g4 = 0.988 gives
ge = 1.622. (3.6)

The third way to get numerical estimate for g; we use
here is to construct the Padé-Borel approximant for
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g6/95 and to estimate the universal value of this ratio
at criticality. The corresponding expression is as follows:

oo

1+ 0.0077234g4t
96 — 9.86479¢, / + I te—tdt.

g3 1+ 0.48519¢g4t

(3.7)

0

For the fixed point value of g4 this formula leads to:
gs = 1.577. (3.8)

To obtain numerical estimates for g§ the same proce-
dures are applied to the series Eq. (2.7). They give

gs =068 (Padé), (3.9)
gs =1.71 (Padé — Borel),
g; =271 (Padé — Borel for gs/g}).

IV. DISCUSSION

Although the RG expansions found in Sec. IT are, in
fact, rather short, numerical estimates for gg obtained
from (2.5) by several resummation techniques are seen
to be close to each other. That is why we believe that
the numbers (3.4) and, in particular, (3.6) and (3.8) are
also close to the exact value of g;. Moreover, taking into
account of the three-loop RG contribution to g¢ turns
out to change corresponding estimate by less than 10
per cent (Padé-Borel resummation of the two—-loop RG
expansion have led to g = 1.50 [1]) what may be con-
sidered as an extra argument in favour of fair numerical
accuracy of the results presented above.

Let us compare our estimates for gg with their counter-
parts obtained by different methods. The solution of the
Wegner—Houghton equations within the local potential
approximation presented by C.Bagnuls and C.Bervillier
has yielded (g¢/g3) = 3.59, g6 = 2.40 at the non—trivial
fixed point [4]. Determining by Monte Carlo simulations
probability distributions for averaged magnetization of
the 3D Ising model in an external magnetic field, M.M.
Tsypin found from his data that g5 = 2.05 [5]. The anal-
ysis of the linked cluster expansion series performed by
T.Reisz led to g = 1.92 [6].

All these estimates are seen to be significantly larger
than ours obtained by means of perturbative RG calcula-
tions for the field—theoretical model. In such a situation,
it is interesting to evaluate g§ using some alternative
field—theoretical perturbative approach. The e-expansion
for the ratio gs/g2 which results from the equation of
state may be used for this purpose. Up to the €3 order,
it is as follows [7]:

Je 20 , 3
= = 2€e— ﬁe + 1.2759¢°.

. (4.1)
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Resumming this expansion by Padé and Padé-Borel
methods we find for e = 1 and g4 = 0.988:

g =1.687 (Padé),

g¢ = 1.653 (Padé — Borel). (4.2)

The Padé-Borel estimate for g thus obtained is re-
markably close to those given by RG calculations in three
dimensions (3.6), (3.8). So, the field-theoretical RG ap-
proach in three and (4 — ¢) dimensions provides, within
the three-loop approximation, the values of g§ which
agree well to each other but differ considerably from the
Monte Carlo and some other estimates mentioned above.

Let us discuss further the predictions concerning the
eight—point effective coupling constant. The estimates
following from the three—loop RG expansions in 3D are
clearly seen to be strongly scattered being therefore nu-
merically unreliable. It is not surprising since coefficients
in the RG expansion for gg grow much faster than those
in the RG series for g making the former series less suit-
able for resummation than the latter. Correspondingly,
much less reliable numerical estimates for gg at the criti-
cal point are obtained. On the other hand, all three num-
bers (3.9) are i) positive, i.e. have a sign opposite to that
of the lowest—order (one-loop) RG estimate g3 = —12.28,
and ii) much smaller than the absolute value of this one—
loop estimate. It means that higher—order RG contribu-
tions to gg being extremely important tend to strongly
diminish its universal value at the critical point with re-
spect to the number given by the lowest—order RG ap-
proximation. This conclusion seems to be in accord with
the fact that the recent analysis of relevant Monte Carlo
data failed to reveal some appreciable (non—zero) value
of g3 [5]-

V. CONCLUSION

In the paper, the RG series for coefficients before M6
and M? in the expansion of the free energy of the three—
dimensional Ising model in powers of the order param-
eter M have been calculated in the three-loop approx-
imation. Numerical estimates for universal values of gg
and gg at the critical point have been found by Padé and
Padé—Borel resummations of the series obtained and by
putting the quartic coupling constant equal to its fixed
point value 0.988. Padé-Borel procedure applied to the
expansions for gs and gg/g7 has given gi = 1.622 and
gs = 1.577, respectively, while analogous treatment of
the e—expansion for gg/g? has been shown to result in
gs = 1.653. Being in a good agreement to each other,
these field—theoretical estimates are considerably smaller
than those obtained by other methods. The RG expan-
sion for gg has turned out to be less suitable for resum-
mation than that for gg since it possesses rapidly growing
coefficients. As a result, strongly scattered numerical es-
timates for g3 lying between 0.68 and 2.71 have been
found.
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PO BIJIbLHY EHEPTIIO TPUBUMIPHOI MOOEJII I3THT A
B KPUTHUYHIN OBJIACTI

A. 1. Cokosios, I. A. Yankos, €. B. OpJsios
Heporcasruti eaexmpomernivnutd ynisepcumem, xagedpa Biduwnol eaexmporixu,
Pocis, 197376, Canxm—IIemepbype, eya. npod. Ionosa, 5

BuB4aioThCa BEPMIMHN BUINOTO MOPAAKY MPU HYJILOBUX 30BHINTHIX MOMEHTAX CKAJIAPHOL TeOpil moJid, AKi Omu-

CYIOTh KPUTHYHY TIOBEIIHKY MOmesIl [3iHra B paMKax TEOpeTHKO-TOJIhoBOrO penopmrpynosoro (PT) mimxomy y

Tpbox BuMipax. Be3po3miphi mectu- Ta BOCbMUTOYKOBI e(PeKTUBHI KOHCTAHTH 3B’fI3KY g6 TA g3 PO3PAXOBYIOTHCI

y TPUILIETIEBOMY HAaOIMKEHH]. IX YuC/I0Bl BeInanHn, yHIBEPCAJIbHI IIPU KPUTHIHOCTL, BH3HATAIOTHCSI LISIXOM ITe-

pecymoByBannsg [Tame Ta [Tage—Bopesnsa orpumanunx PI" posk/iamiB Ta miacTaHOBKY YeTBEPHOI KOHCTAHTH B3aEMOII1
piBHOIO i yHiBEepCaJIbHOMY 3HAUEHHIO y HEpyXowmiii Towmi, sika Bimoma 3 mectunerseBux PI' o6unciens. Orpu-
MaHl 3HAYCHHSA §g TOPIBHIOIOTHCHA 3 1X AaHAJIOTAMHE, OIEPKAHIMHE 32 JTOTIOMOTO0 €-PO3KIaLy, Metomy Monte Kapsio,

piBHaHb Bernepa—T'oyrrona Ta 3B’sa3aHNX KJIACTEPHUX PO3KJIAIIB. TE€OPETUKO—TIOIHOBI OIIHKY g§ TOOPE y3TOmKY-

I0ThCSI MiX CODOIO Ta CYTTEBO BiAPI3HAIOTHCS Bi 3HAYEHb, OTPUMAHUX IHIITMMHI METOSAMH.
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