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The orientational{tunneling model of linear hydrogen{bonded systems with strong short-range

proton correlations is developed in the context of problems of proton dynamics and proton transfer.

The proton translational motion on a single bond and the Bjerrum orientational jumps are taken into

account. The in
uence of reorientational motion as well as external electric �eld on energy spectrum

and thermodynamical functions of �nite linear H-bonded complexes is investigated. Within the

framework of the model proposed the systems with L- and D-proton defects are described.

Key words: hydrogen bond, proton transfer.

PACS number(s): 64.60.Cn, 66.30.Lw

I. INTRODUCTION

Various kinds of physical and biological objects con-

tain the hydrogen{bonded molecular subsystems, in

which the hydrogen bonds network has a dominant role

in their properties.

In particular, the proton subsystem is especially im-

portant for superionic crystals with hydrogen bonds. The

structural and ferroelectric phase transitions in these

compounds are connected with the rearrangements of hy-

drogen bonds network, proton ordering and ionic groups

reorientation processes. The essential feature of this class

of materials is their high-temperature transitions to the

so-called superionic (superprotonic) phases, in which the

conductivity is accomplished by the fast proton trans-

port. In these phases the speci�c type of proton disor-

der is realized when protons are distributed randomly

in the sublattice of structurally equivalent positions and

the number of positions exceeds the number of protons.

Raman and NMR spectroscopy measurements [1{3] in-

dicate the fast dynamics and reorientations of the neigh-

bouring ionic groups, which accompany the phase tran-

sitions and become signi�cantly intensive in superionic

phase. These movements together with the drastically

increased amplitudes of thermal vibrations (measured by

the Debye{Waller factor) assist the proton transport and

thereby are responsible to a considerable degree for the

appearance of the superprotonic conductivity [4]. Proton

interacts with the surroundings dynamics adiabatically,

that is the \cold" protons are following a \hot" envi-

ronment without signi�cant barriers along the di�usion

path. This is evident from the experimental investiga-

tions [1, 5] as well as from the results of the molecular

dynamics simulation [6].

Because of this, for the description of the proton trans-

fer process the Grotthuss mechanism is considered gen-

erally, which involves the proton movement along the

hydrogen bond with the further reorientation caused by

\tumbling" (vibrational and librational) of the neigh-

bouring ionic group. In other words the �rst step of the

transport process consists of ionic defect motion and the

next one is accompanied by the occurrence of the so-

called orientational defect. The existence of such types

of defects is also accepted in the models describing the

proton transport in ice and the orientational relaxation

rates of icy substances. A direct experimental estimate of

the orientational (Bjerrum) defect charge was obtained

by Hubman [7] as a result of measuring the dielectric

constant of ammonia doped ice in comparison with or-

dinary ice. The energy of Bjerrum defects in ice Ih have

been determined in [8] with taking into account the re-

laxation of the surrounding neighbours at the process of

the defect forming.

At the present time there exist many unresolved prob-

lems in the theoretical description of the proton trans-

port mechanism. In particular, for superionic (superpro-

tonic) crystals the important question is the considering

of proton transfer in random two- and three-dimensional

hydrogen{bonded medium. Furthermore, the proton mi-

gration due to the ionic group reorientations as well

as the motion of proton within the hydrogen bond are

caused by the interaction with the phonon bath of sur-

roundings, which results in complicating of the problem.

To help resolve these problems, there is a need to pursue

the theoretical studies of the proton transport in simpler

hydrogen{bonded systems.

As the initial step the chain of hydrogen bonds con-

necting consecutively ionic groups is considered in this

work. The role of such a type of molecular subsystems

is of great importance for di�erent processes in physical

and biological objects, such as ferroelectrics with hydro-

gen bonds, ice, liquid water, proteins and others [9, 10].

The problem of proton dynamics in such systems is the

object of intensive theoretical and experimental study.

The ab initio self-consistent �eld (SCF) calculations per-

formed for the small molecular complexes [10, 11] ex-

hibited the anomalous large proton polarizability, which

changes strongly under the in
uence of the external elec-

tric �eld. In [12, 13] a pseudo-spin reduced basis model

was proposed for the description of H-bonded molecu-

lar systems, taking into account only the proton motion
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along the H-bond. In this paper within the framework

of our microscopic approach the orientational degrees

of freedom corresponding to rotations of covalent bonds

connecting protons with ionic groups are taken into ac-

count additionally.

The energy levels, polarization and susceptibility of

the proton subsystem with small number of hydrogen

bonds are investigated. It is shown that the thermo-

dynamical properties of such molecular systems change

strongly with the change of orientational motion fre-

quency and external electric �eld strength. The systems

with L- and D-proton defects as well as system with

one proton in the hydrogen{bonded chain are described

within the model developed.

II. THE MODEL

Let us consider the molecular system

AH � � �CH � � �CH � � �B containing a chain of N hydro-

gen bonds between the ions or ionic groups C (Fig. 1);

A and B denote ions or ionic groups placed on the ends

of the chain.

Fig. 1. Scheme of the system. The arrows correspond to

one of the possible directions of proton motion along the

chain.

For the description of the proton subsystem we shall

proceed from the concept implying the availability of a

double well potential for the proton on each bond, which

is the reason of ionic defect and the existence of orien-

tational (Bjerrum) defect corresponding to the rotation

of a covalent bond connecting a proton with ionic group.

The ionic defect represents the motion of proton within

a single H-bond between the two heavy ions. The ori-

entational defects, on the other hand, allow a proton to

move actually along the chain.

In our approximation the two lowest proton states on

a bond and only two di�erent orientational positions for

the covalent bond are taken into account. We derive the

Hamiltonian of the proton subsystem in the second quan-

tization form on the basis of the wave functions  

a

and

 

b

of the lowest proton states in the left (a) and right

(b) minima on the bond:

^

H =

^

H

A

+

N�1

X

k=1

^

H

k

+

^

H

B

+

^

H

T

+

^

H

R

+

^

H

C

+

^

H

E

(2.1)

The short-range interaction's part of Hamiltonian in-

cludes three terms:

^

H

A

= "

A

(1� n

1;a

) + w

A

n

1;A

^

H

k

= w

0

(1� n

k;b

)(1� n

k+1;a

) + wn

k;b

n

k+1;a

(2.2)

+"(1� n

k;b

)n

k+1;a

+ "n

k;b

(1� n

k+1;a

)

^

H

B

= "

B

(1� n

N;b

) + w

B

n

N;b

;

where "

A;B

, ", w

A;B

, w, w

0

are the energies of proton con-

�gurations in the potential minima nearest to the ionic

groups (see Fig. 2) and n

k;�

are the occupation num-

bers of protons in the positions � = a; b on the bond

k(k = 1; N).

Fig. 2. Proton con�gurations near ionic groups and their

energies.

The tunneling energy

^

H

T

can be presented in the form:

^

H

T

= 


A

(c

y

1;a

c

1;b

+ c

y

1;b

c

1;a

)

+


B

(c

y

N;a

c

N;b

+ c

y

N;b

c
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) (2.3)

+


0

N�1

X

k=2

(c

y

k;a

c

k;b

+ c

y

k;b

c

k;a

);

c

y

k;�

, c

k;�

are the proton creation and annihilation op-

erators. We distinguish the tunneling frequencies on the

outer (


A

, 


B

) and inner (


0

) bonds. The e�ect con-

nected with the orientational motion can be presented

as a pseudo{tunneling e�ect with the frequency 


R

:

^

H

R

= 


R

N�1

X

k=1

(c

y

k;b

c

k+1;a

+ c

y

k+1;a

c

k;b

): (2.4)

The term

^

H

C

= U

N

X

k=1

n

k;a

n

k;b

+ V

N

X

k=1

(1� n

k;a

)(1� n

k;b

) (2.5)
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corresponds to the energy of the Coulomb repulsion be-

tween two protons on the hydrogen bond (the �rst term)

and between free electron pairs, the so called lone pairs

[8, 16], on the hydrogen bond without protons (the sec-

ond term). The last term in Hamiltonian (2.1)

^

H

E

= �e

p

E

N

X

k=1

�=fa;bg

R

k;�

n

k;�

; (2.6)

describes the interaction with the external electric �eld

E; R

k;�

is the distance between the left end of the chain

and potential well (k; �); e

p

is the proton charge.

In the case of a symmetric system (A = B) some

parameters are equal: 


A

= 


B

= 
; "

A

= "

B

= ~";

w

A

= w

B

= ~w.

For the chain with N bonds there exist 2

2N

many-

particle states jli = jn

1;a

; : : : ; n

N;b

i; where n

k;�

= f0; 1g

is the number of protons in the position � = fa; bg

on the bond k. The Hamiltonian expressed in terms

of the Hubbard operators X

l;l

0

= jlihl

0

j acting on the

basis jli decomposes into (2N + 1) parts, which cor-

respond to the various values of the proton number

n =

P

k;�

n

k;�

= 0; 1; : : : ; 2N :

^

H =

^

H

0

�

^

H

1

� � � � �

^

H

2N

(2.7)

The eigenvalues of these Hamiltonians give the en-

ergy spectrum of the considered system. The presence

of strong short-range correlations between protons on

the neighbouring hydrogen bonds as well as a strong

Coulomb interaction between protons on a single bond in

some �nite systems leads to the situation when the pos-

sible equilibrium distributions of protons do not contain

the high-energy proton con�gurations. The so called re-

duced basis model [12, 13] is obtained as a result of the

exclusion of states corresponding to high-energy short-

range proton con�gurations. In a similar way the high-

energy con�gurations caused by the Hubbard{type in-

teraction can be excluded also from initial basis.

In particular, for N = 2, the basis jli includes 16 states:

j1i = j0000i; j2i = j1000i; j3i = j0100i; j4i = j0010i;

j5i = j0001i; j6i = j1100i; j7i = j1010i; j8i = j1001i;

j9i = j0110i; j10i = j0101i; j11i = j0011i; j12i = j1110i;

j13i = j1101i; j14i = j1011i; j15i = j0111i; j16i = j1111i:

With the help of relations

c
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;

we can express Hamiltonian in terms of X operators. It decomposes into 5 terms:

^
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where

^

H

0
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0

2

�
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1
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�
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^
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+
(X

7;8

+X
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2
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a

+ �
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+
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12;13
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+X
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+X

14;13
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2
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1;

^

H

4

2
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4

2
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Here (b � a) = ( ~w � ~") � (" � w

0

) is the di�erence

between relative energies of proton con�gurations in the

outer (near A or B ionic groups) and inner (near C) po-

tential wells. The value of a

2

2

= ~w + ~" + " is the energy

corresponding to the location of domain walls on the ends

of the chain (the domain wall is the boundary between

two regions with a varying arrangement of protons on

hydrogen bonds);

a

0

2

= a

2

2

� ( ~w � ~")� ("� w

0

);

a

1

2

= a

2

2

� ( ~w � ~");

a

3

2
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2

2

+ ( ~w � ~");

a

4

2
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2

2

+ ( ~w � ~") + ("� w

0

):

The parameter J = w + w

0

� 2" is the e�ective short-

range interaction between the protons near ionic group;

�

a

= e

p

R

a

, �

ab

= e

p

R

ab

; R

a

and R

ab

are the distances

between the ionic group and the nearest potential well

and between the two neighboring potential wells on the

hydrogen bond respectively.

In a similar way the Hamiltonian can be written for

systems with any �nite value of N .

III. ENERGY SPECTRUM AND

SUSCEPTIBILITY

The energy spectrum of the system can be obtained

from the equation for eigenvalues and eigenvectors fu

l�

g

of Hamiltonian (2.7) represented in the basis jli :

X

l

0

hljH jl

0

iu

ll

0

= �

�

u

l�

: (3.1)

The dielectric susceptibility of proton subsystem is ex-

pressed by the Green function:

�(!) = �

2�

�h

hhP jP ii

!

: (3.2)

Here P = e

p

P

k;�

R

k;�

n

k;�

is the operator of electric dipole

moment of protons on the chain. The Hamiltonian rep-

resented on the basis j

~

li =

P

l

u

l

0

l

jl

0

i has the diagonal

form:

~

H =

X

p

�

p

~

X

p;p

; (3.3)

where

~

X

p;p

is obtained by means of a unitary transfor-

mation of Hubbard operators:

X

l;l

0
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X
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u

�
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~

X
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u

�l

0

: (3.4)

With the help of the equation of motion for operators

~
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� �

�

)

~

X

�;�
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��

~

X
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(t); (3.5)

and after substituting (3.4) in (3.2), the susceptibility of

the proton subsystem can be written in the form of:

�(!) =

X

�<�

2

~
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2

��

�

��

h

~

X

��

�

~
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��
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� �
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where

~

P

��

=

X
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0

u

�l

hljP jl

0

iu

�

l

0

�

(3.7)

is the operator of the dipole moment represented on the

basis j

~

li. The average occupation number of state j�i is

determined as:

h

~

X

��

i =

e

���

�

P

�

e

���

�

: (3.8)
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IV. ENERGY SPECTRUM AND

THERMODYNAMICAL FUNCTIONS FOR

SYSTEMS WITH N = n

Let us consider the case of systems in which the num-

ber of hydrogen bonds N is equal to the number of pro-

tons n in the chain.

In the reduced basis model [12, 13], i.e. for systems

in which the orientational degrees of freedom can be ne-

glected and after elimination of the high-energy con�gu-

rations, corresponding to large values of J we have only

four parameters of the theory: (b � a), 
, 


0

, �

ab

. The

values (b�a) = �600cm

�1

, 
 = 255cm

�1

, 


0

= 40cm

�1

were obtained for system formate{water{acid formate

from the comparison of the spectrum obtained in the

reduced basis model [12] and the SCF calculations [11].

The dipole moment �

ab

is determined from the satura-

tion value of polarization: �

ab

= 3:5D. In a more general

case, i.e., taking into account orientational rotations, four

additional parameters U , V , 


R

and �

a

appear. The val-

ues of U = 3280cm

�1

and V = 3130cm

�1

correspond to

the energies of D- and L-defect found in [8]. The param-

eter J includes the energy of high-energy proton con-

�gurations and its value is of one or two order higher

than the remaining con�guration energies of protons near

ionic group (it is in agreement with the results obtained

in [11]). Therefore we assume J = 9400cm

�1

. �

a

= 2D;




R

is changed from 0 to 2500cm

�1

.

A. Energy spectrum and susceptibility as a

functions of 


R

for the system with N = n = 2

For the chain with n = 2 protons on N = 2 hydrogen

bonds we have 6 basic states:

j1i = j1100i; j2i = j1010i; j3i = j1001i;

j4i = j0110i; j5i = j0101i; j6i = j0011i: (4.1)

At the absence of tunneling on a hydrogen bond (
 = 0)

the eigenvalues and eigenvectors of Hamiltonian (2.10)

were found in the analytical form:

�

1;2

=

1

2

(U + V � q

�

) + (�

a

+ �
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2

2

;

�
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2

2

;

�

4
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2

2

; (4.2)
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�
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�
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�
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7
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+
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+

3
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7

7
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here

p

�

=

1

2

(U + V � q

�

)� �

a

E; q

�

=

q

(U + V � 2�

a

E)

2

+ 4


2

R

:

The basis j

~

li has in this case the following form:
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j

~

1i =




R

q




2

R

+ p

2

�

j1i �

p

�

q




2

R

+ p

2

�

j2i;

j

~

2i =

p

�

q




2

R

+ p

2

�

j1i+




R

q




2

R

+ p

2

�

j2i;

j

~

3i = j3i; (4.5)

j

~

4i = j4i;

j

~

5i =




R

q




2

R

+ p

2

+

j5i+

p

+

q




2

R

+ p

2

+

j6i;

j

~

6i = �

p

+

q




2

R

+ p

2

+

j5i+




R

q




2

R

+ p

2

+

j6i:

The examination of the spectrum as a function of




R

in the absence of external �eld E shows that the

ground state of the proton subsystem is changed at




�

R

=

p

(b� a)

2

� (U + V )(b� a) (see Fig. 3), i.e., the

behaviour of the system has two regimes. In the case




R

< 


�

R

the ground state j

~

3i corresponds to the loca-

tion of the domain wall in the centre of the chain, namely

when both the protons are in the potential wells near the

outer ionic groups A and B. For 


R

> 


�

R

situation is

changed; the lowest energy branch

1

2

(U + V � q) + a

2

2

,

where q = q

+

j

E=0

= q

�

j

E=0

, corresponds to the two

states j

~

2i and j

~

6i in (4.5). Thus the reconstruction of

the ground state re
ects the localization of one of the

protons near the inner ionic group.

Such a behaviour of the energy spectrum is the rea-

son for the peculiarities in the dependences of thermo-

dynamical functions on pseudotunneling frequency. For

example, the free energy of the system for 
 = 0, E = 0

has the form:

Fig. 3. Dependence of the energy spectrum on 


R

for the

system with N = n = 2 and di�erent 
.

Fig. 4. Static susceptibility as a function of 


R

at

T = 100K a) for the case N=n=2; b) for di�erent N ,


 = 255cm

�1

.

F = (b� a)�

1

�

(4.6)

�ln(1 + 4e

�

�

2

(U + V � 2(b� a))

ch

�q

2

):

At very low temperatures F has two distinct branches in

dependence on 


R

:

F

�!1

!

�

(b� a) ; 


R

< 


�

R

1

2

(U + V � q) ; 


R

> 


�

R

;

(4.7)

With the help of unitary transformations (4.3), (4.4)

and using the obtained energy spectrum (4.2), we can

calculate �(


R

).

For the case of N = n = 2 at the absence of the

external �eld and for low temperatures the static sus-

ceptibility can be represented in the form:

�

�!1

!

8

<

:

0 ; 


R

< 


�

R

2

�

2

a

q

(1�

U

2

q

2

) + �((�

a

+ �

ab

)�

U

q

�

a

)

2

; 


R

> 


�

R

;

(4.8)

i.e., the anomaly of �(


R

) at � ! 1 for 


R

> 


�

R

(see Fig. 4, a) re
ects the fact, that in the ground state, which

is double degenerated, the system possesses a non zero dipole moment. For 
 6= 0 the energy spectrum and � was

calculated using numerical methods. The in
uence of proton tunneling is manifested in the e�ect of splitting the
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spectrum and smoothing the function �(


R

) in the vicinity of 


R

= 


�

R

.

The energy spectrum and susceptibility as a functions of 


R

was obtained also in a numerical way for the systems

with N = n = 3, N = n = 4. We can see, that the change of the ground state of proton subsystems takes place for

arbitrary values of N . The value of 


�

R

shifts to the low-frequency region with the increase of N (see Fig. 4, b).

B. The dependences of energy spectrum and thermodynamical functions on external electric �eld

The dependences of the energy spectrum, average dipole moment hP i and susceptibility � on the �eld strength

E [15] in the cases of presence or absence of orientational degrees of freedom are di�erent. Neglecting orientational

motion we have only a motion of protons between two potential minima on each bond. The redistribution of protons

takes place at E

1

=

a� b

�

ab

for the arbitrary values of N . Therefore, polarization hP i as a function of E abruptly

increases at E = E

1

to the saturated value �

ab

. This corresponds to the maximum of susceptibility � [12].

In the case when the orientational degrees of freedom are taken into account, the partition function can be calculated

with the help of the energy spectrum obtained. As example for case N = n = 2:

Z = e

��(b� a)

+ e

��(J � (b� a))

+ 2e

�

�

2

(U + V )

(4.9)

(e

��(�

a

+ �

ab

)E

ch

�q

�

2

+ e

�(�

a

+ �

ab

)E

ch

�q

+

2

)

The average dipole moment of the system can be obtained from (4.9): hP i = �

@F

@E

, where F = �

1

�

lnZ:

hP i = �2

e

�

�

2

(U + V )

Z

n

e

��(�

a

+ �

ab

)E

�

�

� e

�(�

a

+ �

ab

)E

�

+

o

; (4.10)

where

�

�

= (�

a

+ �

ab

)ch

�q

�

2

+ �

a

U + V � 2�

a

E

q

�

sh

�q

�

2

:

The static susceptibility �(E) can be written as:

�(E) = �4

e

�

�

2

(U + V )

Z

2

n

e

��(�

a

+ �

ab

)E

�

�

� e

�(�

a

+ �

ab

)E

�

+

o

2

+

e

�

�

2

(U + V )

Z

n

e

��(�

a

+ �

ab

)E

�

�

+ e

�(�

a

+ �

ab

)E

�

+

o

; (4.11)

where

�

�

= 2�

�

(�

a

+ �

ab

)

2

� �

2

a

(U + V � 2�

a

E)

2

q

2

�

�

ch

�q

�

2

� 4

�

2

a

q

�

�

1�

(U + V � 2�

a

E)

2

q

2

�

�

sh

�q

�

2

:

Using the obtained expressions (4.2), (4.10) and (4.11)

we consider dependences of energy spectrum, hP i and �

on the �eld strength E. The inspection of spectrum for

case 


R

= 0 in Fig. 5, a shows that the additional recon-

struction of the ground state takes place at E

2

=

U + V

2�

a

.

Such a dependence re
ects the transfer of all protons in

the direction of the applied �eld to the one end of the

chain and, as a result, the appearance of D-defect on

this end of the chain and L-defect on the opposite side.

Consequently the additional sharp increasing of average
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Fig. 5. Dependences of the energy spectrum on E (


R

= 0)

for the system with a) N = n = 2, b) N = n = 3

(
 = 


0

= 0), c) N = n = 4 (
 = 


0

= 0).

dipole moment hP i up to the saturated value (2�

a

+�

ab

)

takes place at E = E

2

(Fig. 6, a). Thus we have the

anomaly of susceptibility �(E) when E = E

2

. We can

conclude from Fig. 6, b, that the �rst maximum of sus-

ceptibility which corresponds to the reconstruction of the

spectrum at E

1

=

a� b

�

ab

for 


R

= 0, shifts to the lower

values of the external electric �eld strength, when 


R

increases. The second maximum of �(E) at E = E

2

be-

comes smoother when 


R

shifts to the higher-frequency

region. Therefore the motion of protons along the chain

under the in
uence of electric �eld is sensitive to the

value of 


R

. When H-bonded chain becomes longer, the

value of E

2

changes. For the N = n = 3 the value of

E

2

=

U + V

4�

a

(Fig. 5, b) and for N = n = 4 E

2

=

U + V

6�

a

(Fig. 5, c). In general E

2

=

U + V

2(N � 1)�

a

. We see, that

for the su�ciently long chains (N > 1+

U + V

a� b

�

ab

2�

a

), the

Fig. 6. Dependences of a) the average dipole moment and

b) static susceptibility on E for di�erent values of 


R

; the

case N = n = 2, T = 100K.

value of E

2

is smaller than the value of E

1

(E

2

< E

1

).

Therefore, the appearing of high-energy proton con�g-

urations, such as D- and L-defects, takes place at the

strength of the electric �eld higher than E

2

, whose value

decreases with the increasing of N . It is caused by the

increasing of a dipole moment of proton subsystem with

the rise of the full number of bonds.

V. L- AND D-DEFECTS IN THE CHAIN

In recent decades the research in H-bonded systems

has been increasingly focused on the problem of the mi-

gration of Bjerrum defects as a possible contribution

to various properties of ice, liquid water, ferroelectric

crystals with hydrogen bonds and other molecular com-

plexes. The systems with L-defects, for which the number

of protons or other mobile ions is smaller than the num-

ber of possible equilibrium sites are of particular interest.

For example, the superionic crystals are the representa-

tives of such a type of structures. It should be noted that

such a type of motion is sensitive to the value of 


R

.

A. L-defects

First we consider the case of n = N � 1, (n > 1),

when one L-defect takes place in the chain. For the sys-

tem with N = 3 hydrogen bonds after neglecting con-

�gurations with the energies (V + J � (b � a) + a

2

3

),

(U + V � (b� a) + a

2

3

), we have 12 basis states:
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j1i = j110000i; j2i = j101000i; j3i = j100100i;

j4i = j100010i; j5i = j100001i; j6i = j010100i; (5.1)

j7i = j010010i; j8i = j010001i; j9i = j001010i;

j10i = j001001i; j11i = j000101i; j12i = j000011i:

The energy spectrum as a function of 


R

can be obtained

analytically, when E = 0, 
 = 


0

= 0:

�

1;2

=

1

2

(U + 3V � q) + a

2

3

;

�

3;4

= V � 


R

+ a

2

3

;

�

5

= V + (b� a) + a

2

3

; (5.2)

�

6;7

= V � (b� a)�

p

2


R

+ a

2

3

;

�

8

= V � (b� a) + a

2

3

;

�

9;10

= V � 


R

+ a

2

3

;

�

11;12

=

1

2

(U + 3V � q) + a

2

3

;

where q =

p

(U + V )

2

+ 4


2

R

.

The dependence of energy spectrum (5.2) on 


R

is

shown on Fig. 7, a. We can observe the reconstructions

of the ground state of the system at 


(1)

R

= �(b � a)

and 


(2)

R

= �

b� a

p

2� 1

. For 


R

< 


(1)

R

the ground state

in the basis j

~

li corresponds to the state j

~

5i = j5i with

the energy (V + (b� a) + a

2

3

), i.e., to the con�guration,

when both protons are on the di�erent ends of the chain.

When 


(1)

R

< 


R

< 


(2)

R

, the ground state of the system

is changed, and the proper states are:

j

~

4i =

1

p

2

(�j3i+ j4i);

j

~

10i =

1

p

2

(�j8i+ j10i)

with the energy (V �


R

+a

2

3

). It corresponds to the local-

ization of one of the protons in a potential well near the

inner ionic group in analogy to the case of the absence

of L-defect in the chain (N = n).

The additional reconstruction of the ground state at




R

= 


(2)

R

takes place for the system with L-defect and

is absent in the case of N = n. The ground state

j

~

7i =

1

p

2

j7i �

1

2

(j6i+ j9i);

with the energy (V � (b� a)�

p

2


R

+ a

2

3

) corresponds

to the localization of two protons near the inner ionic

groups. Such a situation has a small probability when

L-defect is absent (N = n) because of the high energy

of con�guration with 2 protons localized near the same

ionic group.

The reconstruction of the spectrum leads to the

anomalous behaviour of susceptibility. We see the

Fig. 7. Dependences of the energy spectrum on 


R

for the

systems with a) N = 3, n = 2, b) N = 4, n = 3; the case of


 = 0 cm

�1

, 


0

= 0 cm

�1

.

decreasing of �(


R

) for 


R

> 


(2)

R

in Fig. 8, a as com-

pared to the case when L-defect is absent (see Fig. 4,

b).

Such peculiarities take place for the systems with the

arbitrary number of hydrogen bonds, when L-defect is

present in the chain (Fig. 7, b). We can see that the dis-

tance between 


(1)

R

and 


(2)

R

becomes smaller with the

increase of bonds number (see Fig. 8, b).

The applying of the external electric �eld leads to the

transfer of protons in the direction of the applied �eld

and to the migration of L-defect in the opposite direc-

tion. We conclude from the dependence of the energy

spectrum on E, that the ground state of the proton sub-

system with the energy (V +(b�a)�(N�3)(�

a

+�

ab

)E+

a

2

3

) is changed at E

1

=

a� b

2(�

a

+ �

ab

)

to the state with the

energy value (V + (b � a) � (N � 1)(�

a

+ �

ab

)E + a

2

3

).

It corresponds to localization of L-defect on the left end

of the chain; all the protons are in the right potential

wells (k; b), (k = 2; N) on the rest N�1 bonds, i.e., they

form the ordered subsystem. Thus the left domain wall is

placed between the �rst bond with L-defect and second

left bond; the right domain wall is on the right end of

the chain. The value of E

1

=

a� b

2(�

a

+ �

ab

)

remains the

same for di�erent N . In analogy with the case of N = n,

the second reconstruction of the spectrum takes place at

E

2

=

U + V

2(N � 2)�

a

. It re
ects the appearing of D-defect

in system on the right end of chain. Con�gurations with

higher energy values appear with a further increasing of

E. This is the reason for anomalous behaviour of hP i

and � at E = E

1

and E = E

2

(Figs.9,a,b). But the dipole
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Fig. 8. Dependences of the static susceptibility on 


R

;


 = 1 cm

�1

, 


0

= 1 cm

�1

a) for the system with N = 4,

n = 3, b) for di�erent N at T = 10K.

Fig. 9. Dependences of a) the static susceptibility and

b) polarization on E for the system with N = 3, n = 2,


 = 255cm

�1

, 


0

= 40cm

�1

, T = 100K.

moment of the proton subsystem increases so much with

the growth of N , that for N > 2 +

U + V

a� b

(1 +

�

ab

�

a

)

we have E

2

< E

1

, i.e., the high-energy proton con�gu-

rations appear without the preliminary ordering of the

proton subsystem. It should be noted, that it is similar

to the case of N = n; only the value of the electric �eld

strength, for which the reconstruction of ground state

takes place, is di�erent.

When 


R

increases, one or two protons (depending

on the value of 


R

) are localized in the inner potential

wells of the chain. Thus the application of the electric

�eld leads to the shift of the inner protons in the di-

rection of the applied �eld to the end of the chain (it

corresponds to the �rst abrupt increase of hP i in Fig. 9,

b and the �rst maximum of �(E) in Fig .9,a) and to the

grouping of protons on the right end of the chain with

a further increase of E (the second shoulder of hP i and

the maximum of �(E)). We see, that �(E) in the vicinity

of E = E

2

becomes smoother and lower with increasing




R

, so the behaviour of �(E) and hP (E)i at E > E

1

and

for di�erent 


R

is similar to the case of N = n.

B. D-defects

For the system with one excess proton in the chain

(D-defect) in the case of E = 0 and N = 2 the energy

spectrum can be written as:

�

1;2

=

1

2

(J � (b� a) + 2U +


R

� q

�

) + a

3

2

; (5.3)

�

3;4

=

1

2

(J � (b� a) + 2U � 


R

� q

+

) + a

3

2

;

where

q

�

=

p

(J � (b� a)� 


R

)

2

+ 4


2

.

The susceptibility of the system

� =

�

2

a




R

sh�


R

+ �e

��(J � (b� a))

(�

a

+ �

ab

)

2

ch�


R

+ e

��(J � (b� a))

(5.4)

has the maximum at 


R

= 0 and smoothly decreases

with the increase of 


R

. Such a behaviour of �(


R

) is

connected with the dependence of the energy spectrum

(5.3) on 


R

: at 


R

= 0 the lowest two branches have a

cross-section.

When the electric �eld is applied theD-defect migrates

in the direction of the applied �eld. The dipole moment

of the proton subsystem increases with the growth of

N . Thus the high-energy con�gurations, such as D-, L-

defects and localization of two protons near the same

ionic group(with the energy w) may be realized at val-

ues of E, which decrease with the bonds number growth.

For example, for N = 3, n = 4 at E

1

=

J � (b� a)

2�

ab

the reconstruction of the spectrum takes place, which

re
ects the appearance of D-defect and the con�gura-

tion with the energy w on the right end of the chain.
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Fig. 10. a) Susceptibility and b) polarization as a functions

of E for di�erent 


R

, T = 100K, N = 3, n = 4.

At E

2

=

U + V

2�

a

the change of the ground state of the

system corresponds to the transfer of all the protons to

the right side of the chain, i.e., we have L-defect, two

D-defects and the con�guration with the energy w. Con-

sequently a sharp increase of hP i and maxima of � at

E = E

1

and E = E

2

can be observed in Figs. 10,b,a

respectively. For the case of N = 4, n = 5 the dipole

moment of the proton subsystem becomes so large, that

E

2

> E

1

, i.e., at E

2

=

J + U + V � (b� a)

4�

a

+ 3�

ab

the spec-

trum also is reconstructed and we have two D-defects,

the short-range proton con�guration with the energy w

on the right side of the chain and L-defect on the left

side.

The similarity in the behaviour of proton subsystems

can be observed for the cases N = n and N = n � 1,

when the dependence of thermodynamical characteris-

tics of such objects on E is analyzed. The application

of external �eld leads to the pumping of protons in the

direction of applied �eld and, as a result, to the forma-

tion of high-energy proton con�gurations with further

increasing of E.

VI. ONE PROTON IN THE CHAIN

As an example of the object with more than one L-

defects we consider the hydrogen{bonded chain with N

bonds and only one proton. The systems with proton

motion between hydrogen bond caused by the rotation

of a covalent bond connecting a proton to the ionic group

should be e�ective proton wires since it is not necessary

for OH groups to be reoriented after every conduction

process in a hydrogen{bonded chain, as has been pro-

posed in [17].

The proton motion in a multiminima potential has

been studied in [18]. Such objects have anomalous proton

polarizability which increases strongly with the increas-

ing of the number of minima.

We have obtained dependences of the energy spectrum

on the �eld strength E using the above mentioned val-

ues of the parameters (b�a), 
, 


0

, �

a

, �

ab

and various

values of 


R

. For 
 = 


0

= 0 the energy spectrum can

be written as:

�

1;2

= (N � 1)V + (b� a)�

�

(N � 1)�

a

+

N

2

�

ab

)

�

+ a

1

N

;

�

3;:::;2N

= (N � 1)V + a

1

N

+

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

8

<

:

�(

�

ab

2

+ �

a

)E � p;

� � �

�(N � 2)(

�

ab

2

+ �

a

)E � p

; for odd N

8

>

>

<

>

>

:

�p;

�(�

ab

+ 2�

a

)E � p;

� � �

�((

N

2

� 1)�

ab

+ (N � 2)�

a

)E � p

; for even N

(6.1)

where p =

p

�

2

a

E

2

+


2

R

. Consequently �(


R

) has two regimes for low temperatures:

�

�!1

!

8

<

:

�((N � 1)�

a

+

N

2

�

a;b

)

2

; 


R

< �(b� a)

�

2

a




R

+

2�

N � 1

�

s

1

; for odd N

s

2

; for even N

; 


R

> �(b� a)

(6.2)
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Fig. 11. Static susceptibility of the system with one proton

as a function of N , 
 = 255cm

�1

, 


0

= 40cm

�1

.

Fig. 12. Dependence of the energy spectrum on 


R

, N = 8

(chain with one proton).

Fig. 13. �(E), N = 3, n = 1 for di�erent 
, 


0

;




R

= 800cm

�1

, T = 50K.

Here

s

1

=

N=2

X

i=1

((2i� 1)(�

a

+ �

a;b

=2))

2

;

s

2

=

N=2�1

X

i=1

(i(2�

a

+ �

a;b

))

2

:

Such dependences are caused by the reconstruction of

spectra at 


R

= �(b�a), i.e., the localization of the pro-

ton in one of the inner bonds. We note, that susceptibility

of such a model system increases proportionally to N

2

(see Fig. 11) which corresponds to the results obtained

in [18]. It is connected with the increasing of the number

of branches with energies close to the excited states for




R

< �(b�a) or to the ground state for 


R

> �(b�a).

These (N�1) energy levels with the increasing ofN form

the energy band (Fig. 12). The tendency to the forma-

tion of the band was noted in [13]. For the case of a long

but �nite H-bonded chain in [19] it was shown that the

states of protons both collective (zone) and localized on

the ends of the chain occur.

The character of the dependence of an average dipole

moment hP i on the �eld E does not change qualitatively

with the number of bonds; only the saturation values

of the dipole moment (equal to (N � 1)�

a

+

N

2

�

ab

) un-

dergo the changes. In the range of 


R

> �(b�a)hP (E)i

sharply increases at

E

�

=

(b� a)�

1

�

p

(b� a)

2

�

2

a

+


2

R

(�

2

1

� �

2

a

)

�

2

1

� �

2

a

;

where �

1

= �

a

+ �

ab

for various N . The dependence

of �(E) is almost identical for various N within a wide

range of the strength of the electric �eld (except for a

small vicinity of E = 0). For example, the function �(E)

for the chain with N = 3 hydrogen bonds is presented in

Fig. 13. Such a peculiarity in the behaviour of hP i and �

for 


R

> �(b�a) is related to the moving of delocalized

proton from the inner towards the outer hydrogen bond

in the direction of the applied �eld.

VII. CONCLUSIONS

In comparison with the reduced basis model [12] the

proposed approach which includes the proton transfer

within the hydrogen bond as well as the orientational

hopping between the neighbouring bonds, provides a pos-

sibility to describe the proton transport process. Despite

the simplicity (one-dimensional system, the description

of phonon{assistent hopping as the pseudo{tunneling ef-

fect) the presented scheme makes it possible to eluci-

date the essential in
uence of orientational motion on

the energy spectrum of the proton subsystem of hydro-

gen bonded chain. As a result of the redistribution of

protons in the chain the ground state is changed. The

thermodynamical functions of the system (polarization,

susceptibility) depend strongly on the external electric

�eld E and on the frequency of orientational pseudotun-

neling 


R

. The proposed scheme also gives a possibility

to describe the dynamics of L- and D-defects and their

in
uence on thermodynamical properties of the system.

This model can be considered as the initial point for

the description of proton transport, phonon{assistent

hopping and calculation of kinetic coe�cients for such

real physical objects as superprotonic conductors.
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OR��NTAC��NO{TUNEL^NA MODEL^ ODNOVIM�RNIH MOLEKUL�RNIH

SISTEM Z VODNEVIMI ZV'�ZKAMI

�. V. Stas�k, O. L. �vank�v, N. �. Pavlenko

�nstitut f�ziki kondensovanih sistem Nac�onal~noÝ akadem�Ý nauk UkraÝni

UkraÝna, 290011, L~v�v, vul. Svenc�c~kogo, 1

Rozgl�nena molekul�rna sistema z N �onnih grup, po
dnanih m�� sobo� vodnevimi zv'�zkami. Dl�

opisu dinam�ki protonnoÝ p�dsistemi vrahovano �k ruh protona v dvom�n�mumnomu potenc��l� na vodne-

vomu zv'�zku z qastoto� tunel�vann� 
 (wo suprovod�u
t~s� viniknenn�m t.zv. �onnih defekt�v), tak �

or�
ntac��n� pereskoki protona m�� sus�dn�mi vodnevimi zv'�zkami z qastoto� psevdotunel�vann� 


R

v re-

zul~tat� rotac�� �onnih grup (defekti B'
rruma). Opisani� viwe mehan�zm dozvol�
 rozgl�dati protonni�

perenos vzdov� lanc��ka vodnevih zv'�zk�v.

Dosl�d�eno vpliv or�
ntac��nih pereskok�v na energetiqni� spektr sk�nqenih kompleks�v z vodnevimi

zv'�zkami; vi�vleno mo�liv�st~ perebudovi osnovnogo stanu sistemi ta pererozpod�lu proton�v v lan-

c��ku pri c~omu. Pokazano, wo harakter poved�nki termodinam�qnih funkc�� (dipol~nogo momentu � d�e-

lektriqnoÝ spri�n�tlivost�) �stotno zale�it~ v�d qastoti or�
ntac��nogo psevdotunel�vann� 


R

, a tako�

v�d napru�enost� zovn�xn~ogo elektriqnogo pol�.

V ramkah zaproponovanoÝ model� opisano sistemi z L- (k�l~k�st~ proton�v n = N � 1) � D (n = N + 1)-

defektami. �k priklad ob'
kta z b�l~x n�� odnim L-defektom rozgl�da
t~s� model~na zadaqa pro ruh

odnogo protona v lanc��ku z N vodnevimi zv'�zkami. Dosl�d�eno dinam�ku L- � D-defekt�v, a tako�

proanal�zovano Ýh vpliv na termodinam�qn� vlastivost� protonnoÝ p�dsistemi.

Zaproponovana model~ mo�e rozgl�datis~ �k vih�dna dl� opisu protonnogo transportu ta obqislenn�

k�netiqnih koef�c�
nt�v v real~nih f�ziqnih ob'
ktah, zokrema takih, �k super�onn� kristali.
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