ȷURNAL F�ZIQNIH DOSL�DȷEN^ t. 1, ˝ 3 (1997) s. 389–401

JOURNAL OF PHYSICAL STUDIES v. 1, No 3 (1997) p. 389–401

QUASIAVERAGES IN MICROSCOPIC THEORY OF QUANTUM LIQUIDS

A. Isayev, M. Kovalevsky Institute of Physics and Technology, 1 Academichna Str., Kharkiv UA–310108, Ukraine (Received August 22, 1996)

An approach based on the method of quasiaverages and the reduced description method is developed as a microscopic tool for the derivation of hydrodynamic equations for superfluid liquids with triplet pairing of quasiparticles. Additional thermodynamic parameters connected with different spontaneously broken symmetries of the system are determined with the use of the order parameter operator as functionals of the nonequilibrium statistical operator. The flux densities of additive motion integrals are obtained in terms of the locally equilibrium thermodynamic potential. Selfconsistent equations for the energy gap and quasiparticle energy are found which are analyzed for the unitary and nonunitary states of superfluid Fermi–liquid.

Key words: method of quasiaverages, triplet pairing, unitary and nonunitary states, superfluid Fermi–liquid,^3He-A,^3He-B.

PACS number(s): 67.57-z

INTRODUCTION

The construction of thermodynamics and hydrodynamic equations for superfluid quantum liquids represents one of the important problems in the statistical theory of quantum systems. In works [1–8] methods of derivation of different thermodynamic relationships and the superfluid hydrodynamic equations in the case when the order parameter is the complex scalar quantity were considered. For superfluid liquids with triplet pairing when the order parameter is a tensor quantity different aspects of constructing thermodynamics and hydrodynamics were discussed in Refs. [9–13].

In works [14, 15] it was suggested that one of approaches for the consistent derivation of the superfluid hydrodynamic equations of the Bose– and Fermi–systems with singlet pairing, should be based on the quasiaverages concept [16] and the reduced description method [17]. In the present work this microscopical approach is spread on the Fermi–systems with triplet pairing. It enables us to solve the following problems:

-to introduce additional thermodynamic parameters using the quasiaverages method;

-to determine the second law of thermodynamics; - to find densities of the additive motion integrals and the corresponding fluxes in terms of the thermodynamic potential;

-to construct additional parameters of the reduced description on the basis of the order parameter operator as the functionals of the nonequilibrium statistical operator;

-to give the derivation of ideal superfluid hydrodynamic equations on the basis of the reduced description method;

We also consider the question about the derivation of the quasiparticle spectrum for the superfluid liquid with triplet pairing [18]. For this purpose we use the theory of superfluid Fermi–liquid constructed in Ref. [19] in which the case of singlet pairing was considered. Obtained by us selfconsistent equations have been applied to the studying of unitary and nonunitary states of Fermi–liquid in the triplet case. Now we stop at the formulation of the conservation laws connected with the Hamiltonian symmetry properties.

I. SYMMETRY PROPERTIES OF HAMILTONIAN AND CONSERVATION LAWS

Considering Fermi–liquid is characterized by the set of additive motion integrals γ̂_a ≡ ∫ d^3xζ̂_a(x), (a = 0, i, 4, α): [H, γ̂_a] = 0. (1.1)

Here γ̂_0 ≡ H = ∫ d^3xε̂(x) is a Hamiltonian which includes the kinetic energy, strong two–particle and magnetic exchange interactions. Other interaction types (relativistic, dipole–dipole and spin–orbital) can be accounted within the framework of perturbation theory. Further, in (1.1) γ̂_i ≡ P_i = ∫ d^3xπ̂_i(x) is a momentum operator, γ̂_4 ≡ N = ∫ d^3xn̂(x) is a number of particles operator and γ̂_α ≡ Ŝ_α = ∫ d^3xŝ_α(x) is a spin operator.

The densities of additive motion integrals ζ̂_a(x)(a ≠ 0) in terms of the Fermi field operators ψ and ψ^+ have the form:

n̂(x) = ψ^+_σ (x)ψ_σ (x),

π̂_k (x) = i 2 (∇_kψ^+_σ (x)ψ_σ (x) − ψ^+_σ (x)∇_k ψ_σ (x)),

ŝ_α(x) = ψ^+_σ (x)(s_α)_{σσ}′ ψ_σ′ (x), (1.2)

where (s_α)_{σσ}′ ≡^1_2 (σ_α)_{σσ}′ are Pauli spin matrices. Using the permutation rules for the Fermi operators

{ψ(x), ψ(x^′)} = {ψ^+(x), ψ^+(x^′)} = 0, {ψ_σ(x), ψ^+_σ′ (x^′)} = δ_{σσ}′ δ(x − x^′) and the evident form of operators (1.2), one can obtain

i[π̂_i(x), π̂_k (x^′)] =

∇_k(δ(x − x^′)π̂_i(x)) − ∇^′_i(δ(x − x^′)π̂_k (x)), i[π̂_i(x), n̂(x^′)] = −∇^′_i(δ(x − x^′)n̂(x)), i[π̂_i(x), ŝ_α(x^′)] = −∇^′_i(δ(x − x^′)ŝ_α(x)),

i[ŝ_α(x), ŝ_β (x^′)] = −ϵ_{αβγ} δ(x − x^′)ŝ_γ (x). (1.3)

We write the conservation laws in the differential form i[H, ζ̂_a(x)] = i[P_k, ζ̂_{ak}(x)] = −∇_kζ̂_{ak} (x). Here ζ̂_{ak} (x) ≡ {q̂_k(x), t̂_{ik} (x), ĵ_k (x), ĵ_{αk} (x)} are the flux density operators of additive motion integrals, which in terms of the density operators of additive motion integrals have the form [17]

ζ̂_{0k}(x) = i 2 ∫ d^3x^′x^′_k

∫_1 0 dλ[ε̂(x − (1 − λ)x^′), ε̂(x + λx^′)],

ζ̂_{ak}(x) = −δ_{ak}ε̂(x) + i ∫ d^3x^′x^′_k

∫_1 0 dλ[ε̂(x − (1 − λ)x^′), ζ̂_a(x + λx^′)], a ≠ 0. (1.4)

Under the derivation of the latter formulae the symmetry properties of the energy density operator have been accounted: [N, ε̂(x)] = 0, [Ŝ_α, ε̂(x)] = 0, i[P_k, ε̂(x)] = −∇_kε̂(x). Having in mind further to investigate the nonuniform states of superfluid Fermi–liquid we obtain the transformation laws of additive motion integrals under the corresponding local transformations. Local phase transformations are defined by the unitary operator U_φ ≡ exp(−i ∫ d^3xφ(x)n̂(x)), φ(x) is the transformation parameter. Taking into account that U^+_φ ψ(x)U_φ = ψ(x)exp(−iφ(x)), we have

U^+_φ π̂_i(x)U_φ = π̂_i(x) − n̂(x)∇_iφ(x),

U^+_φ n̂(x)U_φ = n̂(x), U^+_φ ŝ_α(x)U_φ = ŝ_α(x). (1.5)

Local spin rotations are defined by the unitary operator U_θ ≡ exp(−i ∫ d^3xθ_α(x)ŝ_α(x)) where θ_α(x) is rotation angle in the spin space. Taking into account the formu- lae

U^+_θ ψ(x)U_θ = u_θ(x)ψ(x),

U^+_θ ψ^+(x)U_θ = ψ^+(x)u^+_θ (x),

u_θ(x) ≡ exp(− i 2 θ_α(x)σ̂_α(x)) (1.6)

we obtain the transformation laws

U^+_θ π̂_i(x)U_θ = π̂_i(x) − ŝ_α(x)ω_{αi}(x),

U^+_θ n̂(x)U_θ = n̂(x),

U^+_θ ŝ_α(x)U_θ = a_{αβ} (x)ŝ_β (x). (1.7)

Here a_{αβ} (x) ≡ 1 2 Spu^+_θ (x)σ_αu_θ(x)σ_β = (exp(−ϵθ(x)))_{αβ}

is orthogonal rotation matrix, (ϵθ)_{αβ} ≡ ϵ_{αβγ} θ_γ . The right Cartan’s form ω_{αk} in terms of the orthogonal rotation matrix is defined by the formula ω_{αk} ≡ 1 2 ϵ_{αβγ} (a∇_kã)_{γβ} and satisfies to the Maurer–Cartan identity [20]: ∇_kω_{αi} − ∇_iω_{αk} = ϵ_{αβγ} ω_{βk}ω_{γi}.

II. ORDER PARAMETER AND CONNECTED DYNAMICAL QUANTITIES

In superfluid^3He side by side with the violation of the phase invariance also the rotation symmetry in coordinate and spin spaces is broken. We define the order parameter operator of the system by equality [15]

Δ̂_{αk} = ψ(x)σ_2σ_α∇_kψ(x) − ∇_kψ(x)σ_2σ_αψ(x). (2.1)

Here spin and space indexes are denoted correspondingly by the Greek and Latin letters. Using the evident form (1.2), (2.1) we obtain commutative relationships

[π̂_i(x), Δ̂_{βk}(x^′)] = −i∇_k(δ(x − x^′)Δ̂_{βi}(x)) − iΔ̂_{βk}(x)∇_iδ(x − x^′), [n̂(x), Δ̂_{βk}(x^′)] = −2δ(x − x^′)Δ̂_{βk}(x), (2.2)

[ŝ_α(x), Δ̂_{βk} (x^′)] = iϵ_{αβγ}Δ̂_{γk}(x)δ(x − x^′) − 2iδ_{αβ}∇_k(δ(x − x^′)Δ̂(x))

where Δ̂(x) ≡ i 2 ψ(x)σ_2ψ(x) is the order parameter operator for the superfluid liquid with singlet pairing. Formulae (2.2) permit us to find the transformation laws of the order parameter operators under phase and spin rotations:

U^+_φ Δ̂_{αk}(x)U_φ = Δ̂_{αk} (x)e^{−2iφ(x)},

U^+_φ Δ̂(x)U_φ = Δ̂(x)e^{−2iφ(x)},

U^+_θ Δ̂_{αk}(x)U_θ = a_{αβ} (x)Δ̂_{βk} (x) − ω_{αk}(x)Δ̂(x),

U^+_θ Δ̂(x)U_θ = Δ̂(x). (2.3)

Consideration of nonequilibrium dynamics of macroscopic systems is essentially based on the reduced description concept [17]. For normal liquid at the hydrodynamic stage of evolution the set of reduced description parameters consists of the densities of additive motion integrals. For the superfluid liquid with triplet pairing it is necessary to introduce additional quantities connected with the order parameter into the set of reduced description parameters. In A-phase these parameters are the unit vectors of space l_i and spin d_α anisotropy as well as the superfluid phase φ [9]. In B-phase these parameters are the superfluid phase φ and the orthogonal rotation matrix a_{iα} [10]. We introduce now these parameters of reduced description as functionals of the nonequilibrium statistical operator ϱ̂.

A. A-phase

We define the unit vector of spin anisotropy d_α as d_α(x, ϱ) ≡ D_α(x, ϱ)/D(x, ϱ), D_α(x, ϱ) ≡ iϵ_{αβγ}Δ_{βk}(x, ϱ)Δ^∗_{γk}(x, ϱ), (2.4) where Δ_{αk} (x, ϱ) = Spϱ̂Δ̂_{αk} (x) is the average value of the order parameter and D(x) ≡ |D_α(x)|. We introduce the complex spatial vector Δ_k and on it base the superfluid phase φ by the relationships

Δ_k(x) ≡ Δ_{αk} (x)d_α(x) ≡ a_k(x) + ib_k(x)

= e^{2iφ(x)}(a_k(x) + ib_k(x)),

where the phase φ(x) is defined from the orthogonality condition for vectors a_i and b_i: φ(x, ϱ) = 1 4 Im lnΔ^2_k(x, ϱ). (2.5)

The unit vector of spatial anisotropy l_k is defined as

l_i(x, ϱ) = (⃗m(x, ϱ) × ⃗n(x, ϱ))_i ≡ T_i(x, ϱ) T (x, ϱ) , (2.6)

m_i(x, ϱ) ≡ a_i(x, ϱ)/a(x, ϱ), n_i(x, ϱ) ≡ b_i(x, ϱ)/b(x, ϱ),

T_i = (⃗a ×⃗b)_i.

In terms of vectors m_i, n_i we define the superfluid momentum p_i by the expression: p_i(x, ϱ) = 1 2 m_k(x, ϱ)∇_in_k(x, ϱ). (2.7) As a consequence of (2.6),(2.7) the Mermin–Ho relationship [21] is obtained:

∇_kp_i − ∇_ip_k = 1 2 ⃗l(∇_k⃗l × ∇_i⃗l).

It is not hard to verify that the motion equation for the superfluid momentum is defined by the dynamics of the superfluid phase and the vector of space anisotropy, i.e. the equation is valid

ṗ_i = 1 2 (∇_iφ̇ + ∇_i⃗l(⃗l × ˙⃗l)).

B. B-phase

We introduce into consideration the superfluid phase by the relationship φ(x, ϱ) = 1 4 Im lnΔ^2_{αk}(x, ϱ). (2.8)

The orthogonal rotation matrix is defined as the functional of an arbitrary statistical operator in the nonevident form e_{1i}a_{iβ} (x, ϱ)u_β (x, ϱ) = 0, e_{1i}a_{iβ} (x, ϱ)v_β (x, ϱ) = 0, e_{2i}a_{iβ} (x, ϱ)v_β (x, ϱ) = 0. (2.9)

Here ⃗e_1, ⃗e_2, ⃗e_1 × ⃗e_2 is some orthonormalized reference point, not depending on the statistical operator ϱ and assigning the orientation of laboratory reference frame. The real spin vectors u_α, v_α are defined by the formulae: u_α(x, ϱ) = Spϱû_α(x), û_α(x) ≡ ie_{1k}(Δ̂_{αk}(x)Δ̂^+(x) − Δ̂(x)Δ̂^+_{αk} (x)), v_α(x, ϱ) = Spϱv̂_α(x), v̂_α(x) ≡ ie_{1k}(Δ̂^+(x)Δ̂_{αk} (x) − Δ̂^+_{αk}(x)Δ̂(x)). (2.10)

The average values of additive motion integral densities ζ_a(x, ϱ) = Spϱζ̂_a(x) are the linear functionals of the statistical operator. Additional reduced description parameters, as follows from the definition, are the nonlinear functionals of the statistical operator. We introduce into consideration the variation of the last physical quantities connected with the variation of the statistical operator δξ(x, ϱ) = ξ(x, ϱ + δϱ) − ξ(x, ϱ) ≡ Spδϱξ̂(x, ϱ) where the operator ξ̂(x, ϱ) depends on the initial statistical operator and the order parameter operator. The introduced operator ξ̂(x, ϱ) is defined to the accuracy of transformation ξ̂ → ξ̂^′ = ξ̂ + c(ϱ̂) where c(ϱ̂) is arbitrary c — number functional of the statistical operator ϱ̂. This property is due to the normalization condition Spϱ = 1. We fix the operator ξ̂(x, ϱ̂) by the constraint Spϱ̂ξ̂(x, ϱ̂) = 0. We write operators corresponding to the additional reduced description parameters of A-phase. According to (2.4)–(2.6) we have

d̂_α(x, ϱ) = i D(x, ϱ) (δ_{αβ} − d_α(x, ϱ)d_β (x, ϱ))ϵ_{βρλ}(Δ^∗_{λk} (x, ϱ)Δ̂_{ρk} (x) + Δ_{ρk}(x, ϱ)Δ̂^+_{λk} (x)), l̂_i(x, ϱ) = 1 2iT (x, ϱ) (δ_{ik} − l_i(x, ϱ)l_k (x, ϱ))ϵ_{kjl} [d_α(x, ϱ)d_β (x, ϱ)(Δ̂^+_{αj} (x)Δ_{βl}(x, ϱ) −Δ̂_{αj} (x)Δ^∗_{βl}(x, ϱ)) + d̂_α(x, ϱ)d_β (x, ϱ)(Δ^∗_{αj} (x)Δ_{βl}(x, ϱ) − Δ_{αj} (x, ϱ)Δ^∗_{βl}(x, ϱ))],

φ̂_A(x, ϱ) = 1 4i [ d_α(x, ϱ) ( Δ_i(x, ϱ)Δ̂_{αi}(x) Δ^2_k(x, ϱ) − Δ^∗_i (x, ϱ)Δ̂^+_{αi}(x) Δ^{∗2}_k (x, ϱ) )

+d̂_α(x, ϱ) ( Δ_i(x, ϱ)Δ_{αi}(x, ϱ) Δ^2_k(x, ϱ) − Δ^∗_i (x, ϱ)Δ^∗_{αi}(x, ϱ) Δ^{∗2}_k (x, ϱ) )] . (2.11)

Analogously, operators, corresponding to the additional reduced description parameters of B-phase, according to (2.8),(2.9), have the form

φ̂_B (x, ϱ) = 1 4i [ Δ_{αk}(x, ϱ)Δ̂_{αk} (x) Δ^2_{βj} (x, ϱ) − Δ^∗_{αk} (x, ϱ)Δ̂^+_{αk} (x) Δ^{∗2}_{βj} (x, ϱ) ] ,

â_{kα}(x, ϱ) = a_{kβ} (x, ϱ)ϵ_{βαγ} 1 z^2_μ(x, ϱ)v^2_δ (x, ϱ) {v^2_λ(x, ϱ)[(z_σ (x, ϱ)v̂_σ (x))u_γ (x, ϱ) − (z_σ(x, ϱ)û_σ (x))v_γ (x, ϱ)] +z_γ(x, ϱ)[(u_σ (x, ϱ)v_σ (x, ϱ))(v_ν (x, ϱ)v̂_ν (x)) − (u_ν (x, ϱ)v̂_ν (x))v^2_λ(x, ϱ)]}, ⃗z ≡ ⃗u × ⃗v. (2.12) We formulate now the equations of motion for the reduced description parameters connected with the order parameter. With this purpose we choose the variation δϱ in the form of δϱ = ϱ̇δt and account that statistical operator satisfies the Liuville equation ϱ̇(t) = i[ϱ(t), H]. In the case of A-phase these equations have the form ḋ_α(x, ϱ) = iSpϱ[H, d̂_α(x, ϱ)], l̇_i(x, ϱ) = iSpϱ[H, l̂_i(x, ϱ)], φ̇_A(x, ϱ) = iSpϱ[H, φ̂_A(x, ϱ)]. (2.13) For the B-phase analogous equations are written as φ̇_B (x, ϱ) = iSpϱ[H, φ̂_B (x, ϱ)], ȧ_{iα}(x, ϱ) = iSpϱ[H, â_{iα}(x, ϱ)]. (2.14)

It conclusion of this section we give some properties of operators (2.11), (2.12) which are necessary for the derivation of the ideal hydrodynamics equations. In the case of A-phase these relationships have the form iSpϱ[N, d̂_α(x, ϱ)] = 0, iSpϱ[Ŝ_β , d̂_α(x, ϱ)] = ϵ_{αβγ} d_γ (x, ϱ), iSpϱ[P_k, d̂_α(x, ϱ)] = −∇_kd_α(x, ϱ), iSpϱ[N, l̂_i(x, ϱ)] = iSpϱ[Ŝ_α, l̂_i(x, ϱ)] = 0, iSpϱ[P_k, l̂_i(x, ϱ)] = −∇_kl_i(x, ϱ), iSpϱ[N, φ̂_A(x, ϱ)] = −1, iSpϱ[Ŝ_α, φ̂_A(x, ϱ)] = 0, iSpϱ[P_k, φ̂_A(x, ϱ)] = −∇_kφ_A(x, ϱ). (2.15) In the case of B-phase we obtain iSpϱ[N, φ̂_B (x, ϱ)] = −1, iSpϱ[Ŝ_α, φ̂_B (x, ϱ)] = 0, iSpϱ[P_k , φ̂_B (x, ϱ)] = −∇_kφ_B (x, ϱ), iSpϱ[N, â_{iα}(x, ϱ)] = 0, iSpϱ[Ŝ_β , â_{iα}(x, ϱ)] = ϵ_{αβγ} a_{iγ} (x, ϱ), iSpϱ[P_k, â_{iα}(x, ϱ)] = −∇_ka_{iα}(x, ϱ). (2.16)

III. SYMMETRY PROPERTIES OF THE EQUILIBRIUM STATE

Normal phase of Fermi–liquid in the equilibrium state is described by the Gibbs statistical operator

w(Y, V ) = exp(Ω(Y, V ) − Y_aγ̂_a), (3.1)

where Y_a are the thermodynamic forces conjugate to operators γ̂_a, V is a volume. The thermodynamic potential Ω(Y, V ) should be defined from the normalization condition Spw = 1. The set of thermodynamic forces includes itself the temperature T ≡ Y^{−1}_0 , normal velocity v_{nk} ≡ −Y_k/Y_0, chemical potential μ ≡ −Y_4/Y_0, effective magnetic field h_α ≡ −Y_α/Y_0. The equilibrium average of an arbitrary quasilocal operator is defined by the equal- ity < â(x) >= lim_{V →∞} Spw(Y, V )â(x). We formulate the symmetry properties of the Gibbs statistical operator for the normal phase. Obviously, the operator (3.1) is invariant under the phase transformations as well as relative to the spatial and time translations

[w, N] = 0, [w, P_k] = 0, [w, H] = 0. (3.2)

The symmetry properties of operator (3.1), relative rotations on the spin and configurational spaces are worth while to formulate in the form analogous to (3.2). We introduce with this aim the operators L_i = L_i − iϵ_{ikl}Y_k ∂ ∂Y_l , Σ_α = S_α − iϵ_{αβγ} Y_β ∂ ∂Y_γ (3.3)

acting both in Hilbert space and in the space of thermodynamic forces and having the physical sence of generalized operators of orbital and spin moments (L_i =

∫ d^3xϵ_{ikl}x_kπ̂_l(x) is the operator of orbital moment).

Symmetry properties with account of (3.1), (3.3) have the form

[w, L_i] = 0, [w, Σ_α] = 0. (3.4)

A description of the equilibrium state of Fermi–liquid in superfluid phases requires the modification of the Gibbs statistical operator. We use for this the concept of quasiaverages [16] according to which the equilibrium value (quasiaverage) of the arbitrary quasilocal operator in the state with spontaneously broken symmetry is defined by the formula

< â(x) >= lim_{ν→0} lim_{V →∞} Spw_νâ(x),

w_ν = exp(Ω_ν (Y, V ) − Y_aγ̂_a − νĜ). (3.5)

The source Ĝ brakes the symmetry properties (3.2), (3.4). According to [16], Ĝ is represented as the linear functional of the order parameter operator

G = ∫ d^3x(g(x, t)Δ̂(x) + g_{αk}(x, t)Δ̂_{αk} (x) + h.c.). (3.6)

Here g(x, t), g_{αk}(x, t) are the c–number functions of coordinates and time which characterize equilibrium superfluid state. The evident form of these functions is determined by the symmetry properties of the superfluid phases, that will be formulated lower.

Condition of spatial uniformity of the superfluid Fermi–liquid with a triplet pairing in the general case has the form

[w, P̂_k − p_kN̂ − q_kn_αΣ̂_α] = 0, (3.7) where p_k is a superfluid momentum, q_k is a vector of the magnetic spiral, n_α ≡ Y_α/|Y |. For the real superfluid^3He in equilibrium q_k = 0, Y_α = 0 at the absence of external magnetic field. This relationship is valid both for the A- and B-phases. Anisotropic symmetry properties for these phases are different. In the case of A-phase these symmetry conditions are defined by the equalities [w, l_iL̂_i − 1 2 m_lN̂] = 0, [w, d_αΣ̂_α − 1 2 m_sN̂] = 0, (3.8)

where l_i and d_α are the unit vectors characterizing the equilibrium state (for the real^3He-A m_l = 1, m_s = 0). We explain the physical sence of these conditions. For this purpose we shall introduce the “wave function” of a Cooper pair of particles of the system

Ψ_{α1 α2} (x_1, x_2) = Sp w ψ_{α1} (x_1)ψ_{α2} (x_2).

Let us assume that p_i = 0, Y_i = 0. Then, upon noting that in this case [w,⃗l ^⃗L−N̂m_l/2] = [w, ⃗d^⃗S −N̂m_s/2] = 0, we have

Sp[w,⃗l ^⃗L − N̂m_l/2]ψ_{α1} (x_1)ψ_{α2} (x_2) = 0,

Sp[w, ⃗d^⃗S − N̂m_s/2]ψ_{α1} (x_1)ψ_{α2} (x_2) = 0.

Since

[L̂_i, ψ_α(x)] = −l_iψ_α(x),

[Ŝ_i, ψ_α(x)] = − 1 2 (σ_i)_{αβ} ψ_β (x),

then we have

⃗l(^⃗l^{(1)} + ^⃗l^{(2)})Ψ_{α1 α2} (x_1, x_2) = m_lΨ_{α1α2} (x_1, x_2),

⃗d(^⃗s^{(1)} + ^⃗s^{(2)})Ψ(x_1, x_2) = m_sΨ(x_1, x_2),

where l̂^{(a)}_i = −iϵ_{ikl}x^{(a)}_k ∇^{(a)}_l , ŝ^{(a)}_i (a = 1, 2) are the operators for the moment of momentum and the spin, which act respectively on the first and second arguments of the “wave function”. Therefore we shall say that the state of statistical equilibrium for which the relationship (3.8) is satisfied corresponds to a state in which the projection on the direction ⃗l of the moment of momentum of Cooper pair equals m_l, while the projection of the spin of the Cooper pair on the direction ⃗d equals m_s. The choice of the order parameter in the form of a vector in the spin and orbital indices correspond to the idea that the spin and the moment of momentum of the Cooper pair are assumed to equal 1.

The relationships (3.6) and (3.8) imply that

g_{αk} = d_α(m_s)ξ_k (m_l), where

d_α(m_s) = d^+_α , m_s = 1, d^−_α , m_s = −1, d_α, m_s = 0, and ξ_k(m_l) = ξ^+_k , m_l = 1, ξ^−_k , m_l = −1, ξ_k, m_l = 0.

Here we have ⃗d^± = 1√ 2 (Δ^s_1 ± iΔ^s_2), ⃗ξ^± = 1 √ 2 (Δ_1 ± iΔ_2)

and Δ_1, Δ_2(Δ^s_1, Δ^s_2) are real mutually orthogonal unit vectors orthogonal to the vector ⃗l (or ⃗d).

Coordinate dependence of the functions g, g_{αk} can be obtained from conditions (3.7), (3.8). Time dependence of these functions is obtained from Liuville equation w(t + τ) = e^{−iHτ} w(t)e^{iHτ} , to which equilibrium statistical operator is satisfied and from stationary condition [15]:

[w, H + p_0N̂ + p_{0α}Σ̂_α] = 0, (3.9)

p_0 ≡ (Y_4 + ⃗Y ⃗p)/Y_0, p_{0α} ≡ (Y_α + n_αq_kY_k)/Y_0n_αq_0.

Taking into account formulae (3.6)–(3.9), we find that the equilibrium state of^3He-A phase is described by the statistical operator (3.5) with the functions g, g_{αk} g^A_{αk}(x, t) = d_β a_{βα}(n(⃗q⃗x + q_0t + θ))ξ^+_k exp(−2iφ(x, t)), φ(x, t) = p_ix_i + p_0t + φ, g^A(x, t) = 0. (3.10)

In the case of B-phase the anisotropic properties is defined by the relationship

[w, L̂_i + a_{iα}Σ̂_α] = 0. (3.11)

Here a_{iα} is the rotation orthogonal matrix which specifies the rotation of the spin part of the order parameter relatively to the orbital one. From the symmetry conditions (3.7), (3.9), (3.11) it follows the evident form of functions g, g_{αk} in B-phase: g^B_{αk}(x, t) = a_{kα}(x, t) exp(−2iφ(x, t)), a_{kα} = a_{kβ} (θ)a_{βα}(n(⃗q⃗x + q_0t + θ^′)), g^B(x, t) = (⃗n⃗q)exp(−2iφ(x, t)), φ(x, t) = ϕ + ⃗p⃗x + p_0t (3.12) where ϕ is equilibrium superfluid phase at time t = 0.

IV. LOCALLY EQUILIBRIUM STATES. B-PHASE

At the construction of a microscopic theory for a superfluid liquid it is necessary to derive thermodynamic relationships specifying the average values of additive motion integral densities and the fluxes corresponding to them in terms of the thermodynamic potential. Note that the problem of finding the flux densities in the statistical equilibrium state in the case when a set of motion integrals forms a nonabelian group only in terms of equilibrium thermodynamic potential is solved not completely [22, 23]. The solution of the last problem is possible if one proceeds from the locally equilibrium state. According to (3.5), (3.12) such a state in the B-phase is determined by the formula w_ν {Y (x^′), a(x^′), φ(x^′)} = exp(Ω_ν − ∫ d^3x^′Y_a(x^′)ζ̂_a(x^′) − νG_{aφ}),

G_{aφ} ≡ U^+_θ U^+_φ GU_φU_θ, (4.1)

where G = ∫ d^3x(Δ̂_{αα}(x) + h.c.). Here the thermodynamic forces, the superfluid phase and the orthogonal rotation matrix are the arbitrary functions of coordinates. In the state of total equilibrium Y_a(x) = Y_a and the structure of the phase φ(x) and the rotation matrix a(x) is determined by formulae (3.12). It is easy to see using transformation properties (1.5), (1.7) that the thermodynamic potential is a functional of thermodynamic forces Y_a ≡ (Y_0, Y_k, Y_4, Y ≡ aY ), the right Cartan’s form ω_{αk} and the superfluid momentum p_k:

Ω = Ω(Y (x^′), ω_k(x^′), p_k(x^′)) = ∫ d^3x^′ω(x; Y (x^′), ω_k(x^′), p_k(x^′)). (4.2)

Varying thermodynamic potential on these parameters and neglecting the gradients ∇Y, ∇ω, ∇p, we find the second law of thermodynamics for the B-phase of superfluid Fermi–liquid

dω = ζ_adY_a + (Y_0j_k + Y_kζ_4)dp_k

+ (Y_0j_{αk} + Y_kζ_α)dω_{αk}, (4.3)

where ζ_a ≡ (ε, π_k, n, s_α ≡ as) and j_{αk} ≡ a_{αβ}j_{βk}. Formula (4.3) permits us to find the flux densities of particle number and spin in the local equilibrium state. In order to calculate the flux density of momentum in this state, we introduce into the source Ĝ the unitary transformation U_η = exp(−i ∫ d^3xη(x)π̂_i (x)), corresponding to the arbitrary spatial deformations Ĝ → Ĝ_η = U^+_η ĜU_η. Varying the thermodynamic potential Ω_η and using (1.3), (1.4) we obtain

t_{ik} = Spwt̂_{ik} = − ∂ ∂Y_i ωY_k Y_0 + p_i Y_0 ∂ω ∂p_k + ω_{αi} Y_0 ∂ω ∂ω_{αk} . (4.4)

The energy flux density can be obtained proceeding from the next statement.

Theorem: In the locally equilibrium state of condensed media on the zero approximation with respect to gradients of thermodynamic forces the flux densities of additive motion integrals are connected by the formula

Y_a(Y_k ζ_a + Y_0ζ_{ak}) = 0. (4.5)

To prove (4.5) it is enough to use the evident expressions for the operators of flux densities in terms of densities operators (1.4) and take into account the operator algebra (1.3). We pay attention, that relationship (4.5) is universal for different condensed media and does not depend on the type of broken symmetry. Formulae (4.3)–(4.5) permit to present the flux densities for the B-phase of superfluid Fermi–liquid in the local equilibrium state as

ζ_{ak} = − ∂ ∂Y_a ωY_k Y_0 + ∂ω ∂p_k ∂p_0 ∂Y_a + ∂ω ∂ω_{αk} ∂p_{0α} ∂Y_a (4.6)

V. IDEAL HYDRODYNAMICS. B-PHASE

For the study of the evolution of spatially nonuniform states of superfluid liquid at the hydrodynamic stage we use the hypothesis of reduced description according to which the nonequilibrium statistical operator at times t ≫ τ_r (τ_r being the relaxation time) depends on time through some set of parameters. For the B-phase such parameters are the additive motion integral densities, the superfluid phase and the orthogonal rotation matrix: ϱ(t)−−→_{t≫τr} ϱ(ζ(x, t), φ(x, t), a(x, t)), (5.1) ζ_a(x) = Spϱ(ζ, φ, a)ζ̂_a(x), φ(x) = 1 4 Im ln(Spϱ(ζ, φ, a)Δ̂_{αk} )^2, a_{αβ} (x) = a_{αβ} (x, ϱ(ζ, φ, a)). In these relationships the superfluid phase and the rotation matrix as functionals of the nonequilibrium statistical operator are defined by formulae (2.8), (2.9). The equations of motion for the reduced description parameters according to (2.14) have the form:

ζ̇_a(x) = −∇_kSpϱ(ζ, φ, a)ζ̂_{ak} (x), φ̇(x) = iSpϱ(ζ, φ, a)[H, φ̂(x, ϱ(ζ, φ, a))], ȧ_{iα}(x) = iSpϱ(ζ, φ, a)[H, â_{iα}(x, ϱ(ζ, φ, a))]. If we are limited by the main approximation on spatial gradients of quantities Y_a, p_k, ω_{αk}, then taking into account equalities (2.16) we obtain

ζ̇_a = −∇_kζ_{ak}, ṗ_k = ∇_kp_0,

ω̇_{αk} = ∇_kp_{0α} − ϵ_{αβγ} ω_{βk}p_{0γ} (5.2)

where fluxes ζ_{ak}, p_0, p_{0α} are specified by formulas (3.9), (4.6). As a consequence of Eq. (5.2) and thermodynamic relationship (4.3) the adiabaticity condition for the flow of superfluid liquid follows

σ̇ = ∇_k(σ Y_k Y_0 ), σ = −ω + Y_aζ_a where σ is the density of entropy.

In principle, the analogous hydrodynamics equations for the A-phase of superfluid^3He may be obtained. The only difference is that under the derivation of the motion equation for the unit vector of space anisotropy it is necessary to know a statistical operator not only in the zero approximation but also in the linear approximation by the spatial gradients.

VI. GENERAL SELF–CONSISTENT EQUATIONS OF SUPERFLUID FERMI–LIQUID

In further sections we consider the issue of about obtaining the selfconsistent equations for the order parameter of superfluid Fermi–liquid with triplet pairing.

In order to describe the superfluid Fermi–liquid it is necessary to introduce besides the normal fermion distribution function f_{12} ≡ Spϱa^+_2 a_1, the abnormal distribution functions g_{12} ≡ Spϱa_2a_1, g^+_{12} ≡ Spϱa^+_2 a^+_1 (ϱ is the nonequilibrium statistical operator, a^+_1 , a_1 are the creation and annihilation operators of fermions in the state 1 ≡ p, σ). The Fermi liquid theory is based on the expression for the entropy S that generalizes in the presence of abnormal averages the combinatorial expression for the entropy of the ideal Fermi gas:

S = −Spf̂lnf̂, f̂ = ( f g g^+ 1 − f̃ ) (6.1)

(“ ~ ” denotes the transposition operation), as well as the assignment of the system energy as a functional for normal and abnormal distribution functions E = E(f, g, g^+) ≡ E(f̂). The spur in (6.1) is taken in the expanded space where the operator f̂ acts. We shall call the operator f̂ the statistical operator of the nonequilibrium Fermi–liquid. The values f and g included in f̂ satisfy the relations

f^+ = f, g̃ = −g. (6.2)

The state of the statistical equilibrium of the superfluid Fermi–liquid is the state with broken phase invariance for which the spatial homogeneity condition should be formulated as:

[f̂, ^⃗p − ⃗qτ̂_3] = 0 (6.3)

where ^⃗p and τ̂_3 are the operators of momentum and the number of particles in the Fermi–liquid approach respectively ^⃗p = ( ⃗p 0 0 −~⃗p ) , τ̂_3 = ( 1 0 0 −1 ) , ⃗q is the momentum of condensate particles playing the role of a thermodynamic parameter. The equilibrium statistical operator should be found from the requirement of the entropy maximum over the class of operators f̂ satisfying Eq. (6.3) under condition that the values of functionals of energy E(f̂), the number of particles N = trf and momentum ⃗P = trf ⃗p (tr being the trace by oneparticle fermion states) are fixed.

The finding of the entropy maximum in the presence of additional limitations is equivalent to the finding of the absolute minimum of thermodynamic potential

Ω = −S(f̂) + Y_0E(f̂) + ⃗Y trf ⃗p + Y_4trf,

where Y_0, ⃗Y , Y_4 are the Lagrange factors corresponding to the integrals E, ⃗P , N. The minimization of the potential Ω leads to the nonlinear self–consistent equation

f̂ = { exp(Y_0ε̂(f̂) + ⃗Y ^⃗p + Y_4τ̂_3) + 1 }_{−1} (6.4)

that should be solved together with Eq. (6.3). In Eq. (6.4) ε̂(f̂) is the operator of the quasiparticle energy being defined according to the equation δE(f̂) = 1 2 Spδf̂ε̂(f̂) (6.5)

and having the structure

ε̂(f̂) = ( ε(f̂) Δ(f̂) Δ^+(f̂) −ε̃(f̂) ) ,

ε_{12}(f̂) = ∂E(f̂) ∂f_{21} , Δ_{12}(f̂) = 2 ∂E(f̂) ∂g^+_{21}

. (6.6)

We represent self–consistent equation (6.4) in the form containing the operators acting only in the spin and momentum spaces. For this purpose note that the value ξ̂ = ε̂+ ⃗Y ^⃗p/Y_0 +Y_4τ̂_3/Y_0 determining the statistical equilibrium operator

ξ̂ = ( ξ Δ Δ^+ −ξ̃ ) , ξ = ε + ⃗Y ⃗p/Y_0 + Y_4/Y_0 (6.7)

with the use of unitary transformation Û

Û = ( u v v^∗ u^∗ ) , uu^+ + vv^+ = 1, uṽ + vũ = 0 (6.8)

can be reduced to the quasidiagonal form

Û^+ξ̂Û = ( ξ^′ 0 0 −ξ̃^′ ) , ξ^′ = u^+(ξ − XΔ^+)u^{+−1} (6.9)

and the matrix X determined by the relation v = Xu^∗ satisfies the equation

ξX + Xξ̃ + Δ − XΔ^+X = 0, X̃ = −X. (6.10)

Since f̂ = Ûf̂^′Û^+, where

f̂^′ = ( f^′ 0 0 1 − f̃^′ ) , f^′ = (expY_0ξ^′ + 1)^{−1},

then

f = uf^′u^+ + v(1 − f̃^′)v^+, g = uf^′ṽ + v(1 − f̃^′)ũ.

Noting that

f^′ = u^+nu^{+−1}, n = {expY_0(ξ − XΔ^+) + 1}^{−1} (6.11)

we obtain f = Kn + X(1 − ñ)X^+K, g = ~KnX + K(1 − n)X, (6.12) where K = (1 + XX^+)^{−1}.

Equations (6.12) can be the basis for studying various superfluid systems corresponding to a certain physical phase. The solutions should be selected by means of the phase symmetry properties and the condition of the thermodynamical potential Ω minimum.

VII. TRIPLET PAIRING

Let us analyse self–consistent equations (6.12) in the case of triplet pairing, when the spin of a pair of bonded quasiparticles is equal to a unit (S = 1). Further we shall suppose that the condition of spatial homogeneity is fulfilled with ⃗q = 0. The wave function of the pair g_{12} in the triplet case is the symmetrical second rank spinor and hence can be expanded on the basis of the symmetrical unitary second order matrices σ_ασ_2. Thus

g_{12} = ⃗g_{p1} δ_{p1,−p2} (⃗σσ_2)_{σ1 ,σ2} (7.1)

where ⃗g_{−p} = −⃗g_p. From here and from (6.6) follows that

Δ_{12} = ⃗Δ_{p1} δ_{p1 ,−p2} (⃗σσ_2)_{σ1 ,σ2} ; ⃗Δ_{−p} = −⃗Δ_p.

Therefore, X_{12} = ⃗x_{p1} δ_{p1,−p2} (⃗σσ_2)_{σ1 ,σ2} , where according to (6.10) quantities ⃗x_p satisfy the equations

⃗x_p(ξ_p + ξ_{−p}) − 2⃗x_p(⃗x_p ⃗Δ^∗) + (⃗x^2_p)⃗Δ^∗_p + ⃗Δ_p = 0. (7.2)

We introduce the new unknown quantities α_p ≡ ⃗x^2_p, ζ_p ≡ ⃗x_p ⃗Δ^∗_p − (ξ_p + ξ_{−p})/2. Then

⃗x_p = 1 2ζ_p (⃗Δ_p + α⃗Δ^∗_p) (7.3)

and the set of equations determining α_p, ζ_p according to (7.2) has the form

α_p = 1 2ζ_p { ⃗Δ2_p + α_p ⃗Δ_p ⃗Δ∗_p 2ζ_p + α_p(ζ_p + ξ_p + ξ_{−p} 2 ) } ;

ζ_p = 1 2ζ_p (⃗Δ_p ⃗Δ^∗_p + α_p ⃗Δ^{∗2}_p ) − ξ_p + ξ_{−p} 2 . (7.4)

Solving (7.4) and taking into account (7.3), we obtain ⃗x_p = 1 2ζ_p × (7.5) ( ⃗Δ_p + 2ζ^p(ζ^p +^{12} (ξ^p + ξ^{−p})) − ⃗Δ_p ⃗Δ∗_p ⃗Δ∗2_p ⃗Δ^∗_p )

where

(ζ_p)^2_{1;2} = 1 2 {⃗Δ_p ⃗Δ^∗_p + 1 4 (ξ_p + ξ_{−p})^2 + (G_p)_{1;2}};

(G_p)_{1;2} = ± (7.6) √ [⃗Δ_p ⃗Δ^∗_p + 1 4 (ξ_p + ξ_{−p})^2]^2 − |⃗Δ_p × ⃗Δ^∗_p|^2.

Thus with account of Eqs. (6.12), (7.5) for abnormal distribution functions ⃗g_p we shall have

⃗g_p = 1 4 {(1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1))(χ_p(ζ_1)⃗Δ_p

+ φ_p(ζ_1)⃗Δ^∗_p) + (ζ_1 → ζ_2)} (7.7)

where

χ_p(ζ) =

2ζ^2_p − ⃗Δ_p ⃗Δ^∗_p ζ_pG_p ; φ_p(ζ) = ⃗Δ2_p ζ_pG_p ;

n^0_p = 1 2 (n^+_p + n^−_p );

n^±_p = { expY_0 ( −ζ_p + ξ_p + ξ_{−p} 2 ± |⃗Δ_p × ⃗Δ^∗_p| 2ζ_p ) + 1 }_{−1} .

The result in (7.7) is in the form which evidences the invariance of the functions ⃗g_p relatively to the choice of the root in (7.6). Here ζ_1, ζ_2 may be understood as the arithmetic value of the square root taken with “plus” or “minus” from (7.6). The structure of the normal distribution function f in the spin and momentum spaces is defined by

f_{12} = (f^0_{p1} δ_{σ1 ,σ2} + ⃗f_{p1} (⃗σ)_{σ1 ,σ2} )δ_{p1 ,p2} (7.8)

where as follows from (6.12), (7.5) functions f^0_p , ⃗f_p have the form:

f^0_p = 1 4 {1 + n^0_p(ζ_1) − n^0_{−p}(ζ_1)} (7.9)

+ (ζ_1)^2_pψ_p(ζ_1){1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1)} + (ζ_1 → ζ_2),

⃗f_p = − 1 2 { ψ_p(ζ_1)(1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1))+ 1 2|⃗Δ_p × ⃗Δ^∗_p| (n^{||}_p (ζ_1) − n^{||}_{−p}(ζ_1)) +(ζ_1 → ζ_2)} i(⃗Δ_p × ⃗Δ^∗_p),

ψ_p(ζ) = ξ_p + ξ_{−p} 4ζ_pG_p , n^{||}_p = 1 2 (n^+_p − n^−_p ). (7.10)

We make particular assumptions about the structure of the energy functional E(f̂). Near transition temperature E(f̂) can be chosen in the form

E(f̂) = ∑ p ε_pf_p + 1 2V ∑ pp^′ f_pF (p, p^′)f_{p′}

+ 1 V ∑ pp^′ ⃗g^∗_pL^t(p, p^′)⃗g_{p′} ;

L^t(−p, p^′) = L^t(p, −p^′) = −L^t(p, p^′); f = Sp_σ f;⃗g = Sp_σσ_2⃗σg

(we do not consider the exchange interaction in a normal part of the Fermi–liquid to avoid some complications in results). From it follows that

ξ_p = ε_p + ⃗Y ⃗p Y_0 + Y_4 Y_0 + 1 V ∑ p^′ F (p, p^′)f_{p′} ,

⃗Δ_p = 2 V ∑ p^′ L^t(p, p^′) ⃗g_{p′} .

Therefore, according to (7.7), (7.9), (7.10), the equations defining ξ_p, ⃗Δ_p have the form

ξ_p = ε_p + ⃗Y ⃗p Y_0 + Y_4 Y_0 + 1 V ∑ p^′ F (p, p^′) { 1 2 {1 + n^0_p′ (ζ_1) − n^0_{−p}′ (ζ_1)}

+ 2(ζ_1)^2_p′ ψ_p′ (ζ_1){1 − n^0_p′ (ζ_1) − n^0_{−p}′ (ζ_1)} + (ζ_1 → ζ_2) } , (7.11)

⃗Δ_p = 1 V ∑ p^′ L^t(p, p^′){(1 − n^0_p′ (ζ_1) − n^0_{−p}′ (ζ_1))(χ_p′ (ζ_1)⃗Δ_p′ + φ_p′ (ζ_1)⃗Δ^∗_p′ ) + (ζ_1 → ζ_2)}. (7.12)

These equations completely solve a general problem of triplet pairing. Note that if the vector product ⃗Δ_p × ⃗Δ^∗_p is not equal to zero (nonunitary states, see further), then in the superfluid liquid a spontaneous magnetization ⃗M exists, arising in the result of transition to the superfluid phase, and it is determined by the formula ⃗M = −β ∑ p { ψ_p(ζ_1)(1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1))+ (ζ_1 → ζ_2)} i(⃗Δ_p × ⃗Δ^∗_p) (7.13) where β = eh̄ 2mc is the Bohr magneton.

VIII. UNITARY STATES

We consider the states of the superfluid Fermi liquid for which the product ΔΔ^+ is proportional to the unit matrix in a spin space (unitary states), that is equivalent to the fulfillment of condition ⃗Δ_p × ⃗Δ^∗_p = 0. Self–consistent equations (7.11), (7.12) for the unitary states with account for the foregoing will have the form

ξ_p = ε_p + ⃗Y ⃗p Y_0 + Y_4 Y_0 + 1 V ∑ p^′ F (p, p^′) 1 E_p′ [( E_p′ + ξ_p′ + ξ_{−p}′ 2 ) n_p′ + ( E_p′ − ξ_p′ + ξ_{−p}′ 2 ) (1 − n_p′ ) ] , (8.1)

⃗Δ_p = 2 V ∑ p^′ L(p, p^′) ⃗Δ_{p′} E_p′ (n_p′ + n_{−p}′ − 1). (8.2)

Here

E_p = √ 1 4 (ξ_p + ξ_{−p})^2 + ⃗Δ_p ⃗Δ^∗_p, n_p = [ expY_0 ( E_p + ξ_p − ξ_{−p} 2 ) + 1 ]_{−1} . (8.3)

The unitary states include, in particular, the states with spin projection on the quantization axis, equal to zero. For such states ⃗Δ_p = ⃗dΔ_p where ⃗d is the real vector along the spin quantization axis. The momentum dependence of the quantity Δ_p should be found from the equation, analogous to (8.2) in which one should only replace ⃗Δ_p for Δ_p. When ⃗Y = 0 the angular dependence of quantity Δ_p is determined only by the structure of dependence on the angles of the interaction amplitude L^t(⃗p, ⃗p^′). If the system on the whole is rotationally invariant (as in the case of^3He) then the interaction amplitude in general has the form L^t(⃗p, ⃗p^′) = L^t(p, p^′; ⃗p^0 ·⃗p^{′0}) (⃗p^0 is the unit vector in the direction ⃗p) and can be expanded by Legendre polynomials

L^t(p, p^′; ⃗p^0 · ⃗p^{′0}) = ∑ l (2l + 1)V_l(p, p^′)P_l(cos θ) (8.4)

(θ is the angle between vectors ⃗p^0 and ⃗p^{′0}). Expansion (8.3) leads to the expansion of the order parameter in the form Δ_p = ∑ lm Δ_{lm}Y_{lm} ( in the case of triplet pairing the quantity Δ_p contains the superposition of spherical functions with odd l). If in Eq. (8.4) only one term corresponding to some moment value l_0 figures, then the angular dependence Δ_p will be described by the combinations of spherical functions with l = l_0 only.

We consider for definiteness the interaction of the form L(⃗p, ⃗p^′) = −J(p)J(p^′)⃗p^0⃗p^{′0}. It is easy to see that the selfconsistent equation has a solution, corresponding to the structure of^3He-A phase: pairing of quasiparticles occurs in the state with s_{⃗d} = 0 (s_{⃗d} is the spin projection on the quantization axis ⃗d) and l_{⃗L} = 1 (l_{⃗L} is the projection on the orbital quantization axis ⃗L). The parameter Δ_p has the form Δ_p = J(p)⃗p^0⃗l^+Δ, where ⃗l^+ = 1/ √ 2(⃗l_1 + i⃗l_2) (⃗l_1,⃗l_2 are the unit vectors perpendicular to the orbital quantization axis) and quantity Δ should be defined from the equation

1 = 2 3V ∑ p J(p)^2 E(p) (1 − 2n_p), n_p = (expY_0E_p + 1)^{−1}, (8.5)

E_p = √ ξ^2_p + J(p)^2|Δ|^2 sin^2 φ, φ = ^(⃗p^0, ⃗L).

Unitary states include also the states with the symmetry type of^3He-B phase (when ⃗Y = 0). For such states the order parameter has the structure (we again stand on the model in which the interaction amplitude is presented in a factorable form)

Δ_α = R_{αk}p^0_kJ(p)Δ. (8.6)

Here R is some rotation matrix (RR̃ = 1, R^∗_{αk} = R_{αk}) and the Greek index relates to the spin space and the Latin one to the momentum space. The quantity Δ, according to (8.2), is defined from the equation analogous to Eq. (8.4) in which it is necessary only to replace E_p for E_p = √ ξ^2_p + J(p)^2|Δ|^2.

IX. NONUNITARY STATES

We consider now the states of the superfluid Fermi– liquid for which the product ΔΔ^∗ is not reduced to the unit matrix in a spin space. An example of such states are the states with the order parameter of the form ⃗Δ = Δ⃗n, where ⃗n is some normalized complex vector, ⃗n⃗n^∗ = 1. Let us clear up under which ⃗n the selfconsistent equation (7.12) has the solutions of such type. Substituting ⃗Δ = Δ⃗n to Eq. (7.12) and equaling coefficients in the right and left sides at linear independent vectors ⃗n and ⃗n^∗, we arrive at the equations

Δ_p = 1 V ∑ p^′ L(⃗p, ⃗p^′){[1 − n^0_p′ (ζ_1) − n^0_{−p}′ (ζ_1)]χ_p′ (ζ_1) + (ζ_1 → ζ_2)}Δ_p′ , (9.1)

0 = 1 V ∑ p^′ L(⃗p, ⃗p^′) { [1 − n^0_p′ (ζ_1) − n^0_{−p}′ (ζ_1)] 1 (ζ_1)_p′ (G_1)_p′

+ (ζ_1 → ζ_2) } |Δ_p′ |^2Δ_p′ ⃗n^2, (9.2)

which are compatible only when ⃗n^2 = 0. The normalized complex vector satisfying this condition has the form ⃗n = ⃗d^± ≡ 1 √ 2 (⃗d_1 ± i⃗d_2). (9.3)

Here ⃗d_1, ⃗d_2 are the arbitrary real orthonormalized vectors. Since the spin “wave function” ⃗d^±⃗σσ_2 is an eigenvector of the spin projection operator ⃗d(⃗σ_1 + ⃗σ_2)/2 (⃗σ_1/2, ⃗σ_2/2 are the spin operators of the first and second particles acting accordingly to the first and second index of the “wave function” (⃗d^±⃗σσ_2)_{αβ} ) on the direction ⃗d = ⃗d_1 × ⃗d_2: 1 2 (⃗σ ⃗d)_{αγ} (⃗d^±⃗σσ_2)_{γβ} + 1 2 (⃗σ ⃗d)_{βγ} (⃗d^±⃗σσ_2)_{αγ} = ±(⃗d^±⃗σσ_2)_{αβ} , then solutions (9.3) correspond to definite spin projection s_{⃗d} on the direction of the spin quantization axis ⃗d: the upper sign corresponds to the projection s_{⃗d} = 1, the lower one — to s_{⃗d} = −1. The dependence of the quantity Δ_p on the momenta is defined from Eq. (9.1) in which according to (7.6), (7.7), (9.3) it is necessary to put

(χ_{1,2})_p = 4 (Φ_{1,2})_p

, (ζ_{1,2})_p = 1 4 [ξ_p + ξ_{−p} + (Φ_{1,2})_p],

(Φ_{1,2})_p = ± √ (ξ_p + ξ_{−p})^2 + 8|Δ_p|^2,

n^0_p = 1 2 (n^+_p + n^−_p ),

and

n^±_p = [ exp Y_0 ( −ζ_p + ξ_p − ξ_{−p} 2 ± |Δ_p|^2 2ζ_p ) + 1 ]_{−1} .

Another interesting example of nonunitary states are the states with the symmetry type of^3He-B phase in which the normal part of the Fermi–liquid is in motion (⃗Y ≠ 0). Supposing again that interaction amplitude is factorized we shall seek the solution of Eq. (7.12) in the form

Δ_α = R_{αk}(Δ_1p^0_k + Δ_2(⃗p^0 ⃗Y^0)Y^0_k )J(p). (9.4)

Here ⃗Y^0 is the unit vector in the direction of ⃗Y , R is the real orthogonal matrix. For parameters Δ_1, Δ_2 as a result of substituting (9.4) for (7.12) we get the nonlinear set of equations

Δ_1 = 1 V ∑ p J(p)^2[(⃗p^0 ⃗Y^0)^2 − 1](Q_pΔ_1 + V_pΔ^∗_1), (9.5)

Δ_2 = 1 V ∑ p J(p)^2{[1 − 3(⃗p^0 ⃗Y^0)^2](Q_pΔ_1 + V_pΔ^∗_1) −

2(⃗p^0 ⃗Y^0)^2(Q_pΔ_2 + V_pΔ^∗_2)}, (9.6)

where

Q_p = 1 2 {[1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1)]χ_p(ζ_1) + (ζ_1 → ζ_2)},

V_p = 1 2 {[1 − n^0_p(ζ_1) − n^0_{−p}(ζ_1)]φ_p(ζ_1) + (ζ_1 → ζ_2)},

and the quantities ⃗Δ_p ⃗Δ^∗_p, ⃗Δ_p × ⃗Δ^∗_p entering in expressions for the functions χ, φ are equal

⃗Δ_p ⃗Δ^∗_p = J(p)^2[|Δ_1|^2 + (⃗p^0 ⃗Y^0)^2(|Δ_2|^2 + Δ_1Δ^∗_2 + Δ^∗_1Δ_2)],

⃗Δ_p × ⃗Δ^∗_p = J(p)^2(⃗p^0 ⃗Y^0)(Δ_1Δ^∗_2 − Δ_1Δ^∗_2)R̂(⃗p^0 × ⃗Y^0)

(here R̂(⃗p^0 × ⃗Y^0) denotes the action of the rotation matrix R̂ on the vector standing after it). It is easy to see that in the case of ⃗Y = 0, as follows from (9.5),(9.6), Δ_2 = 0, while the equation for Δ_1 coincides with that for the quantity Δ which determines the order parameter for the B-phase of^3He when ⃗Y = 0.

Note in conclusion that selfconsistent Eqs. (7.11),

(7.12) were received without any restriction on the symmetry properties of the phase, but only in supposition that the wave function of quasiparticle pair is represented by the symmetrical second rank spinor (triplet pairing). Therefore, Eqs. (7.11), (7.12) are suitable for the description of different states of physical systems with triplet pairing of fermions. In particular, they are suitable for description of the states in which spontaneous magnetization arises as a result of phase transition to the superfluid state.

[1] N. N. Bogolubov, Physica, 26, 51 (1960). [2] P. C. Hohenberg, P. C. Martin, Ann. Phys. 34, 291 (1965).

[3] Z. Galasiewicz, Bull. Acad. Pol. Sci. Cl. III, 15, 191 (1967).

[4] I. M. Khalatnikov, Teoriya sverkhtekuchesti (Nauka, Moscow, 1971).

[5] S. Patterman, Hydrodynamics of Superfluid (Moscow, 1978).

[6] C. P. Enz, Rev. Mod. Phys. 46, 705 (1974). [7] V. G. Morozov, Teor. Mat. Fiz. 28, 267 (1976). [8] I. A. Vakarchuk, Teor. Mat. Fiz. 65, 285 (1985); 80, 439 (1989); 82, 438 (1990).

[9] A. J. Leggett, Rev. Mod. Phys. 47, 331 (1975). [10] K. Maki, J. Low. Temp. Phys. 24, 755 (1976). [11] Combescot, J. Phys. C 14, 1619 (1981). [12] Z. Galasiewicz, Physica A 161, 269 (1989). [13] D. Vollhardt, P. Wölfle, The Superfluid Phases of Helium 3 (Taylor and Francis, 1990).

[14] S. V. Peletminsky, A. I. Sokolovsky, Teor. Mat. Fiz. 18, 121 (1974).

[15] N. N. Bogolubov (Jr.), M. Yu. Kovalevsky, and etc., Usp.

Fiz. Nauk, 159, 585 (1989).

[16] N. N. Bogolubov, Preprint D–781, JINR, Dubna (1961). [17] A. I. Akhiezer, S. V. Peletminsky, Methods of Statistical Physics (Oxford, 1981).

[18] A. A. Isayev, S. V. Peletminsky, Ukr. Fiz. J. 37, 952 (1992).

[19] V. V. Krasil’nikov, S. V. Peletminsky, A. A. Yatsenko, Physica A 162, 513 (1990).

[20] A. Cartan, Geometry of Lee Groups and Symmetrical Spaces (Moscow, 1949).

[21] N. D. Mermin, T. L. Ho, Phys. Rev. Lett. 36, 594 (1976). [22] G. E. Volovik, Usp. Fiz. Nauk 143, 73 (1984). [23] M. Yu. Kovalevsky, S. V. Peletminsky, Teor. Mat. Fiz.

100, 59 (1994).

KVAZ¨SEREDN¨ U M¨KROSKOP¨QN¨„ TEOR¨Õ KVANTOVIH R¨DIN

A. ¨sa‚v, M. Kovalevs~kiȷ ¨nstitut f˛ziki ˛ tehnolog˛Ý, UkraÝna, 310108, Hark˛v, vul. Akadem˛qna, 1

Na osnov˛ metodu kvaz˛seredn˛h ta metodu skoroqenogo opisu rozvinuto m˛kroskop˛qniȷ p˛dh˛d dlffl vivedennffl g˛drodinam˛qnih r˛vnffln~ dlffl nadplinnih r˛din z tripletnim sparennfflm kvaz˛qastinok. Viznaqeno dodatkov˛ dinam˛qn˛ parametri, pov’fflzan˛ z r˛znoman˛tnimi spontanno poruxenimi simetr˛fflmi sistemi. Ce zd˛ȷsneno zavdfflki vikoristann operatora parametra vporffldkuvannffl fflk funkc˛onalu ner˛vnovaınogo statistiqnogo operatora. Otriman˛ gustini potoku aditivnih ˛nteİral˛v ruhu v term˛nah lokal~no ner˛vnovaınogo termodinam˛qnogo potenc˛alu. Znaȷdeno samouzgodıen˛ r˛vnfflnnffl dlffl energetiqnoÝ w˛lini ta energ˛Ý kvaz˛qastinok. Voni anal˛zut~sffl dlffl un˛tarnogo ta neun˛tarnogo stan˛v nadplinnoÝ r˛dini Ferm˛.