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Hocutimxeno edekTn, 0 BUHUKAIOTH M YaC YMCJIOBOTO PO3PAXYHKY KOJIMBAHBL HEJIHIAHUX
KOHCEPBATUBHUX OCIMIATOPIB. [lopsan i3 KOHCEPBATMBHUMM YNCJIOBUMHW METOJAMM, AKi 3aBXKIN
36epiraloTh TaMLIBLTOHIAH, PO3IJIAHYTO IPyIly MeTOHiB (MeTom Tpamemiii, METOI NPIMOKYTHUKIB,
meron Eitepa—Kpomepa), mo € KOHCePBATUBHUMY TLABKH /IS JIHIHAX CHCTEM 31 CTAJIMMU Ta-
pamerpamu. Ilinm vac 3aCTOCYBaHHS WX METOMIB Y OUCKPETHUX MOIETAX HEJIHIHHUX OCHMUIATOPIB
MOPS 3 MEPIONUIHUMA PYXaMU BUHUKAIOTH CKJIAIHI PEXUMU, IKi HEBJIACTUBL HellepepBHik MomeTi.
Ha mpuksiani HestiHIHOTO MagTHUKA TOCJIIXKEHO MEePIONNYHI, KBA3INMepiognIHI Ta CTOXACTUIHI pe-

KUMH y f0r0 Pi3HUX OAUCKPETHUX MOMEIITX.

Kirro4oBi cjioBa: KOHCEPBATHBHI CHCTEMH, IUC/IOBI METOOM, KBA3iMepiomudHi KOJIMBAHHS, Xa0-

THYHI PEXKUMU.

PACS number(s): 02.60.Cb

I. BCTVYII

ITig wac mocsimKeHHs MepiOAUIHUX PEXUMIB 32 I0-
ITOMOT'OI0 YUCJIOBUX METOJIIB Y HEJIIHITHUX KOHCEpPBATUB-
HUX OCIIJISITOPAX BUHUKAIOTH e(MEKTH, SKi CIOTBOPIO-
I0Th AKICHY KapTWHY MPOIECiB, MO CIOCTEPIraioThCcs y
HenepepsHiil cucremi. [lepmmit 3 HUX — 1€ TOPYIIEHHsT
3akoHy 30epexkenns ereprii. ToMmy 9mcsioBi Meromn, Mo
AIOTh 3MOTY TIPU IMCKPETU3allii He MOPYITyBaTH TIeit 3a-
KOH (TaK 3Bani KoHcepBaTnBHI MeTomn [1-4]), mpuBabitio-
IOTh JOCJIIIHUKIB.

CyTTeBUM HEDOJIIKOM KOHCEPBATUBHUX METOMHIB € HE-
BUCOKUIl MOPSIOK iXHBLOI ToUHOCTH. TOMY I CKJTAI-
HOX 33034, MO TOTPeOYIOTh PO3PAXYHKIB HA BEJIMKHUX
npoMixkKax dacy (HanpukJian, y Hebecuiit mexamini), Bi-
MOBUTHCS Bill TPAOWIIHHUX YNCJOBUX METOIIB HEMO-
xymBo. CaMe 1M 3yMOBJIEHO Te, IO HANAJI TOPSI i3
KOHCEPBATUBHUMHE METOIAMU PO3TJISHAIOTHCA i Taxi, mo
BUKJTUKAIOTH MOPYIIEHHsS 3aKOHY 30eperKeHHsI eHepril.
Ils1st TOTO, OO OOrPYHTOBAHO MOPIBHSATH IIi METOIN, O~
PANOK iXHBOI TOYHOCTU MPUIHATO TAKUM CAMUM, SK i B
KOHCEPBATUBHUX.

II. MATEMATHUYHI MOJIEJII TA YMNCJIOBI
METOIN

PosriiinemMo KOHCepBaTWBHI CHCTEMH HOPYTOTO  IO-
pPAOKY, MaTeMaTUIHA MOJIEJIb AKUX MA€ BUIJIAL,

(2.1)

me z, y € R, a dynkuil f(y) ta g(x) 3a00BOJbHIOTH
YMOBU iCHYBaHHSI Ta €AUHOCTU PO3B’s13Ky. [aMiIbTOHIsTH
s (2.1)

T

.m%wz/ﬂmm+/ﬂo@
0

0

(2.2)

11 raMisTBTOHOBHX CHCTEM KOHCEPBATUBHI METOIM O~
cani B [1]. IxHsa ocobamBicTh MoJIsiTaE B TOMY, IO y piB-
HaHHax ['amissToHa

de OH

dx _ OH dy 0OH
at oy’

i (2.3)

BimOyBa€eThbCsI OMCKPETH3allisi sIK JIBUX, TAK i IPaBUX
vactua. Hanpukianm, y BUMAgKy CUCTEMU 3 OIHUM CTY-
TTeHeM BLILHOCTH, SIKIIO BUKOPHUCTAHO OTHOKPOKOBI Me-
TONIA, MAEMO:

Tl = Tm  H(@my1,Ymt1) = H(@ms1,Ym)

h Ym+1 — Ym ’
(2.4)
Ym+1 — Ym _ _H(wm—&-laym) - H(wmaym)
h Tm4+1 — Tm ’
abo
Tm+1 — Tm _ H(xmaym+1) - H(l‘m,ym)
h Ym+1 — Ym ’
(2.5)
Ym1 —Ym _ H(@mg1, Ymi1) — H(@m, Ymr1)

h ITm4+1 — Tm

3 (2.4) i (2.5) orpumyemo
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T. BACUJIEHKO, JI. CHHUIILKWIL, 1. IIMUTEJTHCHK I

H(xm+1yym+1) = H(xm,ym) (26)

Aste 3 wi€l piBHOCTM HeMae mimcraB POOUTH BUCHOBOK,
IO 3HAYEHHA T, TA Y, 30IraroTbCs y BHUIAIKY PO3pa-
xyHKy 3a dopymamn (2.4) i (2.5). Tinekn B TOMy BH-
MaaKy, KOJIM TaMiJIbTOHISTH MOXKHA 3aTMNCATH Y BUTJISIL

H(z,y) = Hi(z) + Ha(y), (2.7)

pe3yJIbTaT! PO3pPaxXyHKy € onmnakoBumu. Hamasti posriis-
JATUMEMO TLTBKW TaKi MPUKJIAIU, KOJIH I yMOBA BHU-
KOHy€eThCsA. Tomy pisuuni mix dopmynamu (2.4) i (2.5)
HEMAE.

MMopsin 3 (2.4) i (2.5) nnsa mocnimkenns (2.1) posris-
HEeMO TaKi YUCJIOBI METOIIU:

MEeTOJI Tpaneriit

h

Tm4+1 = Tm + E[f(ym-ﬁ-l) + f(ym)]’ (2'8)
h

Ym+1 = Ym — E[g(mm-‘rl) +g(zm)];

METOI MPAMOKYTHUKIB (METOM, CEPEIHbOI TOYKN)
Tmt1 = Tm + h[f((ym-i-l + ym)/Q)]v (2.9)
Ym+1 = Ym — h[g((@mi1 + 2m)/2)];

meton Eitnepa—Kpomepa

Tmt1 = T + W f (Ymg1), (2.10)

Ym+1 = Ym — hg(zm).

Bimomo, mo mjs JiHiitHOI raMiJIbTOHOBOI crCTeM’ 31
craammu napamerpamu Meronu (2.8) i (2.9) e koHcepBa-
tuBHEMI. KpiM TOrO, mjTs JIHIAHOI cHCTeMHU 3 TaMiab-
TOHISTHOM

Hr,y) = 507 +37) (211)

uncsoBl dbopmynn (2.4), (2.5), (2.8) i (2.9) npuBomaTh
JI0 OMHAKOBUX Pi3HUIIEBUX PiBHAHBL. TOMY MOPiBHIOBATH-
MeMO caMe Il MeTonu, a Takox Meror (2.10), akuii gyxe
PereJIbHO JIOC/IIKEHO B [5] 3 mOrisny BUHUKHEHHS Xa-
OCy TIiJ] 9aC YUCJIOBUX PO3PAXYHKIB KOHCEPBATUBHUX CH-
creMm.

Y Bunanxky sacrocyBanHs meromis (2.8) i (2.9) misa
MUCKPpeTHu3allii HesiHifiHOI KOHCepBATUBHOI CUCTEMU He-
Mag€ KOMHUX MifcTaB OviKyBaTH, WO piBHICTH (2.6) Gyune
BUKOHYBATUCH.

Posrisimemo mpupict ramispronisHa (2.2) Ha omHOMY
KPOTIIi
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Tm+41 Ym+1
SH = / g(6)de + / f(n)dn. (2.12)
Tm Ym

V3momxk Tounoro posw’ssky (z(t),y(t)) cmcremn (2.1)
npupict §H, mim dac YUCIOBOrO iHTErpyBaHHS BimMiH-
uuit Big Hysis. Hanpuxsian, mis merony rpaneniit (2.8)
BUKOHY€ETHCSA TOTOKHICTD

[f (Ymt1) + F@m)lYms1 — Ym) (2.13)
+g(@m+1) + 9(@m)](@ms1 — 2m) = 0.

Bigximatoun Bim (2.12) ToroxuicTs (2.13), orpumyemo

5t = [ g€ = Slonsn) + g(om)@mis — o)
Ym+1 1
+ [ sondn = 507w
Ym
+ f W) Ymt1 — Ym)- (2.14)
Tax camo njs1 MeTomy MPSAMOKYTHUKIB
5 = [ (€ = g(@mer + 2m)/2)mis — 2)
Ym+1
[ gdn = (s +ym)/2)
Ym
X (i1~ m)- (2.15)

Orxe, moxubka pO3paxyHKY TaMiIbTOHISHA HAa OJI-
HOMY KPOIli BU3HAUYAETHCS TOXUOKOK METOIy TPAIeiii
ab0 MPSMOKYTHUKIB /151 0OYMC/IEHHS iHTerpaJiB. Ko
dyukuii g(z) 1 f(y) mocrarubo rianki, a OpupocT
ATy = Tyl — T T8 AYpy, = Yma1 — Ym € MATUMHE, TO,
BUKOPUCTOBYIOUM BiIOMi OIIHKW [IJIsI TIOXMOOK KBaIpa-
TypHUX dopmy [6], OTEPKUMO AJIsT METOIY TpAaIeriit

1

0H = ——
12

[9" (Zm) - (A2m)® + " (Fm) - (Aym)?], (2.16)

i oy MeTomy MpPsIMOKYTHUKIB

L1 @) - (A2m)® + 1) - (D)),

0H =
24

(2.17)
e

Ty = (merl + xm)/Z, gm - (ym+1 + ym)/2



YNCJIOBUI PO3PAXYHOK HEJIIHIMHIX KOHCEPBATUBHIX OCIIAIATOPIB

Sk xoukperHuii npuksiamn cucremu (2.1) posriisiHeMO
MATEMATHIHWI MAATHUK

=y, y=—sinz, (2.18)

e © — KYT BIOXWJIEHHsT MAATHUKA Bil MOJIOXKEHHS PiB-
noBaru. Toni 3 (2.16) muist MmeTomy Tpaneniit Magmo:

1
OH = 5 sin Zp, (Azp, )3, (2.19)

Insa mMetony NpsSMOKYTHHWKIB aHAJIOTiYHE CIHiBBiIHO-
eHHsT HabyBA€ BUTJISIILY

.
0H = ~%1 sin Zp, (Azp, ).

(2.20)

Orke, y IbOMY BUMAIKY YNC/IOBE 3HAYEHHS TOXUOKM
0H menme 0.01% mpm Az, = 0.1, mo Binzmosimae mo-
panky 102 xpokiB Ha nmepioni KOJIMBAHD.

[Iporsirom omHOTO MEPiony MOXKJIMBE HAKONMWYEHHS 0~
XUOKM, PO MO CBiIYATH PE3yJIbTATH YHUCJIOBOTO E€KC-
MEepUMEHTY 3 BU3HAYEHHS ii MAKCUMAJILHOTO 3HAYECHHSI.
st MeTomy Tparmeriii MakCuMAaJIbHe BiIXMIeHHS eHeprii
MIPOTSrOM TEPIoNy Bin 3HAYEHHS, AKEe BiAMOBiIae Here-
pEeBHiii cucTemi, TOCUTH MOOpe BU3HAYAETHCS CITiBBiIHO-
TIIeHHSIM

§H% = 0.21257% /N2,

max (2.21)
e Tmax — MAKCHUMAJIBHANA KYT BIIXWJTEHHS B TaCTKaX
m, N = Round(j—:h) — KIJIBKICTh KPOKIB Ha Mepioi
KOJIMBAHD IIJISI JIIHIMHOTO MasITHUKA

i=vy, §= —wir. (2.22)

CrnisBignomenus (2.21) gae Xoporri pe3yJIbTaTu, KOJIu
Ny > 8. dxmo BBaxkaTH, Mo y cepenaibomy Az, 3po-
CTag Mponopuiiino 1o Kpoky h, 1o, gk Gaaumo 3 (2.19)
Ta (2.21), rnobanabHa MOXNOKA 3aJI€XKHO Bill KPOKY 3DO-
CTa€ MOBLIbHIINIE, HiXK JIOKAJbHA: KBAJIPATUIHUN 3aKOH
3aMiCTh KyOidHOTO.

Hns merony Eitnepa—Kpowmepa (2.10) Besmmanna AH
npubJJIN3HO HA OBA MOPSIAKNA OLIbINA, HiXK OIS METOLY
Tpamerniit mpu N7, = 5-103, aste 3pocTae JiHIHO 3a7I€3KHO
Bim kpoky. Tomy 3i smenmennsam (Ny, = 10) sHaveHHs
AH npakTu4HO 3piBHIOIOTHCA.

Tenep 3aMUMIaETHCS HEBUPIMIEHUM MTUTAHHS TIPO iCHY-
BAHHS BIKOBIX 3MiH €HEpril MpPOTAroM 6ararbox mepiomis.
Bigmosins Ha HHLOrO TICHO TIOB’sSI3aHa 3 XapakKTEpOM
PYXiB, IO BU3HAYAIOTHCS PI3HUIIEBUMU DIBHIHHIMMI.

III. IEPIOOVYHI PE2KMTMN

I MasmX KpOKiB AMCKPETU3allii Ta MaJInX 3HAYUEHD
€Heprii TOYKH, IO BiAMOBIIAI0TH MOCIIOBHUM iTepallisgm

Ha mowuni (x,y), JagraioTs Ha npocty kpusy [, To-
TIOJIOTIYHO €KBiBAJIEHTHY IO KOJIa, KA € iHBapisSHTHOIO
o BimoOpaxens (2.8)—(2.10). Bimomo, mo waBiTh ma
HaUAMpoCTimUX BiHoOpaxKeHb BiMIyKAHHS aAHAJIITHIHOTO
BUPA3Y IJIs PIBHAHHSA II€1 KPUBOI € MyKe CKJIATHOIO 3a-
JTatero.

Hikosin Hemae BeBHEHOCTH, IO iHBAPIAHTHA KPUBA HE
€ CTOXACTUYHUM IITapoOM 3 MIy:Ke MaJIo0 MupuHoio. Tox
KOJT fimeThCcss PO TIPOCTi iHBApISAHTHI KPWBi, MaEThCA
Ha yBasi, MO yciMa HOCTYIHUMHU METOIAMU He BIaBa-
JIOCS TTIOMITUTH PO3IIMPEHHST TAKOI KPUBOi. 3 €I Me-
TOIO CTOCTepirasm ii OKpeMi MiJITHKM Ha eKpaHi Inc-
mtes, 36imnmeni B 107 pasis, amastisyBasan CIeKTp cur-
HaJIy Ha BiApisky, mo oxomtioe npubdbaunsao 100 nepionis
KOJTUBaHb. TOMY TYT i HaJaJIi TLTbKU y BUMAIKY, KOJIN
HEeMa PO3MUTTS KPUBOI Ta YiTKO BUPAKEHMIT TUCKPETHMI
CITEK TP, BUKOPUCTOBYETHCS TEPMiH “IIPOCTa iIHBAPIAHTHA
kpuBa”.

Slkmo KiapKicTh KpokiB mocuTh Besmka (10°-10%), To
kpuBa [ y mepeBaxHiil OiIBITIOCTI BUNAMKIB MILILHO 3a-
MMOBHIOETHCS TOCTIOBHICTIO TOUOK. Ile cBimunTh mpo Te,
mo mocainoBHocTi {Zm,} Ta {y,} He € mepiommuHUMM.
Tounime, mepion, KUt 3aBXKON € MPU IUCKPETU3AIIL 32
piBHEM, 3HAYHO IEPEBUINYE KiIbKiCTh KPOKiB. Tinmbkn
y PIOKICHUX BUMAIKAX 33 ¢ 0OEpTiB, sIKUM BiIMOBimae
N XpokiB, IOCATaEThCs MOBHMIA 30ir Touok Ha, [': Tomi
mepion omHOrO 06epTy Ny = %. Ouesumno, mo Ny = é,
Iie (@ — HCJI0 00ePTAHHS [7].

Orxe, mepiom omuoro obepty Ny Cjaim BBaxKarw ip-
paIioOHAJILHAM YHUCJIOM, ab0 TAKUM PAI[OHAJILHUM UN-
caom, i gkoro N Ta ¢ € B3AEMHO TIPOCTUME IyXKe
BEJTMKUMHI 9uCIaMu. Bumankm, koam ¢ = 1, To6To Ny
€ IiJTle YNCJI0, HAN3BUYANHO PimKicHi, aJje 3aciyroBy-
I0OTh Ha yBary, TOMY IO TTPUBOAATH IO 3MiHI XapaKTepy
pyxy.

I mepioguYHUX TOCJIiJOBHOCTEH, HEe3BAXKAIUM Ha,
3MiHy €Heprii MpPOTATrOM OIHOIO MEPIOLy, MOXKHA TBEp-
JOUTHU, WO BIKOBI 3MiHEM eHeprii JOPIBHIOIOTH HYJIIO.
Crpasmi, FKIIO OJ1s OesTKOTo 3HadeHHs m = M maeMo
yum = 0, TOOTO mUCKpeTHuil BifjIiK MOTPATJISIE B €KC-
TpeMaJsIibHy TOYKY, TO BHACJILIOK cumeTpil g(x) misa Beix
IHIIUX TOYOK BUKOHYETHCS CITiBBiTHOIIEHH A

TM—r = TMyr T&AYM—r = YM+r, (3.1)
e r — JIOBiIBHE TIijTe YUCII0. Y IbOMY BHMAIKY
M+4r
Y @mn) = g@n)(@ni —zm) =0, (3.2)

e TiICYMOBYBAHHSI TIOMUPIOETHCA HA ML TEepiomn,.
Toni AH = 0 ua mepiomi mporecy, o O3Havae BiACYT-
HICTH BIKOBHUX 3MiH eHeprii.

Ko KomeH 3 AUCKPETHUX BIiIJIiKIB HE MOTPAILISIE
B €KCTPeMaJIbHy TOYKY, a Mepiod AUCKPETHOI CUCTEeMU
— HEeBeJIWKE IiJle YUCJI0, TO 3MiHa eHeprii, Ha MepITmii
TIOTJIAAN, MOXKe BimpiszuaTtucs Bin wysa. [lokaxkewmo, 1o
nelt BUmaqok Tex He peasisyerbcs. Crnpasi, enepris cu-
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CTEMU Ta YUCTIO 00ePTAHHS € HerepepBHUMU (DYHKI[AME
novYaTKoBUX yYMOB (Zg, Yo). Ko Ny € ippamionaabaum
9UCJIOM, TO JEeAKa TOYKa OIHOrO 3 BimobOpaxkenb (2.8)—
(2.10) HAOIMKAETHCA IO EKCTPEMAIBHIX TOYOK fAK 3aB-
rogHo 6sm3bko. ToMy B MbOMY BHUIAIKY BiKOBa 3MiHA
eHeprii Oyme fK 3aBrogHO MaJIow. BHACITIIOK HEmepeps-
HOCTH I[efi BUCHOBOK € CITPABENJIUBUM [IJIsT BCIX TOYATKO-
BUX YMOB, 3a SKUX MPOCTI KPUBI € IHBADIAHTHUMU s
BimoOpaxens (2.8)—(2.10).

Posrnsimemo Temep BILINB AUCKPETU3AIlil HA TOYHICTH
BiATBOpEHHS Tepiony KonBaHb. 2K0meH i3 po3rIaHy Tnx
MeTOMiB He 30epirae 3HAYEHHS Mepioay KOJIMBAHL HEre-
pepsHOi cucremu. Binomo [8], wo mis niniitoi cucremu
(2.22) meron rpaneuiit npu woh < 1 mae BimHOCHY TO-
XnOKy MJ1s1 Tiepiomy

1
or = E(woh)Q, (3.3)
a MeTo[, HpﬂMOKyTHI/IKiB e
51 = — = (woh)? (3.4)
T — Y wo . .

I'padiku 3amexsHocreil BIIHOCHUX MDOXUOOK  JIJIst
nepiony HestiHiitHOrO MasTHUKA (2.18) Bim amMnuiTyIN KO-
JnBaHb Tokazani Ha puc. 1. Tyt i B ycix iHmMUX ancaIoBUX
eKCIIepUMEHTaX [M0YaTKOBI yMOBH [JIsl AUCKPETHUX MO-
neneil MagrHuka npuiivanu y surismi (o, 0), Tomy B
NONAJIBIIOMY Lo OTOTOXKHIOETHCS 3 AMILITYHIOI0 KOJIH-
BaHb.

5:10°
1.00 1

0.50 i 3

0.00 1

] 2

_0. 50 | T T T Xo
0.00 1.00 2.00 3.00
Puc. 1. 3asexHicThb BiZHOCHOI TOXUOKU BU3HAYCHHS

mepiony KOJIMBAaHb HEJTIHIWHOTO MAaATHUKA Bim aMmaiTymm: 1
— /ISl METOY Tpaleliii; 2 — oJIs KOHCePBAaTUBHOTO METOMY;
3 — mna merony Eitnepa—Kpowmepa.

Inia meromy Tparmeriii Ta KOHCEPBATUBHOTO METOILY
31 3017IBIEHHSIM AILIITYIN, KO HEe MOXKHA HEXTYBaTH
HEJTIHIAHICTIO, TIOXMOKA CYTTEBO 3MEHIIYEThCS 1 TIepPexo-
IUTH depe3 HyJsib npu To = 0.77 njia MeTomy Tpareriii
Tta ipu ¥9 = 0.97 A KoHcepBATHBHOTO meromy. [ljist
KyTiB, OJIM3BKUX IO 7, MOXWOKA Bim'eMHa i mpuHAiiMHi
yOBiUi MEHITa, Hi¥XK /15 JTiHIHHOTO MaaTHUKA. OTKe, KOH-
CepBaTUBHUIT MeTO 3 MOy 30epekeHHs mepiony Ko-
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JIMBaHb HE Ma€ MEPEeBar mepel MeTOHAMU Tpameriii ta
TIPSAMOKY THUKIB.

VY Bunagxy merony Eitrepa-Kpomepa 36isbienns am-
IUTTYOU KOJIMBAHb CIOYATKY TAKOXK BUKJIMKAE 3MEH-
IIeHHsT TOXUOKN BU3HAUEHHsT mepiomy. Ilpu xy = % mo-
XuOKa JOPIBHIOE HYJIIO, & MOTIM 3MIiHIOE 3HAK 1 301J1b-
IIYETHCS 10 3HAYEHHS, MO 3a AOCOIIOTHOK BEJTUIUHOIO
BignoBimae moxubui d7 Opu pospaxyHKy JiHiiiHOro Mma-
SATHUKA.

3MeHIIeH s TTOXUOKY 7 ML 9aC PO3PAXyHKY HEJTiHii-
HOTO MasITHUKA 9aCTKOBO MOSCHIOETHCS TUM, IO YaCTOTA
KOJINBAHb TPW BEJIMKWX BiIXUJEHHSX 3HAYHO MEHIIA,
HiX 171 Jiniitnoro masgtanka. e BigmoBigHo mpuBOONTH

0 BIITHOCHOTO 3MEHIIEHH:A KPOKY IUCKPETU3AIIii.

IV. KBASIITEPIOOANYHI PE2KMTMN

Ina wekoncepparuuux meronis (8—10) npu xpokax
iHTerpyBaHHS i MOYATKOBUX €HEPridAX, OLABIINX Bif mesi-
KUX KPUTUIHUX 3HAYEHD, Y IUCKPETHIl MomesTi HemiHiii-
HOTO MAasATHHUKA CIIOCTEPIraloThCsa KBazimepiogudHi pe-
Kumu. B oMy Bumaaky ¢aszoBa TPAEKTOPisa mepecTtae
OyTH TTPOCTOI KPUBOIO.

Ksazinepiogunani pyxu, 3BU9IaiiHo, BAHUKAIOTH B OKOJIi
rouok (z),,yrx), m =1, N, aki BignosinaoTs nepiogud-
HOMY peRUMY 3 [iinm mepiomom N i yucsiom obepTaHHsI,
IO € BiIHOIIEHHAM MOPIBHAHO HEBEJUKUX B3aEMHO ITPO-
ctux niaux gmces. Ha puc. 2 gma N = Ny = 8 3006pa-
keHi (Ha3oBi TPAEKTOPIl AUCKPETHOI MOMIEJIi 38 METOIOM
Eitnepa—Kpomepa njia weminiitnoro masaTumka. Ilepio-
JOUYHOMY PpeXUMY BIiANOBiIa€ MOYATKOBA AMILIITYIA
xy = 0.77209. IIpn manux BigxuieHHsX Bin nepiommd-
HOro pexumy (rg = 0.77236) dasosuii moprper mae BU-
rrsim N i30/1bOBaHUX 3aMKHEHUX KPUBUX, sKi (pOPMOIO
noaibui no estincis (puc. 2, a). Obsiacrb, momiveHa mnps-
MOKyTHUKOM, 36inpmena y 100 pasiB i 300paxkena Ha
puc. 2, 6. [Tonanbie 36i/IbIIeHAS BiIXNIEHb Big 2] NIpu-
3BONUTH 0 medopmariii estincis. Bonu HabyBaiOTH ceprio-
noaibHoi popMu, HADIUKAOTHCS OOUH J0 OTHOrO, IXHs
“roBmmHa” TMOCTYIOBO 30iMbmyeThcsa. Ha puc. 2, 6 30-
Opaxkeni Taki TpaexkTopil mpn xg = 0.77896. ¥ mMomenT
3HUKHEHHs KBasinepioguauoro pexumy (xg = 0.78116)
TOBIIIIHA CTPUOKOM CTA€ TAKOIO, MO IOPIBHIOE HYJIIO, i
3HOBY YTBOPIOETHCSA MPOCTA IHBAPIsIHTHA KPUBA, IO Bil-
noBifae nepioguaHoMy pexumy (puc. 2, 2).

fAxmo mopiBaoBaTm Meton Eitmepa—Kpomepa i me-
TOJ, Tparlelniif, TO TP OJHAKOBOMY 3HAYEHHI KPOKY
KBas3inepionuyHi pexXuMU [IJIsT METOOY Tpameriit BUHU-
KAaIOTh TPU 3HAYHO OLIBIIA aMILTiTymi, HiXK OId Me-
rony Eitmepa—Kpomepa. Bokpema, skmo h = 0.8, To
KBas3inepiommIHmit pexxuM /1 METOMLY Tpareliil HacTae
mpu zo = 0.557, Toni sk mys metony Eitmepa—Kpomepa
BiH ymepie crocTepiraeThesa npu o = 0.257.

Jlineapusysanimn Bimobpaxenns (2.8)—(2.10) B oxoui
TpaekTopii (x5, Y%, ), ONEePKNMO PIBHAHHS Y Bapismisgx

il ] e
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a 1]

~N—

B r

Puc. 2. Esosmionis KBa3imepionnIanx KOJIWBAHb y TUCKPETHil momesti memimiiinoro maarnuka (meron Eiinepa—Kpomepa)

3aJIEKHO BLI aMILTITyON.

e ém = T,
Ma€ BUTJISI: IOJIs METOMY Tparmelriii

—xr, Om = Ym — Y, — BLIXWIJIEHHS Bil 3a0aHOI TPAEKTOPii, a Marpuusa A, y Bunanky cucremu (18)

2
A — 1 1— B cosay, h _ (4.2)
"1+ B cosar —t(cosz® , +coszr) 1— 2 cosz® ’ ’
4 m+1 2 m+1 m 4 m+1
IJIsI METOMY TIPSIMOKY THWKIB
1 1— 2 cos h
L | 1-freosE, (4.3)
T+ 2 cos —hcoszr, 1—™ cosz: ’
4 m m 4 m
ne Ty, = (x5, +x),)/2; nna merony Eitnepa-Kpomepa
1—h2%cosz!, h
A, = m .
m —hcoszi, 1 (4.4)
[
4
v-10 . .
i3 Big 9acTorTu JliHeapu30BaHMX KOJIMBAHb Ha NOPsnok. [To-
B R SICHUTH 1ell pakT He BIAETHCS.
a0 —
] il
1 P V. CTOXACTHUYHI KOJINBAHHA
4,28 1 o
4,26 ] . . . . . %o BuHUKHEHHS CTOXACTUYHUX KOJTUBAHD [IPU AUCKPETH-
0.77207 0772085 077210 samii piBHsHB MasTHHKA Hocuaimkysasan B [5]. Edexr

Puc. 3. 3anexuicts apyroi 6a3ucHoi yacToru xBasinepio-
IUYHUX KOJMBAHBb B aMIUIITYOIW B OUCKPETHI Momesti He-
ginifiroro maarawka (meronm Eittepa—Kpowmepa): 1 — masa
JIIHEAPU30BaHOI MOMIesTi; 2 — IJIst HeJsliHiitHOI MomeTi.

Ilpyra 6a3ucHa 9acToTa Vs y KBas3imepiogunIHomMy pyci
3HQUHO MEHIIa Bill OCHOBHOI V; = % Ina meromy
Eitnepa—Kpomepa 3HageHHst 17151 TEBHOTO OisITa30HYy M0~
JaTKOBUX aMILIITY IyKe moope 36iraeThCsie 31 3HaTeH-
HsIM 9acToTH v JineapnsoBanoi cucremn (4.1). i mani
mokasano mHa puc. 3. [y Meromy Tparmeriii Takoro 36iry
HeMae: Ipyra 4acToTa KBazilMepioguvHOro pyxy MEHIIa

IUCKPETU3allii BpPaXOBYBAJM sIK 30ypEHHS TaMiIb-
TOHifAHA BigmoBimuoi HemepepsHol cucremu. lle mae
3MOTY OIIHUTH 3MiHy e€Heprii y mpoleci KOJIMBaHb, 3
SIKOIO TIOB’SI3Y€ThCSI BUHUKHEHHSI CTOXAQCTUIHUX IIapPiB.
AJte onmiHUTH BiAXWJIEHHsSI eHepril Bij 3HaYeHb, IO Bil-
MOBiAAIOTH HEMepepBHill cucremi, sik OyJ/I0 MMOKa3aHO
BUIIE, MOXKHA Oe3M0CepesHbo 3 aHAJII3y PI3SHUIEBUX PiB-
HeAHL. [IpuuoMy Bigpasy BUSIBJISIETHCS CYTTEBE 30iJ1b-
MeHHsT 3MiHI eHeprii 31 30iLIbIIeHHAM aMILTITYIN KOJIH-
BaHb, MO KiJbKicHO He BpaxoBaHO B [5]. Hucsosi ekc-
TIEPUMEHTH, OJHAK, HE MAIOTh 3MOTH BUSBUTU MPAMUT
3B’SI30K MiXK 3MIiHOIO eHeprii i BAHNKHEHHSIM CTOXACTUY-
HUAX KOJIMBAHb Ta TOBIIUHOIO CTOXACTWIHOrO mapy. He-
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MOCTIWHICTD eHepril J71d HEeKOHCEePBATUBHUX YHUCJIOBUX
MEeTOiB MPUTAMAHHA IM HEe3aJIeXKHO Bill TUITTY PEXUMY:
HE CTOCTEepIraloThCsl aHOMaJIbHI 3MIiHM eHeprii mm Jac
MOsABU K KBA3iMepioJMYHMX, TaK i CTOXACTHYHUX pe-
KUMIB.

CroxacTnvHi KOJIMBAHHSA, sIK 1 KBA3IMEPIOAUIHI pyXH,
BIUHUKAIOTH B OKOJI TOUOK (z},,yrk ) mepiomwdaHmx pe-
KUAMIB 3 9UCIOM OOEpTAHHS (v = %, IO € BiITHOIIEHHAM
MOPIBHSIHO HEBEJIUKUX B3aE€MHO MPOCTUX ILJIUX YUCEI.

CTpykTypa XaOTMYHHUX TIApPiB, SIKIIO iX IETaIHHO J0-
CJIKYBaTH, € HOCUTH CKJIamHOW. Lle BimMiueno y Ga-
rarbOX Mparsgx. Y BUMAAKY, AKWA PO3IJIAIAEMO, CyT-
TEBY pPOJIb BiIirpaioTh KBasinmepiogwyHi pyxwu, sKi ic-
HYIOTH Y MEXKaX CTOXACTUIHOTO Tapy i HEemOMiTHI i
Jac He OyXkKe JeTaJILHOTO MOCTimKeHHsa. B okoIi meakmx
To490K (z},,yr,), MO MICTATHCS BCEpeNeHl CTOXacTHd-
HOTO ITapy, PEKUM XAOTHUIHUX KOJIMBAHD PYWHYETHCH i
BUHMKAIOTH KBa3imepionwdHi KomBaHHsA. B pe3ysbrari
“CymisibHII” CTOXACTUYHWI AP BUSBJISIETHCS PO3ILIIE-
HUM Ha OKpeMi mapu, MiXK AKUMHU € KBasinepiomudHi
pexumvu. UepryBaHHs 30H MEPIOOANIHIX, KBA3IMepioand-
HUX Ta CTOXACTUYHUX PEKUMIB Ma€ IykKe CKJIAQIHUI
xXapakTep. AHAJITUYHO L5 337a49a He PO3B’SI3aHA HA-
BiTh mj1s1 HalmpocTimmx BimobOpaxkenb. Illupmua 30H
KBAa3IMepioanIHIX PEeKUMIB 3a/I€KUTh Bif 3HAaUIeHb N Ta
@: 9MM BOHU OiJIBINi, TUM ByXkK4a CMYyTa KBa3imepiommd-
HUX PEXUMIB, SIKIIO TAKW PEXXUM € B3ATaJIi.

Hampukman, nma wmeromy Eitnepa—Kpomepa cro-
XacTUIHUid 1map, mo € B Ookoyi Toukm 3 Ny =
N = 14, wictuth y cobi kBasimepioguuni pe-
KUMU B OKOJII TOYOK 31 3Hadennsamu Ny =
1064/77; 180/13; 239/17; 128/9; 100/7. Ane ommo-
YACHO XAOTUYHI KOJIMBAHHS 3HUIILYIOTH MEPIOAUTHI PYXU
i MOXKJIMBI B iIXHbMY OKOJIi KBA3IMEpionnIHi peXKUME TPU
No =N =141 N = 71/5, sixi € Bcepeauui croxacrud-
HOTO Iapy.

151 BUSHAYEHHST HASIBHOCTH XAOTUYIHUX PYXiB BUKO-
prcToByBaJsn Bimomi kpurepii [7, 9]:

1) 3HAYEHHs XAPAKTEPUCTUYHUX MMOKA3HMKIB Jlsamy-
HOBA;

2) crekTpaJbHUi CKJI[ KOJIMBAHDL Ha BIIpisKax dacy
Pi3HOI TOBKWHMU.

Ha nincrasi nineapuzosanoro pisaauus (4.1) gisa ma-
JIMX BiAXWJIeHb Bl 3a0aH0l TpaekTopii (2%, ¥k, ) Mokemo
3aMUCaTN IIJ1d OOBLIbHOrO k > 0

{gi}:w{gﬂ’ ﬂeW:ﬁAm- (5.1)

m=0
XapaxkTepucTuyHi MOKa3HuKM JIamyHoBa \; BU3HAYA-

IOThCS BJIACHUMH 3HAYEHHAMU p; Marpuii W, saki €
PO3B’SI3KAMU PiBHSIHHSI

p® —SpWp + detW = 0. (5.2)
Insa merony Eistepa—Kpomepa, six Bunusae 3 (30),
SpA,, =2 — h®cosz},, (5.3)

018

detA,, =1, Vm.

IIpu h < 2 r1a |z},| < § maemo SpA,, < 2. Hepaxko
NepPecBIIYUTUCE, IO B IboMy Bunanxy i |[SpW| < 2. Toxi
3 (5.2), BpaxoBytoun, mo detW = 1, maemo |p| = 1 i
1e 03HAYAE, MO XAOTUIHI PyXu HeMoxkanBi. UncaoBmii
eKCIIePUMEHT HiITBePIKY€ el BUCHOBOK: mpu |zg| < T
XaOTUYHL PYXU HE CIOCTEPIraioThes, a npu rg = 0.557
BOHM BKe BWHWKaIOTh. Ommak mpm |zg| > 7, Hespaxka-
0YN HA Te, MO XapaKTEPUCTUYHI MOKA3HUKN JIsamyHOBA
ORI Bim HyJIsT, XA0C CIIOCTEPIra€ThCsI HE 3aBXKIN. Tn-
CJIOBHIT PO3PAXyHOK CTAPIIOro MOKas3HuKa JIamyHoBa Aq,
yCEepPeIHEeHOTO MPOTATOM KiJTbKOX COTEHDL MepioiB KOJIN-
Bamb, Ja€ A = 0 ond |zo| < 5 i A > 0 ana || > §
BiAMOBIMHO, TPUYOMY 3i 3017TBIIEHHSIM 2y CTAPMINA IO-
Kas3Hmk A1 30imbmryethes. Ha pue. 4 mokasano 3ajex-
HICTh A1 BiO oo /I pi3HUX KPOKIB iHTErpyBaHHs h.

A 10
T 1
4,00 1 2
2.00 A
| / 3
0.00 X,

1.50 2.00 2.50 3.00

Puc. 4. 3anexmnicts crapmioro mokasunka JIsmyHoBa Bifg
aMILUTITY AU KOJIMBaHb Y IUCKPETHI Momesti HestiHiiiHOTO Ma-
aranka (meron Eitnepa—Kpomepa) mpm pisamx xpokax im-
terpyBannsa: 1 — h=0.8;2—h=0.5;3— h=0.1.

Insa merony rpaneuiit 3 (4.2) maemo

2
2 — 2 (cosz}, + coszly )
SpAm = h2 %
1+ F-coszy,

; (5.4)

1+ 2 cosar
L cos T,

detA,, = (5.5)

h2 * :
1+ 7 coszy,

Ha simminy Bim meromy Eitnepa—Kpomepa y meroni
Tpamerniit detA,, > 1, akmo z,, > =, ,,. Hepisricts
SpA,, < 2 cOpaBOXKYETHCS TIIBKU TOIi, KOJIU BUKO-
HYETHCS YMOBA

3cosxy, 4 +coszy, >0,

aka GesymosHo € mpu |zy,| < §. Ane i B npomy Bu-
MaaKy OIHEe 3 BJIACHUX 3HA4eHb marpuili W IIepeBuILy€
3a MomyJsieMm ommHuio, akmo detW > 1. Omaak mo-
sIBA XAOTUYHUX PYXiB y BUMAIKY BUKOPUCTAHHS METOIY
Tpalleliil CrocTepira€ThCsA, AKIIO 3HAYEHHA AMILIITYIN
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KOJIMBaHb OibImi, HiXK mas meromy Eitmepa—Kpowmepa
(o =2 0.757). YucsoBuil po3paxyHoOK \i, aHAJIOTIYHU
1o po3paxyuky s merony Eitnepa—Kpowmepa, Tak camo
mae Ay = 0 mpu |zo| < §, i Ay > 0 mpm |z > 3.
Ha puc. 5 mokaszama 3a1eKHICTb A BiI g s pi3HAX
KPOKiB iHTerpyBanus h.

210
1 1
6,00
] 2
4,00
2,00
] 3
0.00 - Xo

1,50 2.00 2.50 3,00

Puc. 5. 3asexHicTh cTapuioro nokasHuka JlamyHoBa Bix
aMILIITyOn KOJIMBaHb y MTUCKPETHIN MOmesti HesIiHIRHOTO Ma-
ATHUKA (METOI TPAMeNiii) Mpy Pi3HUX KPOKAX IHTErDyBAHHS:
1—h=082—h=053—h=0.1.

Y crmekTpi KOJMBAHL MPU XAOTHIHOMY DPEXHUMi Ua-
CTOTA, HA AKiif CMTOCTEPITAETHC MAKCUMAJIHLHA, iIHTEHCUB-
HICTH CIIEKTpa He 30ira€ThbCs 3 9acTOTOo, siKa O MaJsa
OyTHu y BUMAIKY, KOJIU XaOTUIHUX PyxXiB HEMa. Bimowmo,
0 YaCTOTa KOJMUBAHL MOHOTOHHO CIIQIAE 31 301JIbINEH-
HAM eHeprii, ToMy cjim OyJI0 YeKaTh 3MeHIIeHHsI HO-
MepiB JIiHIK MakcHMAJIBbHOI IHTEHCHMBHOCTH Ipax. Ha-
CIIPaB/li HOMEpHU JIiHIfi MaKCUMAaJIbHOI IHTEHCHUBHOCTHU
3MIHIOIOTHCST HEMOHOTOHHO 3i 30i/IBIIEHHSIM TOYATKOBOI
eHeprii.

PosniznaBanHa XaOTHYHUX KOJMBAHB 3a HOMOMOTOIO
CIIEKTPAJTLHOTO aHAJII3y MOTPedye myxke OOEeperkHOro
MiAXOMy, 0COOJIMBO y BUIMAAKY CHCTEM BEJIMKOI po3Mip-
HOCTH. {KIIO MaTeMaTwIHa MOMAEJIh OMUCYETHCS N PiB-
HAHHAMU TEPIIOro MOPSIKY, TO KBa3imepiogudHi pyxu
MOXKYTh MaTu 1 — 1 6A3UCHUX YACTOT Wi, Wa,
a CTIeKTp MICTUTH JIiHil HA 9aCcTOTaxX

e Wn—1,

miwi +mows + ... + Mp_1Wp_1,

ne m; — noBlabHI niai gucsa. Ilig 4ac 4ucaoBoro exc-
TIEPUMEHTY MTOCTIMIKYIOTh 3aBXK/IN IUCKPETHUI CITEKTP.
Towmy, MOXKJIMBO, IO M Yac KBa3iMepiOOUIHOTO PYXY
MailKe Ha BCIX 9acToTax Oyae CIOCTepiraTucsi HEHy-
JIbOBA iIHTEHCUBHICTD criekTpa. HaBiTh y HalbiIbII cripu-
ATJIMBOMY BUMAQJKY OBOYACTOTHUX KBA3IMEpiOANTHNX
KOJIMBaHb, AKMO wi; < Wy, & TPOMIKOK dUacy, Ha
AKOMY aHAJI3yIOTh CITEKT]P, MA€ MOPSIIOK i—’lr, TO 9aCTOTH
miwi + Mows MOXKYTh OXOILTIOBATU MaiizKe BCi 4acTOTHL
BifTiKmM, MO BiIMOBIOAIOTH AMCKPETHOMY MEPETBOPEHHIO
®yp’e. Tomy HaABHICTH Xa0Cy BU3HAYAIN TIJISAXOM [10-
CJITZKEHHS 3MIiHU CIIEKTPa 3 MOCTYIIOBOIO 3MiHOIO MTOYaT-

KOBOTO BiOxuiieHHsI Xg. OCTiKyBaain BEJIMUUHY 0 =

XX , me X — cepenHe KBaIpaTWIHe 3HAYEHHS iHTeH-
maz

CUBHOCTU 6e3 MAaKCUMAJIBHOTO 3HAYEHHSA iHTeHCI/IBHOCTI/I
cekTpa Xmax- 3aJEKHICTH 0 (o) MOKazaHa Ha puc. 6.

15.0

10.0

5.0

0.0 - T T o
18.02 18.02 18.04 18.06

Puc. 6. 3asexHiCTh HOPMOBAHOTO CEPEIHHOTO KBAIPATHY-
HOIO 3HAYEHHdA IHTEHCHBHOCTH CIIEKTPa KOJMBAHb Bill aM-
WITY U B TUCKPETHIN MOnesi nesiiniinoro maarauka (MeTom
Tparnemiit).

Iamui puc. 6 cBimuaTh PO Te, IO CIEKTP Maike CTpuod-
KOM TIPH TTEBHOMY 3HAYEHH] T TTePeXOanTh Bill JiHIHHOTO
0 HEMepepBHOI'O Ha MexXi mepexony Bid KBasinmepiommd-
HUX KOJIMBAHB 10 Xa0TUIHUX.

Hapeneni pesy/ibraru 9mMCIOBHX EKCIIEPUMEHTIB 13-
IOTH 3MOTY MeMO YTOYHUTH KAapPTUHY BUHUKHEHHS
KBa3iMepioauIHNX Ta XAOTUYHUX KOJIMBAHDL Y IUCKPET-
HAX MOIEJAX MaTeMAaTHYHOTO MAATHUKA IMTOPIBHAHO 3
THM, KOJIZ 1l eeKTU NOSCHIOITHC 30y PEeHHsIM IaMiib-
rouisna H(x,y) 3 ypaxyBaHHIM OO 3a/I€2KHOCTH B
Jacy [5].
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NUMERICAL ANALYSIS OF NON-LINEAR CONSERVATIVE OSCILLATORS

T. Vasylenko, L. Sinitsky, Ja. Shmigelsky
Lviv State University, Chair of Radioelectronics
19 Drahomanov Str., Lviv, UA-290005, Ukraine

The paper provides an analysis of bifurcation phenomena in the dynamic of conservative oscillators when their
equations are discretised by various numerical methods. The Euler—Cromer method, trapezoidal, rectangular rules
and conservative methods are considered. For each of them the dependence of the energy and the frequency of
oscillation are evaluated as a function of the step of integration. Nevertheless the conservative methods preserve
the energy conservation law the change of the frequency of oscillation has the same order just as for all other
methods mentioned above. Conditions for existence of quasy-periodic motions and evaluation of their frequencies
are established. Chaotic behavour caused by discretisation was investigated in some papers. More detailed analysis
of such phenomena permitted to establish the values of parameters when such effects are impossible. Special
attention was devoted to a problem of distinguishing chaotic behavour from quasy-periodic motion. For this
purpose detailed analysis of spectrum of both motions was carried out. In particular it was shown that the
change of energy due to the discretisation cannot be considered as a main sign of an appearance of chaotic
behavour: there exists a wide interval steps of integration where energy changes to a marked degree during a
period. Nevertheless chaotic motions are not observed. The existence of chaos was assured in the case when
spectrum changes discontiniously under smoothly increasing of the energy.
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