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On the basis of the perturbation expansion for the electron gas energy in the third order to

the electron{ion potential the pair and irreducible three{ion interaction potentials in metallic hy-

drogen are calculated. The irreducible potential of three{ion interaction has attractive nature at

short interionic separation and oscillates at large ones. The anisotropic character of the three{ion

interaction is shown. The potential relief of the ions pair relative to the third ion is constructed.

This relief has some potential wells and valleys which connect them. The important role of the

irreducible three{ion interaction in the formation of the local order in three- and four{ion clusters

is shown. The potential relief of an equiangular ion triplet relative to the fourth ion is calculated.

This relief has a deep potential well for the fourth ion at interionic separation corresponding to

the interproton separation in the H

2

molecule . The quasiclassical probability of the ion transition

into this well is evaluated. The life time of the metallic phase of hydrogen relative to the tunneling

nucleation of the H

2

molecules is estimated.

Key words: metallic hydrogen, three{ion interaction, life time.
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I. INTRODUCTION

The signi�cance of manyparticle interactions and their

role in forming the structure and properties of vari-

ous condensed systems are not well known yet [1]. For

the calculation of manyparticle interaction potentials the

knowledge of the linear and nonlinear response functions

of the electron gas is necessary. At present the explicit

form of a three{pole diagram expression in ring approx-

imation for the homogeneous electron gas is known [2],

[3]. It was possible to calculate the equilibrium struc-

tures and dynamic properties of simple metal crystals

and metallic hydrogen (MH) in the third order to the

electron{ion potential (EIP) [3{9] as well as to study

three-ion interaction potentials in simple metals [3,7].

The study of the possibility of metastable state of MH

at zero pressure is of special importance [4]. In the case of

solid MH calculations have been performed by Brovman

and Kagan. They calculated the structure, elastic prop-

erties, phonon spectrum of the solid MH at zero pres-

sure and proved the local stability of the metastable MH

phase in the framework of the manyparticle theory of

metals [4]. As it turned out in the third order to the EIP

the energy minimum exists for twoparameter hexagonal

lattices with a triangular string structure [4]. For all the

structures with the energy minimum the elementary cell

volume was 


0

= 20:8a

3

B

(a

B

is the Bohr radius ) and

interproton spacing �xed along the Z axis was equal to

d = 2:04a

B

. The investigations of the higher order ap-

proximations did not change conclusions essentially. It is

connected with the fact that eventually a small parame-

ter in the perturbation expansion for the MH energy at

P = 0 approximately equals 1=5 [4,6]. In such a case the

sum of all the perturbation expansion terms with the or-

ders n � 5 gives an error as the dielectric permittivity of

the uniform electron gas does [6,9].

The evaluation of the life time of the metastable MH

phase relative to the spontaneous quantum tunneling

transition in the insulating phase is among the most im-

portant problems. This estimate cannot be made with-

out considering the speci�c microscopic mechanism of

the nucleation of the H

2

molecules or the H

+

2

ions in the

metallic phase. For the MH as a system in which the

tendency to diatomically ordering exists [8], the calcula-

tions of interionic interactions potentials and elucidation

of this tendency on the language of groups ion interaction

potentials in con�gurational space are of great interest.

In the quantum kinetics of the new phase formation two

characteristic times may be distinguished [10]. In the �rst

place the time of transition through a potential barrier

(in our case the life time of the metallic phase relative to

the nucleation of the H

2

molecule). In the second place

the total time of the new phase formation. As a conse-

quence of a signi�cant di�erence between the electron

and proton masses during the process of molecular hy-

drogen phase homogeneous nucleation the characteristic

time will be determined by a slow ionic motion in the

potential relief created by the nearest neighbouring ions

group. Diatomically ordering in MH corresponds to the

possibility of the drawing together the ions to the dis-

tance corresponding to the interatomic separation in the

H

2

molecule . Inasmuch the direct interionic interaction

corresponds to the Coulomb repulsion the possibility of

drawing ions together may be ensured only by means of

indirect ions interaction through the surrounding elec-

tron gas.

The purpose of this paper is to consider pair- and

three- ion interactions in metastable MH at P = 0. The

consideration is based on the manyparticle Brovman and

Kagan approach [3{6]. The peculiarities of the potential
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relief for the ions group are discovered and interpreted

from the point of view of manyparticle tunneling forma-

tion of the molecular hydrogen phase.

In sec.2 expressions for manyparticle potentials are re-

ceived. In sec. 3 and sec. 4 results of calculations are

shown.

II. MANYBODY INTERACTION IN METALS

In the framework of manyparticle theory of non-

transition metals the energy of electron subsystem in the

�eld of �xed ions in the adiabatic approximation may be

written [3]:

E

e

= '

0

+

X

n

'

1

(R

n

) +

1

2!

X

m 6�n

'

2

(R

n

;R

m

) (1)

+

1

3!

X

m 6�n6�l

'

3

(R

n

;R

m

;R

l

) + � � �

where each term of the (1) series describes the interac-

tion of ion groups through the surrounding electron gas

and can be represented as a power series in the EIP [3].

For example

'

2

(R

1

;R

2

) =

1

X

i=2

�

(i)

2

(R

1

;R

2

);

'

3

(R

1

;R
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;R
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1

X

i=3

�

(i)

3

(R

1

;R

2

;R

3

); (2)

etc. The indirect interaction of two ions in the second

order perturbation theory in EIP is well known [11] and

equals

�

(2)

2

(R) =

1

�

2

1

Z

0

dqq

2

�

(2)

(q)jV (q)j

2

sin(qR)

qR

; (3)

where V (q) = �

4�

2

q

2

is the form factor of the EIP; �

(2)

(q)

is the sum of two-pole diagrams.

In the third-order perturbation theory in EIP the in-

direct pair{ion interaction is de�ned by the expression

�

(3)

2

(R) =

3

4�

4
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dq

1
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) is the sum of three{pole diagrams; q

3
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.

The potential of indirect three{ion interaction after double integration may be written [7]

�
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where J

0

(x) is Bessel function of the zeroth order; z = cos(q

1

;q

2

); R

12

; R

23

; R

13

are the distances between the

vertices of a triangle formed by the protons.

The calculations of potentials were executed at the Wigner{Zeitz radius r

S

= 1:65 which corresponds to zero

pressure in the zeroth model of a metal [4]. A permittivity function in the Heldart{Vosko form was employed. The

collections of potential values were calculated on the set with a step equal to 1 Bohr radius for each dimension. In

the drawings of graphs the cubic{splain interpolation was used.
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III. RESULTS

Pair interionic potential in the third order has a form

'

�

(R) =

e

2

R

+�

(2)

2

(R) + �

(3)

2

(R); (1)

where e is the electron charge.

Fig. 1. Potential '

�

(R) and its components for r

S

= 1:65.

Fig. 2. Potential '

�

(R) for r

S

= 1:72 and r

S

= 1:55.

Fig. 1 shows the computed potential '

�

(R) and its

components. Curve 1 corresponds to the contribution

e

2

R

+ �

(2)

2

(R), 2 - �

(3)

2

(R), 3 - '

�

(R). The pair interi-

onic potential

e

2

R

+ �

(2)

2

(R) has no deep potential well.

Stevenson and Ashcroft [12] have obtained the pair inter-

proton potential

e

2

R

+�

(2)

2

for MH at r

S

= 1:6 analogous

to the one shown in �g. 1 (curve 1). The indirect interi-

onic interaction �

(3)

2

(R) has attractive nature and forms

a potential well for the nearest neighbouring ion and min-

imum in the repulsive part of the potential '

�

(R). The

decrease of the density leads to a strong increase of the

depth of the minimum in the repulsive part of the poten-

tial '

�

(R). Curve 1 at �g. 2 corresponds to the potential

'

�

(R) at r

S

= 1:72. At r

S

< 1:65 the minimum in the

repulsive part of '

�

(R) turns shallow and its position

shifts towards a smaller R and at r

S

= 1:55 this mini-

mum disappears (curve 2 in �g. 2). The position of the

minimum in the repulsive part of '

�

(R) in �g. 1 cor-

responds to the separation of R = 1:6a

B

. It should be

mentioned that the separation between the nuclei in the

H

2

molecule is equal to 1:4a

B

and the binding length in

the H

+

2

ion is equal to 2a

B

[13]. The formation of the

minimum in the dependence '

�

(R) at a distance which

is smaller than the interproton average distance and a

strong dependence of the depth of this minimum on the

density of MH may be treated as a tendency to diatomic

ordering in the electron{proton plasma.

Fig. 3. Irreducible three-ion interaction potential

�

(3)

3

(2; R

13

; R

23

).

Fig. 4. Potential relief for the 3rd ion in the �eld of two

ions with pair interactions taken into account.

The results of the calculation of the irreducible three{

ion interaction potential �

(3)

3

for r

S

= 1.65 are presented

in �g. 3 in the form of the potential relief. The mini-

mal interproton separation in a metallic phase at P = 0
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equals to 2:04a

B

[4]. Two ions are placed in the ordi-

nate axis on a distance 2a

B

and the third ion is sited

in the plane XOY. For small distances the potential

�

(3)

3

(2; R

23

; R

13

) has an attractive character. The po-

tential �

(3)

3

(2; R

23

; R

13

) has an anisotropic form and its

most rapidly changing takes place in the OX direction.

For large distances the potential �

(3)

3

has an oscillatory

character. Note that �

(3)

3

(0; 0; 0) ' �1 Ry.

Fig. 5. Potential relief for the 3rd ion in the �eld of two

ions with pair- and three{ion interactions taken into account.

Fig. 4 (geometry coincides with �g. 3) shows potential

relief for the 3rd ion in the �elds of two other ions with

pair interactions taken into account, that is the potential

'

�

(R

23

) + '

�

(R

13

). The minima B and D and a valley

which connects them correspond to the possible positions

of the nearest neighbouring ion in the �eld of two �xed

ions (see �g. 4). It should be noted that ion transition

from minimum B to minimum D along the valley entails

the crossing of the potential barrier with the height of

� 1200 K. This situation remains unchanged when ir-

reducible three{proton interaction is taken into account

because of the short{acting character of the potential

�

(3)

3

. The quantum consideration of the ion motion in

the �eld of two �xed ions results in the conclusion about

the splitting of the energy level for the ion which is the

nearest neighbour for the pair considered. The local min-

ima A and C in �g. 4 correspond to the distances to ions

1 and 2 which are less than the interionic average dis-

tance.

Fig. 5 shows the potential relief which is created

by the ions pair and taking into account pair{ and

three{ion interactions. It is described by the function

'

�

(R

23

) + '

�

(R

13

) + �

(3)

3

(2; R

23

; R

13

). A change of the

local minima A, B, C, D positions as compared with �g. 4

is unimportant. As a consequence of a short{range and

anisotropic character of the potential �

(3)

3

the depth of

the minimum A changes markedly and the depth of the

minimum B increases a bit. The ion wave function in po-

tential relief which is shown in �g. 5 has a nonzero value

near local minima A and C. This means that ions have

a �nite probability draw together with the separation

of the order of internuclei distances in H

2

or H

+

2

. From

comparison of �g. 1 and �g. 5 the conclusion follows that

the presence of the the third ion essentially increases this

probability.

Fig. 6. Distribution of conditional probability density for

the ion positions in the ions pair �eld.

Fig. 7. Potential relief which the three ions create toward

the fourth ion (pair interactions taken into account).

Fig. 6 shows computed distribution of conditional

probability density for the ion positions in the ions pair

�eld with the pair and three{ion interactions taken into

account in Boltzmann approximation at the temperature

T = 1000 K. In this approximation the distribution of

the conditional probability density may be described in

the form of

F

1

(R

1

jR

2

;R

3

) � exp (�('

�

(R

12

) + '

�

(R

13

) (2)

+ �

(3)

3

(R

12

; 2; R

13

))=kT

�

;

where k is Boltzmann's constant. Local minima of the
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potential relief at �g. 5 correspond to the peaks of the

function F

1

(R

1

jR

2

;R

3

).

It is interesting to consider potential relief which is

created by a group of ions. Fig. 7 shows the potential

relief which three ions forming equiangular triangle with

the side 2a

B

and placed in the XOY plane create in the

same plane towards the fourth ion. In �g. 7 the pair{ion

interaction is taken into account and the potential relief

is assigned to the function '

�

(R

14

)+'

�

(R

24

)+'

�

(R

34

).

It is easy to see the two minima A and B and the saddle

point C in the XOY plane.

Fig. 8. Potential relief which three ions create toward the

fourth ion (pair{ and three{ion interactions taken into ac-

count).

Fig. 9. The dependence of the potential �(z).

The potential relief which is shown in �g. 8 (the ge-

ometry is the same as in �g. 7 ) and which is described

by the function

'

�

(R

14

) + '

�

(R

24

) + '

�

(R

34

) + �

(3)

3

(2; R

24

; R

14

)

+ �

(3)

3

(R

24

; 2; R

34

) + �

(3)

3

(R

14

; R

34

; 2) (3)

takes into account three{ion interactions in the cluster

of four ions. Three{ion interactions transform the saddle

C into the local minimum and minima the A and B be-

come considerably deeper. This means that an increase

of the particles number in the cluster lowers the potential

barrier to diatomic ordering.

If three ions are situated in the way shown in �g. 8 and

the fourth ion is placed on the Z-axis, the dependence of

the potential �(z) with pair{ and three{ions interactions

taken into account is shown in �g. 9. The presence of a

deep minimum at z = a

B

is characteristic peculiarity

of this dependence. The second minimum at z = 3:5a

B

corresponds to the equilibrium position of the fourth ion.

Fig. 10. Potential relief for the 3rd ion in the �eld of two

ions (interionic separation is equal to 1:5a

B

) with the pair

interactions taken into account.

Fig. 11. Potential relief for the 3rd ion in the �eld of two

ions (interionic separation is equal to 1:5a

B

) with pair{ and

three{ion interactions taken into account.

The quantum description of the ion motion in two-

well potential of �g. 9 yields the conclusion about a pos-

sibility of tunneling transition from the well A to the

well B. The probability of ion transition per 1 s is equal

to the product of the ion oscillation frequency in the
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well A and transmission coe�cient through the potential

barrier. The transmission coe�cient can be estimated

in quasiclassical approach. The ion frequency of zero{

oscillation in the well A is equal to � = 3:61 � 10

13

Hz.

The transmission coe�cient through the potential bar-

rier D = 3:85 � 10

�12

. Then the ion's life time � in the

well A equals � = (D�)

�1

= 0:0072 s. If ion tran-

sition into the well B takes place the conditions for the

electrons localization on the ion's pairs will be created.

Taking into consideration also small characteristic time

of an electron subsystem it is possible to consider the

obtained time as a characteristic time of the tunneling

nucleation of the H

2

molecule in MH at zero pressure.

If the identity ions is taken into account it is possible to

make a conclusion about a manyionic tunneling mecha-

nism for the metallic hydrogen transition into molecular

phase.

The quantum Monte{Carlo simulations of the molecu-

lar hydrogen [14] and calculations of the diatomic phase

energy as a function of the interproton separation [8]

indicate that at a chosen density the molecular unit in-

terproton separation is somewhat less than the neutral

molecule separation 1:4a

B

. We calculated the potential

relief which is created by the ions pair with the in-

terproton separation 1:5a

B

(�g. 10, 11). Fig. 10 shows

the potential relief for the third ion in the �eld of two

other ions with pair{ion interaction in the third order

perturbation theory (analogous to �g. 4). Fig. 11 (ge-

ometry coincides with �g. 10) shows the potential re-

lief for the third ion with pair and irreducible three{

ion interactions taken into account, that is the poten-

tial '

�

(R

12

) +'

�

(R

23

) +�

(3)

3

(1:5; R

13

; R

23

). As is easily

seen from �g. 10, 11, the irreducible three{ions interac-

tion essentially deepens the potential well A (�g. 11 is

analogous to �g. 5). The comparison of �g. 5 and �g. 11

yields the conclusion about a strong dependence on the

interproton separation R

12

of the probability of triplet

ions drawing together to the interproton separation as

in the H

2

molecule. The time of the proton transition

from the well B into the well A (�g. 11) cannot be con-

sidered as characteristic time of the tunneling nucleation

H

2

molecule in the metallic phase since interproton sep-

aration R

12

= 1:5a

B

is less than the minimal interproton

separation in the MH phase at P=0 which equals 2:04a

B

[4].

IV. DISCUSSION AND CONCLUSIONS

Our consideration is based on the assumption that the

metastable MH phase exists at P = 0. The calculations

show that irreducible three{ion indirect interactions have

a decisive inuence on the local structure of the ionic

subsystem. The calculations of the possible MH struc-

tures at P = 0 show the tendency for MH to crystallize

in a triangular string with the twodimension periodic-

ity structure [4]. Our calculations of the potential relief

which the three ions create towards the fourth ion con-

�rm this conclusion and show that taking into account

�

(3)

3

really leads to the formation of the hexagonal struc-

ture in the plane of four ions arrangement. Taking into

account �

(3)

3

leads to the transformation of the saddle C

(�g. 7) in the local minimum (�g. 8). The minimum C is

formed along the direction which forms the angle of 60

0

with the OX axis (the curves on �g. 7, 8 are drawn with

a step of 15

0

).

It is possible to observe an interesting peculiarity of

the potential relief which a pair of ions creates towards

the third ion (�g. 4, 5, 6): the local minima B and D and

the valley which connects them and has a saddle point.

To make the transition from the minimum B to that of

D it is necessary to cross over the potential barrier. This

means that the energy levels of the third ion in the �eld

of the two �xed ions are split. The quantum e�ect of the

energy levels splitting will be exercised at the tempera-

tures which are less than the potential barrier height. It

should be noted here that as a consequence of a short{

range character of the potential �

(3)

3

it has a weak inu-

ence on this e�ect (�g. 4, 5). It can be supposed that the

existence of two{level subsystems in amorphous solids at

low temperature is somehow a display of collective quan-

tum oscillatory states of three{particle groups.

In this study the peculiarities of the pair{ and three{

ion interactions are interpreted as the vestiges of the

molecular phase in the metastable MH. These peculiar-

ities occur in the metastable metallic phase and are ab-

sent at the megabar pressure (�g. 2). This means that

an electron{proton system possesses a self{organization

e�ect of \preparing" a transition to the molecular phase.

Such an e�ect increases sharply with the decreasing of

the electron gas density.

The probability of the ions' drawing together to the

interproton separation as in the H

2

molecule depends

essentially on the electron gas density. With the density

decreasing the probability of the manyionic tunneling nu-

cleation of the molecules H

2

sharply increases. Therefore

some interest has a study of the life time of metastable

MH relative to the homogeneous nucleation of the molec-

ular phase in pressure interval 0 < P < P

t

(P

t

is the pres-

sure of the molecular hydrogen transition in the metallic

phase).

The calculation of the life time of the MH as a macro-

scopic system calls for the considering both the mecha-

nism of homogeneous nucleation of molecular phase and

the kinetics of the formation of the insulating phase

droplets in the metastable metal. In this paper we did

not consider the kinetic stage. Such a consideration must

include a search for the volume and surface free energy

minimum of the heterogeneous system consisting of a

metastable metal and the insulating droplets. In accor-

dance with the classical and quantum theories of the new

phase formation [10,15,16] calculated in this paper the

life time of the metallic phase relatively tunneling nucle-

ation of the H

2

molecule may di�er from the life time

of MH as a macroscopic system by the factor � 3{5.

The new experimental data on the structures and phase

diagrams for the molecular hydrogen and deuterium at

the megabar pressure [17,18] may be very useful by the

consideration of the kinetic stage of the formation and
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growth of the insulating phase droplets in the metastable

MH.
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BAGATOQASTINKOV� VZA�MOD�Õ TA LOKAL^NA STRUKTURA METAL�QNOGO

VODN� PRI NUL^OVOMU TISKU
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Na osnov� teor�Ý zburen~ dl� energ�Ý elektronnogo gazu v tret~omu por�dku za potenc��lom elektron{

�onoÝ vzamod�Ý rozrahovano potenc��li parnoÝ ta tri-�onnoÝ vzamod�Ý v metal�qnomu vodn�. Potenc��l nere-

dukovanoÝ tri-�onnoÝ vzamod�Ý ma prit�guval~ni� harakter na malih v�dstan�h m�� �onami ta oscil�

na velikih v�dstan�h. Pokazano an�zotropni� harakter tri-�onnoÝ vzamod�Ý. Pobudovano potenc��l~ni�

rel~f, stvor�vani� paro� �on�v v�dnosno tret~ogo �ona. Ce� rel~f ma dek�l~ka potenc��l~nih �m ta

\dolinu", wo Ýh z'dnu�. Pokazano va�livu rol~ neredukovanoÝ tri-�onnoÝ vzamod�Ý v formuvann� lo-

kal~nogo por�dku v klasterah z tr~oh ta qotir~oh �on�v. Rozrahovano potenc��ni� rel~f, stvor�vani�

r�vnostoronn�m tripletom �on�v po v�dnoxenn� do qetvertogo �ona. Ce� rel~f ma gliboku potenc��l~nu

�mu dl� qetvertogo �ona na m��protonnih v�dstan�h, wo v�dpov�da�t~ m��protonn�� v�dstan� u molekul�

vodn�. Rozrahovano kvaz�klasiqnu �mov�rn�st~ perehodu �ona v c� �mu. Oc�neno qas �itt� metal�qnoÝ fazi

vodn� v�dnosno tunel~nogo utvorenn� molekul vodn�.
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