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A method of investigation of dimensional crossover phenomena in the theory of phase transitions

is illustrated for the �nite{size crossover. The dimensional crossover phenomena in systems with

quenched extended impurities and inhomogeneities as well as the classical{to{quantum crossover at

extremely low temperatures are also discussed. The fundamental interrelationship between the ef-

fective dimensionality and the ratio of the relevant characteristic lengths of the system is established

and applied to the description of dimensional crossover phenomena.
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I. PURPOSES

A simple way for the description of the �nite{size di-

mensional crossover (FSC) [1,2] in the theory of critical

phenomena [3] of thin �lms is presented. The method

is based on an approximate interpolation of the lattice

summation by an integration in spatial dimensionali-

ties less than unity. The powerful tool of investigation

of the FSC is the q{space renormalization{group (RG)

method [3]. Further we discuss mainly the application of

the RG to the FSC in slabs (see preceding works [4,5]).

The consideration is based on the notion of the inter-

relationship between the e�ective spatial dimensionality

D

e�

of the critical 
uctuations and the ratio y = (L

0

=�)

of the thickness L

0

of the slab to the correlation length

� � (jT � T

c

j=T

c

)

�1=2

. This notion is familiar, but here

for the �rst time it is considered in an explicit form with

the intention to exploit it in the description of the FSC as

a smooth transition from a (D�1){ to a D{dimensional

asymptotic critical behaviour (Sections IV{IX). More-

over, the term "e�ective spatial dimensionality" in the

sense de�ned below is introduced for the �rst time in the

present report. The fundamental problem for the interre-

lationship between the e�ective dimensionalityD

e�

and

the ratio y is examined in Sections V, VI and XI. Ap-

plications of the results to other crossover phenomena in

quantum systems and systems with quenched impurities

are discussed in Section X.

II. MODEL

In order to present the idea and the purpose of this

note we choose the example of the �

4

{ 
uctuation Hamil-

tonian (H = H=T; k

B

= 1) of the second order phase

transitions,

H =

1

2

Z

d

D

xf(5�)

2

+ r�

2

+ 2u�

4

g; (1)

which is often used in the studies of the FSC [4,5]. In

Eq. (1), �(x) = f�

1

(x); :::; �

n

(x)g is the n{component


uctuation �eld (order parameter), D is the spatial di-

mensionality, r � (T �T

c

), and u is a positive parameter

for all values of the temperature T near the critical tem-

perature T

c

, (jT �T

c

j=T

c

) < 1, where the �eld model (1)

is valid.

III. GEOMETRY

For our aims we shall consider a D{dimensional FS

system having a "slab" geometry, where the thickness

L

0

of the D{dimensional hyperslab is the "small" (�nite)

size and the other (D�1) dimensions L

i

, i = 1; ::; D�1,

are supposed to be "in�nite". In fact, the important point

is that the ratio y = (L

0

=�) of the �nite size L

0

and the

correlation length � = r

�1=2

can take any value from

zero to in�nity depending on the variations of L

0

and T .

In contrast to the "�nite" thickness L

0

, the other dimen-

sions L

i

of the slab are called "in�nite " because they can

be always considered larger than the correlation length

�, including the case of � ! 1 for T ! T

c

. For D = 3

we have a real slab. With respect to the critical prop-

erties, the slab behaves as a quasi{2D �lm for y � 1

and exhibits a typical critical behaviour of 3D systems

for y � 1; here "2D" and "3D" denote two{dimensional

and three{dimensional systems, respectively.

Other FS geometries can be also considered [2], but we

shall focus our attention on the FSC in slabs. We shall

investigate the 2D�3D dimensional crossover of the crit-

ical behaviour of 3D FS systems and, more generally, the

(D � 1){D dimensional crossover in D{dimensional sys-

tems. The dimensionality (D�1) is assumed larger than

the lower critical dimensionality D

L

[3]. This condition
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is necessary to ensure the second order phase transition

and critical phenomena of the usual type in both D and

(D � 1) spatial dimensionalities.

It is convenient to write the D{dimensional wave vec-

tor q in the form of q = (k

0

;k), where k

0

= (2�n

0

=L

0

)

with n

0

= 0;�1; :::; and k

i

= 2�n

i

=L

i

with n

i

= 0;�1; :::

In the case of lattice structures, the wave vector compo-

nents q

�

(� = 0; 1; :::;D � 1) are con�ned in the �rst

Brillouin zone (��=a < q

�

� �=a) but this condition

can be safely ignored because the correlation length � in

our problem is always much larger than the lattice con-

stant a [6]. Because of this and having in mind that the

model (1) describes only quasimacroscopic phenomena,

the upper cuto� � of all wave vector components k

�

is

given by � � �=a and all short{range phenomena de-

scribed by the modes jqj < �� (�=a) are neglected [6].

Thus we are left with the free choice to use the natu-

ral upper cuto� � or to ignore it. As we shall apply the

Wilson{Fisher variant of the RG, it seems convenient to

keep the cuto� of the (D � 1) components k

i

and to ne-

glect it for the component k

0

. The latter choice ensures

a simpli�cation in the summation over k

0

in our calcula-

tions. In the remainder of this paper we shall use units

of lengths, for which � = 1.

IV. PERTURBATION INTEGRALS

Now let us discuss the self{energy perturbation contri-

butions to the RG equations [3] with the rescaling factor

b > 1 for the (D � 1) wave numbers k

i

and without any

rescaling for the wave number k

0

. Such a RG scheme

exists and yields excellent results [5]. The one{loop con-

tributions including all Hartree terms for the self{energy

function and the interaction constant u are calculated by

simple lattice sums of the type

A

m

(r; b) =

1

V

d

X

k

B

m

(k; r) ; (2)

where

B

m

(k; r) =

1

L

0

X

k

0

1

(k

2

0

+ k

2

+ r)

m

; (3)

m = 1; 2; :::, V

d

= (L

1

:::L

D�1

) = V

D

=L

0

, and k = jkj.

While the k{summation in (2) can be always replaced

by a k{integration because of the "in�nite" dimensions

L

i

, the summation over k

0

in (2) cannot be transformed

to an integration unless L

0

� �.

As A

m+1

= �(@A

m

=@r) for all m � 1, one needs to

know only the sum B

1

. After the direct summation in

(3) we obtain the simple transcendental function

B

1

=

L

0

2y(k)

cth

�

y(k)

2

�

; (4)

where y(k) = L

0

(k

2

+ r)

1=2

and, obviously, y(0) � y =

L

0

=� (a Gaussian approximation for �).

It is seen from Eqs. (2){(4) that the quantities A

m

will

exhibit power law dependences on y only in the limiting

(asymptotic) cases y ! 0 (quasi{2D slabs) and y ! 1

(3D systems). In the intermediate cases (0 < y <1), the

functions A

m

(y) are given by in�nite series in the powers

of y. The intermediate cases can be treated by replacing

the k

0

{summation by an integration with the help of the

Euler{Maclaurin summation formula [7], but in this ap-

proach one again obtains series in the inverse powers of

y as corrections to the corresponding integrals. The cor-

rections can be neglected only for y � 1, i. e. when the

direct replacement of the summation with an integration

is possible. Therefore, one can easily use the power law

behaviour of the quantities A

m

in the limiting cases in

order to obtain scaling invariant RG equations for quasi{

2D and 3D systems but it seems di�cult to solve the

same problem for the intermediate cases (0 < y < 1).

The reason is that the RG equations contain transcen-

dental functions like the function (4) and its derivatives.

The direct way to solve the problem for the description

of the dimensional crossover for all the values of the ra-

tio y is to use a numerical analysis of the corresponding

transcendental RG equations [5]. Here we shall consider

an alternative approach which leads to an approximate

solution of the problem.

V. INTEGRATION IN DIMENSIONALITIES

LESS THAN UNITY

Consider the following �(� 1){dimensional integration

as a substitution of the usual k

0

{summation:

1

L

�

0

X

k

0

!

Z

d

�

x

(2�)

�

�

S

�

(2�)

�

Z

1

0

dx � x

��1

; (5)

where S

�

= 2�

�=2

=�(�=2) is the area of the unit �{

dimensional sphere (0 < � < 1). For � = 1, correspon-

dence (5) yields the usual rule of the transition from a

summation to an integration.

The correspondence (5) seems to be a generalization

of the usual rule. However, this correspondence is not

exact and, therefore, it should be considered with some

caution. The limit � ! 0 in the last integral in (5) (in

spherical coordinates) should be taken with a special at-

tention because of the divergency of the gamma function

�(�=2).At �rst one should perform the integration over

x of the integrand, say, x

+0

f(x)=x, and then to take the

limit � ! 0. Usually, the integrands [� f(x)] that appear

by the perturbation series are such that no divergences

arise in the �nal results.

In order to connect the trick (5) with the physical pic-

ture of the FSC, we shall remember that all (k

0

6= 0){

terms in (3) are negligible for y � 1, and, hence,

B

1

= 1=L

0

(k

2

+ r) for y ! 0. The same result for B

1

follows from Eq. (4) for y ! 0 and from the integration

of f(x) = L

��1

0

=(x

2

+ k

2

+ r) in integral (5) in the limit

� ! 0. Therefore, there is a relationship �(y) between

176



A SIMPLE INTERPOLATION PROCEDURE FOR DIMENSIONAL CROSSOVER PHENOMENA

the partial dimensionality � and the ratio y such that the

function �(y) ! 0 for y ! 0. Taking the limit y ! 1

in (4) and the limit � ! 1 in (5) one obtains again the

same result for B

1

, namely, B

1

= 1=2(k

2

+ r)

1=2

. Thus

the function �(y) tends to unity for y !1.

VI. EFFECTIVE DIMENSIONALITY

The exact correspondence of the results for B

m

from

(4) and (5) in the two asymptotic cases (y = 0; � = 0)

and (y = 1; � = 1) brings about the supposition that

the function �(y) with the mentioned asymptotic values

exists and is related to the e�ective spatial dimensional-

ity

D

e�

(y) = d+ �(y); (6)

where d = D�1. This conclusion is completely consistent

with the notion that the asymptotic critical behaviour,

exhibited by the system, will smoothly change from a

(D � 1){ to D{dimensional critical behaviour when the

ratio y varies from zero to in�nity. This means that the

spatial dimensionality e�ectively changes by increasing

its values smoothly from (D � 1) to D when y varies

from zero to in�nity and this is expressed by Eq. (6).

Another problem is the derivation of a reliable formula

for the dependence D

e�

(y). This fundamental task is

brie
y discussed in Section XI.

VII. APPROXIMATE INTERPOLATION

The ideas mentioned above can be used for another

task of practical interest. One may try to approximate

sum (3) for B

1

with the integral

B

m

! B

0

m

= L

��1

0

Z

d

�

x

(2�)

�

1

(x

2

+ k

2

+ r)

m

(7)

for all the values of y 2 (0;1) and, hence, for � 2 (0; 1).

It must be emphasized that substitution (7) is exact only

for the limiting cases y = 0 and y =1. This means that

one may consider the correspondence between the sum

(4) and integral (7) only as an approximation to the de-

scription of the intermediate cases 0 < � < 1. For � � 0

and � � 1 this approximation leads to negligible errors

in the calculation of the sum (4) with the help of (7).

The substitution B

m

! B

0

m

for the intermediate values

of � and y leads to results that need substantial correc-

tions. The latter have not been investigated at all and

the problem requires a special attention. Despite the ob-

vious approximation introduced by the substitution of

B

m

with B

0

m

one may try to use the integral (7) in order

to obtain an approximate interpolation between the 2D

and 3D asymptotic critical regimes.

VIII. RENORMALIZATION GROUP

The conventional RG treatment of the FSC has been

presented in details in the preceding works (see, e.g., [5]).

The perturbation integrals like A

m

have been calculated

by a direct summations over k

0

; see, e.g., Eq. (4). Using

the alternative given by (5) and (7) we may choose two

almost equivalent variants, i. e.

(i) to consider A

m

as (d+ �){dimensional integrals

A

m

(r; b) = L

��1

0

Z

d

d+�

q

(2�)

d+�

1

(q

2

+ r)

m

(8)

with d = D � 1, q = (x;k), which makes the mathe-

matical problem equivalent to that for extended random

impurities [8], or

(ii) to consider A

m

as (d; �){integrals:

A

m

(r; b) = L

��1

0

Z

d

d

k

(2�)

d

Z

d

�

x

(2�)

�

1

(x

2

+ k

2

+ r)

m

: (9)

The variant (ii) directly follows from the original scheme

of treatment [5], where one must perform �rst the k

0

{

summation and then to accomplish the k{integration.

We shall demonstrate that the variants (i) and (ii) lead

to the same results for the FSC.

Using standard calculations [3,5], and the notations

J

�

(r) = A

1

(r; b)L

1��

0

, v = uL

��1

0

, the RG relations for

the variant (i) can be derived and written in the form:

r

0

= b

2

[r + 4(n+ 2)vJ

�

(r)]; (10)

v

0

= b

4�(�+d)

fv � 4(n+ 8)v

2

[�@J

�

(r)=@r]g; (11)

where the upper critical dimensionality is obviously

D

(U)

e�

= (d+�) = 4. This result for the upper e�ective di-

mensionality D

(U)

e�

follows from the scaling factor in Eq.

(11) and from the value of the integral [�@J

�

(r)=@r] for

r = 0. The latter integral is equal to K

(d+�)

lnb, where

K

(d+�)

= S

(d+�)

=(2�)

d+�

.

The above results demonstrate a straightforward d!

D

e�

= (d + �) dimensional crossover described by the

�{expansion, where � = 4 � (d + �) = 4 � D

e�

. Here �

is not an expansion parameter like � but takes its val-

ues in the whole interval [0; 1]. All results for the �xed

point (FP) coordinates and the critical exponents corre-

spond to the universality class (n;D

e�

). These quantities

are expressed by the expansion parameter � = 4 � D

e�

rather than by the usual ones: (� = 4� d, or � = 4�D);

see Ref. [5]. The latter result is a direct consequence

of the supposition that the exact Eqs. (2){(4) can be

substituted by Eq. (9). The di�erence between the stan-

dard [4,5] and the present studies of the FSC is that

the present �{expansion is de�ned with the help of the
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e�ective dimensionality D

e�

instead of the geometrical

dimensionalities (D or d).

The investigation by the scheme (i) can be continued

by using � as a small parameter: exp(��) � 1��. Within

this scheme we have performed a double (� = 4 � d; �){

expansion. This treatment of Eqs. (10) and (11) yields

again that the FPs and the critical exponents are ex-

actly those for the standard universality class (n;D)

with the only di�erence that D should be changed with

D

e�

= d + �. All FPs, stability and critical exponents

are represented by (� � �) = 4 � D

e�

. A special fea-

ture of this expansion is that the results are valid for

� > �. The latter condition ensures the stability of the

nontrivial FP for (���) > 0, i.e. for D

e�

< 4. This prop-

erty of the (�; �){expansion within the framework of the

variant (i) is a disadvantage with respect to the direct

� = (4�D

e�

){expansion discussed above.

The established restriction � > � should be taken into

account when performing the double (�; �){expansions in

treating various problems. A special attention should be

paid to extrapolations and interpretations of the results

from such expansions for real dimensionalities of thick

�lms (� � 1).

The RG within the framework of the variant (ii) can be

performed both with or without a rescaling of the vari-

able x, i. e. k

0

[5]. The rescaling requires a �nite cuto�

� = 1 of the wave number k

0

, too, but the calculation

of the perturbation integrals is quite hard and can be

analytically performed for � = � = 0. In this case the dif-

�culty lies in the divergence of the factor K

�

� �

�1

(�=2)

for � � 0. This can be avoided by introducing an ex-

pansion around the value � = 1 (3D system) with the

expansion parameter �

0

= 1� � � 1.

In order to keep our consideration far from such dif-

�culties we shall use a more rational scheme of RG, in

which the initial rescaling of the wave component k

0

is

avoided and the corresponding integration over x has not

an upper cuto� [5]. This approach is performed again by

the � = 4� (d+ �){ expansion. The RG transformation

in the one{loop approximation yields a simple RG rela-

tion for k

0

(or L

0

), namely, k

0

0

= bk

0

or, equivalently,

L

0

0

= b

�1

L

0

. The RG recursion relations for r and u will

be:

r

0

= b

2

[r+ 4(n+ 2)uA

1

(r; b)]; (12)

u

0

= b

3�d

[u� 4(n+ 8)u

2

A

2

(0; b)]; (13)

where A

m

(r; b) are given by Eq. (9). Performing the inte-

gration in A

m

(r; b) within the variant (ii) to the required

accuracy [3,5], we have

A

1

(r; b) � A

1

(0; b)� rA

2

(0; b); (14)

A

1

(0; b) =

� (�)

(2� �)

K

4��

L

��1

0

(1� b

�2

); (15)

A

2

(0; b) = � (�)K

4��

L

��1

0

lnb; (16)

where � (�) = �(1 � �=2)(1 � �=2)(4�)

�=2

. The L

0

{

dependence in the r.h.s. of these RG relations implies a

change of the interaction parameter from u to v = uL

��1

0

.

The standard RG analysis of Eqs. (12) and (13) re-

veals the usual (n; d+ �) universality class [3] described

by the Heisenberg FP for all � 2 [0; 1]. In comparison

with the usual case (� = 1), the coordinates r

H

and

v

H

of the Heisenberg FP have an extra �{dependence

given by the factors 2=(2� �) and [� (�)K

4

=K

(4��)

], re-

spectively. Therefore, the FP coordinates in the variant

(ii) depend on �. This fact has no consequences for the

critical behaviour. The values of the stability and crit-

ical exponents are given by the usual formulae of the

�{expansion [3], where � = 4�D

e�

.

The above results within the variant (ii) prove the FSC

for all the values of � (and y). Of course, the proof is given

within the one{loop approximation, as it has been done

in the variant (i).

IX. DISCUSSION OF RESULTS

It has been shown that variants (i) and (ii) lead to the

same results. Using two variants of calculation, (i) and

(ii), it has been proven to one{loop order, that the FSC

occurs for any �. The proof of this basic result could be

done up to the two{loop approximation, too. In particu-

lar, this can be more easily accomplished within the vari-

ant (i) of calculation. Note, that the Wilson{Fisher recur-

sion relations cannot be derived in higher than the two{

loop approximation, and the results presented here can-

not be extended beyond this limitation of the method.

The next orders in the loop expansion can be investi-

gated with other variants [9] of the RG. The �{function

for the � = (4�D

e�

) { expansion can be calculated in the

same way as it is known for the usual case of � = (4�d){

expansions within the �

4

{theory of in�nite systems [9].

This is the case for the variant (i). It seems that one does

not need to prove the last statement order by order in

the loop expansion.

The above RG results for the FSC are valid for

(d + �) > 2 = D

L

{ the lower critical dimensionality.

Therefore, the results cannot be extrapolated for 2D

dimensional �lms (monoatomic layer; d = 2; � = 0).

This is the general disadvantage of the �eld{theoretical

RG methods. The RG results presented here are, how-

ever, reliable in predictions for the real case described

by d = (D � 1) = 2 and � > 0 (quasi{2D �lms). This

is the case of thin or ultrathin �lms where 0 < � � 1.

Certainly, the present consideration covers a wide class

of �lm geometries: from ultrathin �lms (� � 1) to thick

�lms (slabs), where � � 1.
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X. CLASSICAL{TO{QUANTUM CROSSOVER

AND IMPURITY EFFECTS

The above consideration can be applied to other

dimensional crossover phenomena. We shall consider

brie
y the dimensional classical{to{quantum crossover

(CQC) [3,10]. In this case, the d{dimensional quantum

system has a standard classical asymptotic critical be-

haviour at all �nite critical temperatures T

c

6= 0 but this

behaviour changes in the quantum limit (T

c

! 0) and,

in certain cases, it becomes equivalent to the (d + z){

dimensional classical (T

c

6= 0) critical behaviour of the

same system; z is the dynamical critical exponent. This

CQC is given by d ! (d + z). The responsible e�ects

are the quantum correlations which become relevant for

low temperatures. In order to treat the CQC within

the above scheme we must change the variable L

0

with

the thermal wave length �(T ) � (1=T )

1=2

; for certain

quantum statistical models, � � 1=T

�

with a positive

� 6= (1=2) [3,10].

In order to give an example, let us consider a

wide class of quantum statistical models of Bose �elds

�(!

l

;k) described by the (bare) correlation function

G = h�

�

(!

l

;k)�(!

l

;k)i of the form

G =

1

!

2

l

+ k

2

+ r

; (17)

where !

l

= 2�lT with l = 0;�1; ::: and �h = 1 is the

(Bose) Matsubara frequency. In such quantum �eld mod-

els, the thermal wave length �(T ) is proportional to

1=T [3]. The formal change of T in the !

2

l

{term in (17)

with 1=L

0

yields the correlation function for our previ-

ous problem. Thus the formal correspondence L

0

$ 1=T

makes possible to describe the several most important

features of the FSC and the CQC by using almost the

same ways of treatment.

The generalization of our discussion of the FSC to the

CQC in other quantum models can be also made, but

owing to speci�c features the analogy between the CQC

in certain quantum models and the FSC in slabs is not

straightforward. Let us clarify this point. The quantum

�

4

{models with the correlation function (17) have a dy-

namical critical exponent z equal to unity (in Gaussian

approximation) [3,10]. This is the reason for the direct

correspondence between the CQC in these systems and

the FSC in slabs. For certain quantum models [3,10] the

dynamical critical exponent z in the Gaussian approxi-

mation is di�erent from unity and then another corre-

spondence between the partial dimensionality � in the

FS problem and the corresponding quantity �

q

in the

quantum problem will be valid, namely, �

q

= z�. More-

over, the description of the CQC has additional speci�c

problems because of the fact, that the basic quantum

models like certain Bose systems at T = 0 exhibit a spe-

cial Gaussian{like critical behaviour rather than satisfy

the CQC; see G. Busiello and L. De Cesare (1980), D. I.

Uzunov (1981), and M. J. Schakel (1995) in Ref. [10].

The method considered in this paper has been ap-

plied [11] to thin impure �lms with quenched disorder.

The quantum models with quenched disorder has been

considered by G. Busiello, L. De Cesare and I. Rabu�o as

well as by E. R. Korutcheva and D. I. Uzunov [12] includ-

ing the e�ect of the CQC in the quantum limit T

c

! 0.

It is shown by these authors that the quantum critical

behaviour is unstable towards the e�ect of quenched dis-

order and this problem has been further studied by A.

Schakel [13] for Bose systems and by T. R. Kirkpatrick

and D. Belitz [14] for impure quantum antiferromagnets.

The result of the last two studies is that the stability of

the quantum impure behaviour can be restored by dou-

ble (�; �){expansions of the type considered in the present

paper. In spatial dimensionalities above the upper quan-

tum critical dimensionality d

(U)

q

= (4 � z) the thermal


uctuation interactions are weak in comparison with the

e�ects of the quenched disorder and the latter acts like a

disorder in systems of free (noninteracting) 
uctuations

(Gaussian model). The introduction of small � � z makes

possible a consideration, in which the di�erence between

the classical and the quantum upper critical dimension-

alities given by the dynamical exponent z, becomes one

of the expansion parameters. Then one may consider the

interplay between the disorder e�ects and the thermal


uctuation interactions. This approach yields a stable

FP of the RG equations and a new quantum critical be-

haviour [13,14] but the question is whether this can be

physically justi�ed in the quantum limit T ! 0 where

the thermal 
uctuations are absent. Moreover, as it has

been established in this paper, the extensions of the small

parameter �

q

� z to values of the order of unity should

be made only under the condition � > �

q

.

XI. THE RELATION D

e�

(y)

Our investigation is based on the physical notion that

there is a fundamental interrelationship between the ra-

tio y of relevant lengths and the e�ective spatial dimen-

sionality D

e�

= (d + �) 6= D of the asymptotic criti-

cal behaviour. We have introduced the term e�ective di-

mensionality to describe the (e�ective) dimensionality of

the strongly interacting thermal (classical) 
uctuations

rather than to attach such a term to the system itself.

This new term has been used in our practical calculations

and in the interpretation of the results. However, we have

not succeeded in obtaining the dependence D

e�

(y) from

our construction of the integration in partial dimension-

alities �. The reason is that (3) and (7) do not give the

same value for the quantity B

m

for all the cases where

0 < � < 1 and, hence, the exact Eq. (3) and the approx-

imate correspondence (7) cannot be equated in order to

�nd a functional equation for �(y).

However, the interrelation of interest can be evaluated

approximately. Suppose, that for any given value of y, i.e.

for any L

0

and �, there is a value of � 2 [0; 1], for which

the value of B

1

from (3) is extremely close to the value of

B

0

1

from (7). The values B

m

and B

0

m

will coincide only for

the trivial cases of (� = 1; y =1) and (� = 0; y = 0), but

their nonzero di�erence in the intermediate cases could

be minimal for some function �(y). Following this idea,
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one may �nd an approximate relationship between � and

y. It may be expected, that �(y) � 1 for y > 1, and

�(y) � 0 for y < 1 as well as that the values of �(y) will

be substantially di�erent from unity or zero only in a

close vicinity of the value x = 1.
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