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I. INTRODUCTION

A study of the refraction e�ects in the di�erential

cross sections of nuclear scattering at projectile energies

E >20{30 MeV/nucleon is of considerable interest for

investigation of the interaction between colliding nuclei.

Owing to the strong absorption of scattered waves, the

cross section patterns at small scattering angles are of

di�raction character. They are governed by the collision

geometry, i.e. they are mainly determined by radii of the

nuclei and surface di�useness, as well as by the strength

of the Coulomb interaction [1, 2]. For this reason, they

are not very sensitive to details of the interaction, in

particular, at short distances. However, at su�ciently

high energies the scattering cross sections of light nuclei

measured in a wide angular range manifest deviations

from the di�raction behavior, which are caused by strong

nuclear refraction (the nuclear rainbow e�ect and the

Fraunhofer crossovers [2]). Analysis of the nuclear scat-

tering cross sections in the region of the rainbow maxima

and Fraunhofer crossovers shows that they are fairly sen-

sitive to the choice of interaction model and allows one

to probe the interaction region to short distances. The

prevalent approach to analyzing elastic nuclear scatter-

ing in the intermediate energy region is the optical model

which describes successfully both the di�raction scatter-

ing patterns and various refraction e�ects [2{4].

An alternative method of describing cross sections of

the processes under consideration is the S{matrix ap-

proach which makes use of certain parametrizations of

the scattering matrix [5{8]. Unfortunately, at present the

S{matrix approach, being as valuable as the potential

one and having certain advantages of its own, is much

less developed, than the optical model. Simple forms of

the S{matrix [5, 6] take account of the presence of a

strong nuclear absorption, as well as of a weak nuclear

refraction in the nuclear surface region. This model de-

scribes the cross sections of the di�raction type fairly

well. Parametrization [7] which involves a nuclear rain-

bow point takes a more careful account of nuclear refrac-

tion and, in some cases, was able to describe refraction

e�ects for the scattering of carbon and oxygen heavy

ions [9]. However, the S{matrix models [5{7] cannot, as

a rule, describe satisfactorily the pronounced refractive

behavior of the cross sections which is observed for light

ion scattering. Therefore, it is of interest to develop an

S{matrix approach which would make it possible to ana-

lyze scattering of di�erent ions in wide ranges of incident

energies, scattering angles, and target mass numbers.

In [10, 11] an original S{matrix parametrization was

proposed for analyzing the nuclear rainbow e�ect, which

turned out to describe successfully various patterns of

heavy ion scattering, as well [12, 13]. In particular, in

[12] an analysis was carried out of cross sections of the

156 MeV

6

Li elastic scattering by

12

C,

40

Ca, and

90

Zr

nuclei. In the present paper, the S{matrix approach pro-

posed is used for further analysis of the refraction e�ects

in the

6

Li elastic scattering by various nuclei at di�er-

ent energy values (210 and 318 MeV), and the results

obtained, together with those from the previous analy-

sis at 156 MeV [12], are compared with the results of

optical{model calculations.

II. DESCRIPTION OF THE S{MATRIX MODEL

Since the

6

Li elastic scattering cross sections in the en-

ergy region under consideration are not sensitive to the

spin{orbit part of interaction, we neglect the spin depen-

dence of the S{matrix. Then, the parametrization which

we use to analyze the experimental data contains, like the

standard optical model, six parameters. The S{matrix,

as a function of the angular momentum L = l + 1=2, is

represented in the form

S(L) = �(L) expf2i[�(L) + �

c

(L)]g: (1)

Here, �

c

(L) is the Coulomb scattering phase, and the

scattering matrix modulus �(L) and the nuclear part of

the real scattering phase �(L) can be parametrized as

follows [10, 11]

�(L) = exp[ln " g(L;L

0

;�

0

)]; (2)
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2�(L) = �

0

g

2

(L;L

1

;�

1

); (3)

where g(L;L

i

;�

i

) is the Fermi step function

g (L;L

i

;�

i

) =

�

1 + exp

�

L� L

i

�

i

��

�1

: (4)

Since the derivatives of step function (4),

(�

i

)

n

d

n

g(L;L

i

;�

i

)=dL

n

, form a complete set of func-

tions in the interval 0 � L < 1 [14] and dg=dL =

�

g

2

� g

�

=�

i

, the expressions (2) and (3) may be con-

sidered as expansions of the imaginary and real parts

of the nuclear scattering phase in these functions. The

fact that it is su�cient to take only the �rst term of

such an expansion in (2) and the �rst two terms with

equal weights in (3) follows from analyzing a lot of cross

sections of scattering of di�erent light nuclei by various

target nuclei.

The quantity �

c

(L) is taken in the form of scatter-

ing phase for the potential V

c

(R

c

; r) of the uniformly

charged sphere of radius R

c

(for the

6

Li projectiles we

take R

c

= 1:3A

1=3

t

fm, where A

t

is the target mass num-

ber). The quasiclassical formula for �

c

(L) used in the

calculations is presented in [11, 13].

As the function g(L;L

i

;�

i

) in expressions (2) and (3),

the symmetrized step{function can also be taken

g(L;L

i

;�

i

) =

sinh (L

i

=�

i

)

[cosh (L

i

=�

i

) + cosh (L=�

i

)]

: (5)

Its advantage, as compared to the function (4), is

that in this case the deection function �(L) =

(2d=dL) [�(L) + �

c

(L)] goes to zero at L = 0.

The parameters of the model have a clear physical

meaning. The phase �

0

characterizes intensity of the

nuclear refraction, and the parameter " determines the

transparency of the nucleus in the region of small angu-

lar momenta. The quantities L

0

and �

0

determine size

and di�useness of the region of strong absorption in the

space of impact parameters b = L=k (k is the wave vec-

tor). The radius of strong absorption R

1=2

is de�ned as

R

1=2

=

�

� +

q

L

2

1=2

+ �

2

� 1=4

�

=k , �(L

1=2

) = (1+")=2,

where � is the Sommerfeld parameter. The nuclear sur-

face di�useness d

0

= �

0

=k corresponds to the di�useness

of the imaginary part of optical potential as a quantity

which governs the decrease rate of the imaginary part of

scattering phase at large impact parameters. An analo-

gous meaning may be given to the parameters L

1

and

�

1

as the quantities characterizing the region of nuclear

refraction.

When analyzing the experimental data, we decompose

the scattering amplitude into the near{side f

(�)

(�) and

far{side f

(+)

(�) components (the N/F decomposition)

corresponding to quasiclassical scattering from the near

and far edges of the scatterer [2], which is very helpful

for understanding the physical meaning of di�erent in-

terference e�ects in the cross sections. These components

were calculated as follows:

f

(�)

(�) = �

1

2�k

1

X

l=0

(2l + 1)[S(L) � exp(2i�

l

)] (6)

�Q

l

(cos � � i�) + f

(�)

R

(�) � f

(�)

sp

(�); � ! 0:

Here, Q

l

(x) are the second kind Legendre functions, �

l

is

the point{charge Coulomb scattering phase for the angu-

lar momentum l and f

(�)

R

(�) are the near{ and far{side

components of the Rutherford amplitude f

R

(�)

f

(�)

R

(�) = f

R

(�)

�

1

2

�

1�

1 + e

�2��

1� e
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The expressions (6) and (7) correspond to the usually

employed decomposition procedure by Fuller [15], ex-

cept for the terms f

(�)

sp

(�). This is our modi�cation

made to eliminate some physically spurious contribu-

tions into the near{side �

N

(�) �

�

�

f

(�)

(�)

�

�

2

and far{

side �

F

(�) �

�

�

f

(+)

(�)

�

�

2

components of the cross section,

whose presence is sometimes exhibited at large angles.

The main part of these contributions can be removed by

subtracting the spurious terms of the form [11]

f

(�)

sp

(�) = �

1

2�k

S(1=2)

1� cos �

: (8)

III. ANALYSIS OF THE EXPERIMENTAL DATA

On the basis of expressions (1){(3), and (5) we have

carried out analysis of the experimentally measured dif-

ferential cross sections of the

6

Li elastic scattering on

12

C,

28

Si,

40

Ca,

58

Ni, and

90

Zr nuclei at 210 MeV and

on

12

C and

28

Si nuclei at 318 Mev [16{18]. The re-

sults of these calculations are complemented by the

results of the analysis of the experimental data [19]

on

6

Li elastic scattering by

12

C,

40

Ca, and

90

Zr nu-

clei at 156 MeV, presented partially in [12]. The S{

matrix parameters found from �tting the experimental

data are presented in table 1 together with the cor-

responding �

2

values and the calculated values of the

integrated reaction cross sections �

r

. We also present

the reduced radii r

0;1

= L

0;1

=

h

k

�

6

1=3

+A

1=3

t

�i

, r

1=2

=

R

1=2

=

�

6

1=3

+A

1=3

t

�

and di�useness values d

0

and d

1

=

�

1

=k in table 2. In the same place we show the nuclear

rainbow angles �

r

corresponding to the minima of the

found deection functions.
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Fig. 1. The ratios of the cross sections of the 156 MeV

6

Li

elastic scattering by

12

C,

40

Ca, and

90

Zr nuclei to the Ruther-

ford ones. The solid lines show calculations by the S{matrix

model, the long dashes and dots are the corresponding ratios

�

N

(�)=�

R

(�) and �

F

(�)=�

R

(�) for the near{side and far{side

cross section components. The short dashes show the optical

model calculations. Experimental data are taken from [19].

Fig. 2. The same as in �g. 1 for the scattering on

12

C and

28

Si nuclei at 210 MeV. Experimental data are taken from

[16, 17].

Fig. 3. The same as in �g. 1 for the scattering on

40

Ca,

58

Ni, and

90

Zr nuclei at 210 MeV. Experimental data are

taken from [16, 17].

Fig. 4. The same as in �g. 1 for the scattering on

12

C and

28

Si nuclei at 318 MeV. Experimental data are taken from

[18].

292



PHENOMENOLOGICAL S{MATRIX APPROACH : : :

To compare with the S{matrix approach proposed, in

all the cases under consideration calculations of the cross

sections were carried out on the basis of the Woods{

Saxon optical potentials found in [16{19]. The analysis

carried out shows that the S{matrix approach allows us

to obtain a good description of all considered experimen-

tal data, which does not yield to the optical model in

quality (�gs. 1{4). Note that the found values of the radii

and di�useness, after the main part of their dependence

on the projectile energy and on the target nucleus mass

number has been separated out, change rather slowly in

the wide energy range and from one target nucleus to

another (table 2). Here, we should mention a system-

atic slow decrease of the strong absorption radius r

1=2

with the energy increase. This property is also known

from analyses of nuclear scattering cross sections by the

optical model [20]. The transparency " grows and the

parameter of nuclear refraction �

0

decreases with energy

increasing and the mass number A

t

decreasing.

In all the cases shown in �gs. 1{4, except for the scat-

tering on

90

Zr at 156 MeV, the calculated di�erential

cross sections exhibit the nuclear rainbow e�ect at su�-

ciently large scattering angles. Three representative ex-

amples of corresponding deection functions are shown

in �gs. 5 together with the S{matrix moduli. For the

light target nuclei

12

C and

28

Si at all the energies, ow-

ing to relatively large transparency values, the nuclear

rainbow e�ect is well pronounced in the form of a wide

rainbow hump in the far{side component of cross sec-

tion. For the heavier target nuclei

40

Ca at 156 MeV and

40

Ca,

58

Ni, and

90

Zr at 210 MeV the transparency is

much smaller, which results in the fact that the nuclear

rainbow is manifested not so distinctly|as a shoulder in

the far{side component at large scattering angles. The

presence of this shoulder is clearly disclosed by the N/F

decomposition of the cross section, whereas in the sum-

marized cross section it is rather disguised by di�raction

oscillations. Such a weak manifestation of the nuclear

rainbow e�ect is usually called the rainbow \ghost" [2].

In the case of the

90

Zr target at 156 MeV, the trans-

parency value is too small and the rainbow angle is too

large for observing nuclear rainbow in the angular range

studied. The existence of the rainbow ghosts for

40

Ca

at 156 MeV and

90

Zr at 210 MeV cannot also be con-

sidered as �rmly established because of the lack of ex-

perimental points at su�ciently large scattering angles.

For these three cases, this circumstance caused a dis-

crete ambiguity of the optical potentials in [17, 19] and

also makes determination of the S{matrix parameters

less unambiguos, than for the light target nuclei

12

C and

28

Si and for

40

Ca and

58

Ni at 210 MeV. The near{side

cross section components in �gs. 1{4 show a regular quick

exponential decrease characteristic of a Fraunhofer{type

amplitude. As a result, a quick Fraunhofer crossover oc-

curs in all the cross sections, which causes the quickly

damped Fraunhofer oscillations at small angles and the

Nucleus E, MeV L

0

L

1

�

0

�

1

" �

0

�

r

, mb �

2

12

C 156 18.68 15.50 3.50 5.29 3.16�10

�2

16.10 1175 8.0

40

Ca 156 30.69 24.48 5.07 8.45 1.71�10

�3

34.90 1997 9.9

90

Zr 156 39.27 30.82 5.91 9.06 1.70�10

�4

59.38 2809 1.3

12

C 210 20.02 14.38 4.39 7.65 4.17�10

�2

23.16 1088 9.7

28

Si 210 33.07 24.49 5.24 10.10 2.76�10

�2

25.03 1623 10.2

40

Ca 210 36.38 29.81 5.82 9.82 6.60�10

�3

27.37 1922 13.3

58

Ni 210 39.51 31.83 6.03 10.52 3.00�10

�3

33.26 2090 9.8

90

Zr 210 46.53 35.65 6.47 11.31 6.20�10

�4

53.81 2679 11.0

12

C 318 23.68 16.49 6.01 10.21 5.64�10

�2

22.24 1080 2.9

28

Si 318 38.70 30.14 6.72 12.36 4.56�10

�2

19.89 1479 5.3

Table 1. The S{matrix parameters for the

6

Li elastic scattering by nuclei.

Nucleus E, MeV r

0

, fm r

1

, fm r

1=2

, fm d

0

, fm d

1

, fm �

�

r

�

�

r, op

12

C 156 1.019 0.845 1.324 0.784 1.185 44.8 55.5

40

Ca 156 1.003 0.800 1.413 0.868 1.446 58.8 83.1

90

Zr 156 0.988 0.775 1.447 0.934 1.435 97.1 108.9

12

C 210 0.941 0.675 1.243 0.847 1.477 37.0 40.7

28

Si 210 1.061 0.786 1.347 0.816 1.573 33.2 42.3

40

Ca 210 1.023 0.838 1.371 0.857 1.446 39.4 49.0

58

Ni 210 0.980 0.790 1.339 0.851 1.484 44.5 55.9

90

Zr 210 1.007 0.771 1.397 0.881 1.541 69.9 65.1

12

C 318 0.904 0.629 1.207 0.942 1.601 23.3 23.5

28

Si 318 1.007 0.784 1.263 0.848 1.561 21.6 24.1

Table 2. The reduced radii, di�useness values and rainbow angles (�

r, op

are the optical{model values) for the

6

Li elastic

scattering by nuclei.

293



V. V. PILIPENKO

Θ

η

L

a

Θ

η

L

b

Θ

η

L

c

Fig. 5. Deection functions �(L) (degrees) and S{matrix

moduli �(L) for the

6

Li elastic scattering by

90

Zr nuclei at 156

MeV (a), by

58

Ni nuclei at 210 MeV (b), by

12

C nuclei at 318

MeV (c). The solid lines show calculations by the S{matrix

model, the dashes show the optical{model calculations.

complete dominance of the far{side component in the

region of large scattering angles.

The comparison of the results obtained on the basis

of the S{matrix approach with the corresponding cal-

culations by the optical model shows certain similarity

in some aspects. Both models yield �tting of the experi-

mental data which is of equal value and quality, although

sometimes some distinctions between the calculated cross

sections are observed in the region of quick decrease of

the rainbow cross section (on the dark side of the rain-

bow). The integrated reaction cross sections calculated

by the optical model practically coincide with those pre-

sented in table 1. The most signi�cant distinction for

90

Zr

at 210 MeV (�

r, op

= 2613 mb) is of 2.5%. The values

of the strong absorption radius R

1=2

are also practically

the same in both models. Figs. 5 show that the scatter-

ing matrices calculated in both models are very close to

each other in the peripheral region of impact parameters.

The S{matrix moduli coincide at b > R

1=2

, and the real

scattering phases, in most cases, are close even at values

of b somewhat smaller than the mentioned above.

Thus, the character of nuclear absorption and refrac-

tion of scattered waves at the nuclear boundary is similar

for both models.

The qualitative behavior of the functions �(L) and

�(L) is similar in the S{matrix approach and in the opti-

cal model for

12

C and

28

Si nuclei at all the energy values

and for

40

Ca and

58

Ni at 210 MeV (see �g. 5, b, c). This

similarity is due to the fact that in these cases the pro-

jectile energy is su�ciently higher, than the critical one,

E

cr

, below which the nuclear rainbow e�ect disappears

[4]. In terms of the potential approach, E

cr

corresponds

to the maximum height of the outer centrifugal barrier

at the L value large enough in order that a pocket in

the real e�ective potential became �lled in [4]. In other

words, E

cr

is the energy value below which an orbit-

ing phenomenon would exist in classical scattering. The

E

cr

value increases with the target mass number increase

[4]. The most pronounced qualitative distinction of the

optical{model �(L) and �(L) from ours occurs for

90

Zr

at 156 MeV (�g. 5, a). The dip in the S{matrix modulus

and the complicated behavior of the deection function

near the surface region, observed for the optical{model

calculation, can be explained by the existence of a Regge

pole here, lying not very far from the real L axis. Such

poles can play a signi�cant role in the energy region be-

low E

cr

(the resonant region) [21]. In terms of the semi-

classical approach these e�ects are ascribed to interfer-

ence between the wave reected from the outer barrier

and the one that penetrates through the barrier and is

reected from the inner wall of the potential pocket [22].

The S{matrix model in the form used does not take ac-

count of such Regge poles whose e�ect, however, could

be manifested at much larger scattering angles. A gener-

alization of the model for this case is proposed in [23].

Even in the cases when both models yield a similar

qualitative behavior of �(L) and �(L), there are signi�-

cant distinctions between them. In the optical model, the

S{matrix modulus at b < R

1=2

changes steeper. In all
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the cases, the deection function minimum, correspond-

ing to the rainbow point, lies closer to the surface region.

This distinction is essential, because the occurrence of

the rainbow point in the S{matrix approach at small

impact parameters might mean that the corresponding

angular distributions allow one to probe a deeper nuclear

domain. There are also distinctions in the found rainbow

angles (table 2). However, when the rainbow angles and

sharpness of the rainbow minima di�er signi�cantly (see

�g. 5, b), the decrease rate of the cross sections on the

dark side of the rainbow are di�erent, too. This distinc-

tion of the cross sections is not large, but it promises

to become highly considerable at large � where experi-

mental data are absent. At the same time, in the case

of scattering on

12

C nuclei at E = 318 MeV, for which

the found rainbow angles coincide and the character of

the rainbow minima is similar (�g. 5, c), the cross sec-

tions calculated in both models are almost identical in

the angular range under consideration. Thus, we may

conclude that analysis of the experimental data in the

considered angular range still leaves room for determin-

ing both the S{matrix parameters and the optical poten-

tials more precisely, although it has removed the discrete

ambiguity of the potentials in some cases [16{19].

The calculations carried out show that the proposed

S{matrix approach makes it possible to describe the ex-

perimentally measured cross sections of the

6

Li elastic

scattering by di�erent target nuclei in a wide energy

range not worse, than the optical model does, and re-

produces successfully the physically di�erent di�raction

and refraction e�ects observed. Along with a certain sim-

ilarity of the results obtained in this approach and by the

optical model, there also exist considerable distinctions

between them. To elucidate the relation between these

two models, an analysis of experimental data in a wide

range of scattering angles is necessary.
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FENOMENOLOG�QNI� S{MATRIQNI� PIDHID DO VIVQENN� PRU�N^OGO

ROZSI�NN� �DER

6

Li ATOMNIMI �DRAMI

V. V. Pilipenko

Harkivs~ki� der�avni� universitet,

ma�dan Svobodi, 4, Harkiv, 310077, UkraÝna

Nedavno zaproponovanu ori�inal~nu S{matriqnu model~ zastosovano dl� analizu diferenci�l~nih pe-

reriziv pru�n~ogo rozsi�nn� �der

6

Li riznimi �drami mixeni pri riznih znaqenn�h ener�iÝ.Rezul~tati c~ogo

analizu porivn�mo z analogiqnimi rezul~tatami, otrimanimi za dopomogo� optiqnoÝ modeli.
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