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The spin wave excitations in the magnetic structure of UsSbs are analysed using the Onufrieva

method. This analysis removes the difficulty noted in earlier works with negative magnon energies.

The calculations were performed for spin S = 1 along some lines of the Brillouin zone.
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I. INTRODUCTION

Physical properties of magnetically ordered uranium
compounds with the ThzP4—crystal structure have been
attracting experimental attention for 35 years [1-11].
These materials are highly anisotropic and their ordered
phases are complicated multi—axial structures. UsP4 and
UsAsy were found [8] to be non—collinear three—axial fer-
romagnets in agreement with the earlier theoretical pre-
diction [12,13]. Recent neutron diffraction experiment on
UsSby and UsBiy4 [11] defined their magnetic structures
to be collinear with two magnetic sublattices.

The multi—axial structures with single—ion crystal field
anisotropy and exchange interaction presented a serious
theoretical problem. The first effective spin model pro-
posed by Przystawa [14,15] described only non—collinear
ordered structure. Symmetry analysis of possible mag-
netic interactions (see e.g., [16]) have revealed the ex-
istence of an unusual type of the exchange anisotropy
in these perfect cubic structures. The Heisenberg—
type model with competitive exchange anisotropy and
crystal field anisotropy interactions has been used to
study ground-state phase diagrams [9], phase transitions
[10,17], and spin-wave excitations [18]. A good agree-
ment with experimental data can be achieved if com-
petitive interactions are strong enough and of compa-
rable magnitude [10]. The description of spin waves in
a collinear phase of U3Shy is a very difficult problem.
Some energy excitations calculated in the harmonic ap-
proximation become negative [18]. This is due to a large
spin fluctuations caused by the crystal field interaction
[19], thus higher order anharmonic terms in bosonic oper-
ators should be accounted for. However in case of U3Shy
the crystal field anisotropy cannot be treated as small
with respect to exchange interaction [10]. In this paper
we use an alternative method, proposed by Onufrieva
[20-22], to study the energy excitations in UsShy. In this
method the spin operators are replaced by the SU(25+1)
Lie algebra generators in order to diagonalize the single—
ion part of the Hamiltonian via unitary transformation.
Next the quasi—particle idea 1s introduced by using gen-
eralized Holstein-Primakoff (or Dyson) transformation.

II. CRYSTAL AND MAGNETIC STRUCTURE
OF U:X,

All the UsXy4 compounds crystallize in the body cen-
tred cubic structure of ThgP4 with the cubic space group
143d — Td®. Magnetic structures of these compounds can
be described by six spin vectors Si,...,Sg situated at
uranium ions positions in the crystallographic unit cell:
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Landau analysis of the phase transitions in UzXy
[23,24] predicted two ferromagnetic spin structures. The
first 1s a noncollinear six—axial structure

u u w
Sl = v s Sz = w s Sg = u s
w v v
(2)
v v w
S4 = (2 s S5 = w s S6 = v
w u u

with the resulting magnetic moment along the [111] di-
rection. This type of structure (with w = v) was deter-

mined in [8] for UsP4 and UsAsa.

The second possible structure is :

0 0 ~y
Si={-—v], S2=|~r], Ss=1[0],
p p p
(3)
— 0
S, = 0 ,55256: 0 )
o

i.e., the structure with the resulting magnetic moment
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along the [001] direction. This structure with y = 0 was
determined recently in neutron diffraction experiment
[11] for UsSbs and UsBis. The same magnetic structure
as eq. (2) and eq. (3) has been recently obtained in the
first—principle calculation [25-27].

The difference between theoretical prediction and ex-
perimentally determined magnetic structure has been ex-
plained [16,24] by discussing the contributions to the
Landau potential coming from “exchange forces” and
“relativistic forces” [28]. The latter are assumed to be
weak. Neglecting relativistic terms in the Landau poten-
tial leads to structure (2) with w = v and structure (3)
with v = 0. This indicates that relativistic corrections
to magnetic structures are very small. It was confirmed
experimentally [11] for UsSbs where finding the deflec-
tion of magnetic moments from the [001] direction was
beyond the experimental possibilities. In further analy-
sis we shall also neglect the relativistic forces mainly in
order to simplify this complicated calculation.

III. THE MODEL HAMILTONIAN

A model Hamiltonian to describe the magnetically or-
dered state of uranium compounds was constructed by
making use of the symmetry analysis and Landau theory
of the phase transition (for more details see Ref. [16]).

It contains spin—spin interactions of the following
type: (1) the nearest-neighbour exchange interactions,
(2) the crystal-field single—ion term, and (3) the nearest—
neighbour “exchange—type” anisotropy.

%:%I"i—%CFa (4)

1
H- iYXYo 6

i,j gigj o

where

Sg, 1s the ath component of the spin operator at the
g—th site in the sublattice (i=1,2, ...,6)

J4g; is the anisotropic interaction tensor,

Hcer is the crystal field Hamiltonian, viz.

Horp=-DY_Q, (6)
i,9:
where
R (S;l)2 for 1 =1,2
Qg = 1 (SY)? for i=34
(S;l)2 for i =56

The exchange interaction tensor can be specified as
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Jiy=0 for ¢=1,2,...,6,

Ji2 = Jz4 = J56 = 0,

J 0 0
Jis=Jia=Jaz=Jau=| 0 J 0 |,

0 0 K

J 0 0
Jis=Jig=Jus=Jws=| 0 K 0 |,

00 J

K 00
Jas = Jzg = Jas = Jag = 0 J 0

0 0 J

It is worth noting that our Hamiltonian contains bilin-
ear exchange type anisotropy compatible with the cubic
symmetry of the crystal. It is generally believed that cu-
bic symmetry excludes any bilinear anisotropy of the ex-
change type. The Th3P4 structure, however, due to the
special positions occupied by magnetic ions, breaks this
rule and allows such an anisotropy to be present.

IV. MEAN-FIELD APPROXIMATION

We start the analysis of magnetic structure described
by the model Hamiltonian, eq. (4), using the Molecular
Field Approximation (MFA). In the MFA Hamiltonian
the crystal field term is treated exactly and exchange
type terms are linearized by introducing the effective field
n; acting on the magnetic ions on the sublattice i

H="Hcr— » niSS. (7)

2,9:, %

Numerical calculation of the sublattice magnetisation
m; = (S;) performed for the spin S = 1 and the pos-
itive crystal field constant D at the temperature 7" = 0
leads to two solutions.

(1) The C-structure

m; = ms = (UCaUCavc)a
m3 =1my = (vm Ue, vc)a (8)

ms = g = (UC,UC,UC).

This is the structure described by eq. (2) with w = v.
(2) The L-structure

m; = ms; = M3 = Iy = (O;OavL)a (9)

ms = g = (anauL)a

which corresponds to structure (3) with y = 0. It would
be possible to obtain exactly the same magnetic struc-
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tures as those in Section II by the inclusion into the
Hamiltonian eq. (4) of a“broken” Dzialoshinsky—Moriya
term [16] allowed by the symmetry.

The phase diagram at 7" = 0 presented in fig. 1 shows
that the L—structure is stable when the amplitudes of
anisotropic exchange interaction k = K/J and the crys-
tal field anisotropy d = D/2J are of comparable mag-
nitude. It is worth noting that for negative values of d
the third solution with a planar magnetic structure is

possible [17].

3.0

25 L

10 \ \ \

Fig. 1. The phase diagram at T"= 0. L and C denote or-
dered phases.
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Fig. 2. Reduction of magnetisation on sublattice 1 as a
function of d for two values k = 2,3. The lower part of each
curve corresponds to the magnetisation in the L—structure.

1

The presence of the crystal field anisotropy deter-
mines that sublattice magnetisations do not saturate, i.e.
m; < 1, in the C—structure and in the L-structure on
sublattices 1,...,4. The reduction of magnetisation in-
creases with the crystal field constant (see fig. 2) and it
is high for the L—structure, e.g., at the point x = 3 and
d = 12.5 the magnetisation my = 0.7 is reduced by 30%.
We think this 1s the main reason that the harmonic spin
wave approximation does not work in UsSby.

V. SPIN WAVE APPROACH TO U:SB,

It 1s known that in the presence of single-ion
anisotropy in the spin Hamiltonian the standard
Holstein—Primakoff (H-P) or Dyson transformations
may lead to unphysical results [19]. One way to remove
this trouble is taking into account higher order anhar-
monic terms in the bosonic Hamiltonian. However, such
an approach is limited to small single—ion anisotropy con-
stants in comparison with the exchange constants. The
other way, proposed by Onufrieva [20-22], replaces the
spin operators in a Hamiltonian by the SU (25 + 1) Lie
algebra generators in order to diagonalize the single-ion
part of the Hamiltonian via a unitary transformation.
Then, the quasi—particles idea is used by properly intro-
ducing a generalized Holstein—-Primakoff (Dyson) trans-
formation. The latter describes excited states by 2.5 inde-
pendent bosonic operators. In this approach there is no
limitation in the magnitude of the anisotropy constant.

In earlier work [18] we demonstrated that magnon ex-
citations in non—collinear magnets UsP4 and UsAs, can
be studied by making use of a standard H-P transfor-
mation, particularly for the spin .S > 2. On the other
hand, this method leads to unphysical results in case of
the collinear magnet UsSby for any value of the spin
S. Tt has been recently shown [29] that introducing the
Dzialoshinski-Moriya like term to Hamiltonian leads to
small noncollinearity in the ground state solutions in
agreement with results of symmetry analysis [24] as sug-
gested by Sandratskii and Kiibler [27]. However, in this
case the magnon excitations described by the standard
H-P transformation are also unphysical. Our results ob-
tained in the MFA show that in the case of UzSby the
value of the single—ion anisotropy D is larger than the ex-
change interaction constants J and K (see fig. 1). There-
fore we shall use here the method proposed by Onufrieva
[20-22] for the spin S = 1, and our analysis of energy
excitations will be performed for UsSbhy.

There are 8 independent operator of the SU(3) alge-
bra, 7, 5% 0%, O*!, O*2,

2
§* = F (57 £i8Y),0° = (57)" = 51,0% = —(575% 4 5%57),0%* = (5%)",

V2

The matrix form of these operators can be written as

403



CZ. OLEKSY

We divide the Hamiltonian (4) into single—ion and interaction parts by introducing
dS% = 8% — (5.
Then using the SU(3) generators the Hamiltonian can be written as
H = Eo+Ho + Hint,

where

Ho = _Z%Oi, Hoi = _Z (hiS;, + CiO?z +gi(0;2 + O?l))’
i fi

1 TJou o
Hine = =5 > > > J73,057,057.

03 fifi o8
According to the MFA solution (9) corresponding to the UzSbhy case we can assume (ST) = 0 obtaining

hi = hy = 2K((53) + (1)) + 2J((S5) + (56)),
hs = ha = 2K((S7) + (53)) + 2J((S5) + (56)),
hs = he = 2J({ST) + (52) + (S5) + (1)),

1
ci:—§D for e=1,...,4, c¢5=cc=D,

1 1
g1=g2=3zD, g3=ga=—-2D, gs=g5=0,
2 2
Fp _ g— _ 1 S G- ! - ! -
Jism = Jis :§(J—A), I35 = J35 :_§(J_[\)a Jis = J55 :_§(J+A)a

Jt=—J, Jm=J% =0, Ji=Ji=J Ji=K
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The remaining elements can be obtained from the sym-
metry of the tensor J:

jab _ jab joff _  jBa _ Jap
JZiq - JZi—lq’ Jpq - Jpq - Jqp )

JapB _ 7zt _
JoP=0 JiEF=0.

The single-ion Hamiltonian can be easily diagonalized
via transformations ¥,, where p = 1,2, 3,4 denotes the
sublattice number:

%Op(%) = \IIP/HOP\Ijzjl’ (18)
where
cos¢p 0 sing,
v, = 0 1 0 . (19)

—sin¢, 0 cos¢,

These transformations change the operator A into
Algp) = \I!Z,A\I!;1 which can be expressed in terms of
the SU(3) generators. Thus, the operators occurring in

Hamiltonian (18) have the following representation:

0°(¢y) = 0°, (20)
SE(¢,) = S* cos ¢, + OFsin ¢, (21)
S (¢p) 57
O*¢p) | =Rp | O° |, (22)
07%(¢p) 0~?
where
cos2¢, —sin2¢, —sin2¢,
Rp= | isin2¢, cos?’¢, —sin’¢, |. (23)
% sin 2¢, — sin? ¢, cos® ¢,

Now the sublattice Hamiltonian can be written as

Hop(¢p) = — Z (ilpS;p + CPO?,, + ﬁp(ofpz + O?p))
Ip

(24)

where
71p = hy cos 2¢p, + gp sin 2¢,

gp:hpSin2¢p_ngOSQ¢)p for p:l,...,4, (25)

hp =hp, Go=0 for p=5,6. (26)

The off-diagonal terms in Hamiltonian (24) vanish when

gp=0 for p=1,...,6. (27)

Mean values of the operators occuring in eqs. (17) will
be calculated in the single-ion approximation:

0 Ty {Ap exp(—?‘lop/k’BT)}
(Ap)" = Tr{exp(—Hop/kT)}

(28)

In the transformed system the mean value <Ap>gp is cal-

culated using eq. (28) with o, (¢p). Since Hop(dp) is

diagonal then there are only two non—zero mean values:

Tp = <S;>gp’

Ap = <30§>3P.

Using the invariance of the trace with respect to unitary
transformations the mean values of the operators (A4,)°
in the initial system can be expressed via o, and A,. It is
worth noting that at temperature 7" = 0 there exist the
solution o, = 1, A, = 1 for p = 1,...,6, which indicate
that magnetisation reaches the saturation value in the
transformed system. On the other hand the sublattice
magnetisations in the initial system

1,....4
5,6

op for p (29)

<S;>0 _ { opcos2a for p
do not saturate in the four sublattices.
The solution of the system of equations (27) is the
following

$1=¢2=—¢3=—¢s = q, (30)

where « 1s the root of the non—linear equation
. . D
(K cos2a + J)sin 2« — gCOSQOz: 0. (31)

Sublattice transformations (19) change the form of the
Hint(«r) which now depends on all generators with the
exception of OY.

The transition from the spin operators to boson oper-
ators is performed via non—standard Holstein—Primakoff
(or Dyson) transformation [21]. First we express the
SU(3) generators in the terms of the Hubbard opera-
tors XP? which describe a transition from the single-ion
eigenstate |¢) of the S* operator to the eigenstate [p).
The matrix representation of X?¢ has only one element
(the pg—element) different from zero. Here the |1) is as-
sumed to be the ground state:
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;o (32)
(33)
O—l — _X01 +X_10,

Ot =Xx" - X" (34)

O ?=x""  or?=x'"1 (35)

where
A=+v1—ata—btb. (37)

The @, at and b, b operators can be treated as boson
operators only approximately when the number of ex-
cited magnons is very small. This limits our discussion
of the spin wave excitations to a low temperature re-
gion. In constructing the magnon effective Hamiltonian
we take into account only the square terms of operators
at,a, b, b. The contribution from H;,¢(«) can be easily
obtained by using linearized form of the spin operators:

The Hubbard operators are expressed by means of two ST =at, St=—a, O '=—a", O'=qa, (38)
sets of boson operators (a*,a) and (b*b) [21]:
O 2=bt, 0O*=0b, 065 =0.
X0 =—atA, XU =pta X =qtq, (36)
Finally, we can write the harmonic part of the boson
X~ =ptp, X071 =gt Hamiltonian as
Hswa = ((7% + Cj) atpiap + 271jb+fjbfj) + (39)
Jifs

1
- 52 Z (‘/i‘-yl'—_a-l—fzafj + ‘/i;_afzafj + Ultly—_b-l—fzbfj + UZ;_bfzbfj + hc) ’

6,3 firts

where couplings VZ?*@ and Uf;ﬂ are non—zero only for the
nearest neighbours magnetic ions and they fulfil the fol-
lowing symmetry conditions:

Vocﬁ — Vzocﬁ

2ij i—1j7

Vit =Vt =gt

Vl-l?:-l— =0,
Vi~ = —J cos(2«),
[/7 _ [/7
Ve =Vil™ = —J+ = cos(a) — J 5 = sin(a),
J—K J+ K
Vit = it = . cos(ar) + —; : sin(a),

Ufésﬁ = U??gj =0,

Ul = Uf;{" = Ksinz(Qoz).

The diagonalization of the Hamiltonian can be per-
formed via a canonical transformation of bosonic oper-
ators [30] similarly to the previous work [18]. By this
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method the eigenvalues of two matrices 12 x 12 should
be calculated. We have solved the problem in two steps.
First, the elements of the matrices were calculated al-
gebraically in Reduce and they were saved as Fortran
subroutines for further numerical analysis which was per-
formed as the second step.

The results of numerical calculation show that the
energy excitations are positive for those values of
anisotropy constants (¢ = K/J, d = D/2J) which lie
inside the wedge of fig. 3. Thus the negative excitation
in UzSby were obtained in earlier work [18] due to the
application of standard spin wave description which is
inadequate for this case.

The magnon dispersive curves presented in fig. 4 were
obtained for the values k = 2.9, d = 5.1 used ear-
lier [10] to fit some experimental data for UsShy. As
usual we analysed the dependence of energy excitation
¢x = Fr/2J on the wave vector k along some symmetry
lines of the Brillouin zone. There are 12 branches, 1.e.,
two times greater than in the standard spin wave ap-
proach [18]. The magnons of the b boson operators have
a high energy excitation and a weak k—dependency. The
lowest energy value 1s 7.57 for the k-independent branch
which is 2-fold degenerated. The remaining branches of
these types are located in the top of the diagram and are
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weakly k-dependent. On the other hand the branches
corresponding to the a operators have a behaviour simi-
lar to the typical spin waves with degeneracy at special
points of the Brillouin zone the same as obtained in the
earlier work [18].

3.0

2.5 —

1.5 —

1.0 I I I

Fig. 3. Region of model parameters (inside the wedge)
where energy excitations are positive.

Fig. 4. Energy spectrum calculated for k = 2.9,d = 5.1.
The symmetry points of the Brillouin zone for the
body centred cubic lattice: I'=(0,0,0), H=2x/a(0,1,0), and
N==/a(1,1,0).

The presence of the energy gap in the spectrum (the
lowest branch has non-zero value at the T' point (see
fig. 4)) is important for the temperature dependency of

some quantities, e.g., magnetisation, heat capacity. The
energy gap depends on the model parameters (d,x) which
is presented in fig. 5.

It is worth emphasizing that transformation (19)
which diagonalizes the single-ion Hamiltonian (15) is
the crucial step in the proper description of low temper-
ature magnon excitations in the magnetic structure of
Us3Sby. We checked that the application of the standard
Holstein—Primakoff transformation to the transformed
Hamiltonian leads to an effective harmonic magnon
Hamiltonian the same as a part of Hgwa (39) depending
on the operators at, a. In this way we obtained the same
region of positive excitations as indicated in fig. 3 and
the energy spectrum as the lower part of the spectrum
presented in fig. 4.

0.5

3.0
0.4 —

0.3 —

0.2 —

0.1 —

0.0 ‘ ‘ ‘

Fig. 5. Energy gap as a function of crystal field constant d
for k = 1.5, 2, 3.

VI. DISCUSSION

Using the mean field approximation at temperature
T = 0 we demonstrated the role of the crystal field
single—ion anisotropy. Its presence does not allow for
the saturation of the sublattice magnetisation. The more
drastic reduction of the magnetisation at 7" = 0 is ob-
tained in the collinear phase of U3sSb, than in the non—
collinear magnetic structure of UsP4. We think this is the
reason why the standard harmonic spin wave approach
gives unphysical results for excitation in the collinear
phase for any values of model parameters.

We demonstrated explicitly that introducing the
quasi—particle idea as proposed by Onufrieva [21] does
not require accounting for anharmonic terms in bosonic
operators in order to describe low temperature excita-
tion. The energy spectrum calculated by making use of
this method for UsSby (see fig. 4) has the energy gap
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that should affect the temperature dependence of mag-
netisation and heat capacity. The number of branches
in the spetrum is 12, i.e., two times greater than in the
standard spin wave approach. The additional branches
weakly depend on the wave vector.

It would be interesting for the use the Onufrieva
method to excitations in noncollinear magnetic struc-
ture eq. (8) in order to compare these with the ear-
lier calculated spectra [18]. We expect only quantitative
differences for small spin values and large crystal field
anisotropy.

Finally, we want to discuss the influence of the rela-
tivistic anisotropy on the spectra for UsSby. It has been
shown [29] by making use of the standard spin wave
approach that adding to the Hamiltonian (4) the bro-
ken Dzialoshinski-Moriya term [16] changes the collinear
structure (9) of UgShy into that described by formula (3),

i.e., a small perpendicular antiferromagnetic arrange-
ment occurs. On the other hand this anisotropy removes
the degeneracy of excitation at special points of the Bril-
louin zone and slightly changes the energy of excitations.
As we know from the experimental mesuarement [11] the
value of this anisotropy is rather very small with respect
to the exchange interaction hence we suppose such a rel-
ativistic anisotropy would cause only small changes in
the calculated magnon spectrum.
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CIITHOBI XBIJII B U:Sb,

Y. Oxekcu

Inemumym meopemuyunot gisuxu Bpoyaascorozo ynisepcumemy,
na. Maxca Bopna, 9, 50-204, Bpoyaas, Hoavw,a

BuropucroByroun meron Omydpienol, mpoaHaJ i30BaHO CIIIH—XBUJIBOBL 36y IKeHHA B MarHETHUX CTPYKTYpax

UsSby. 3ampononoBaHMil aHadl3 yCyBa€ TPYIHOIIN, ITOB A3aHI 3 Bl €éMHUMU eHEPTriIMU MAaTrHOHIB, BlA3HAYEH] B

nonepe THIX MyGaikamax. Bukonaso pospaXyHkm mis criHy S = 1 B3J0BK OesSKUX JiHIA 30HM BpuanaroeHa.
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