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Complicated �ne structure in the low{temperature optical absorption band of the impurity d! d

transition �
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) for semiconductor crystal CdTe doped by impurity Co

2+

ions substituting tetrahedral Cd sites was studied experimentally and interpreted theoretically in

terms of multimode Jahn{Teller e�ect for the excited term �
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) coupled to trigonal and

tetragonal modes. An attempt to use the old classical theory of impurity absorption ignoring the

Jahn{Teller e�ect and treating the optical band in terms of phonon replicas turned out to fail. The

one phonon side{band of the optical band in question has nothing in common with the projected

phonon densities calculated for the defect crystal using the RIM{11 model. The multimode Jahn{

Teller e�ect �

8

N

(e + t

2

) considered in terms of second{order perturbation theory resulted in a

considerable redistribution of the projected densities of states and in appearance of new resonant

vibronic modes. The experimental spectral line in the region of one{phonon side{band �tted well

with the theoretical curve obtained by the adjustment of vibronic constants.

Key words: Jahn{Teller e�ect, optical absorption, phonon, vibronic spectrum
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I. INTRODUCTION

Small{radius deep{level impurity electronic states be-

long to the most important characteristics of impurity

crystals with partly �lled d{shell substitutional impu-

rity ions. These localized electronic states very often are

degenerate due to a high symmetry crystal �eld of the

nearest neighboring atoms. The inapplicability of adia-

batic approximation (usually employed to separate nu-

clear motion from the electronic one) in the case of elec-

tronic degeneracy results in a complicated coupled mo-

tion of the impurity electrons and the lattice vibrational

modes known as the Jahn{Teller e�ect [1,2].

Optical spectra of such a crystal give important infor-

mation about the dynamic coupling of the impurity ion

in question to the crystal matrix. At present the impu-

rity spectroscopy has collected a considerable amount of

experimental data on Jahn{Teller absorption and lumi-

nescence optical bands [2]. It is important to emphasise

that a great majority of these works try to explain the ex-

perimental data in terms of the so{called cluster model.

The main assumption of this model is that the Jahn{

Teller impurity center together with a small number of

its nearest{neighbor atoms involved in the degenerate

electronic state may be considered as an isolated (or al-

most isolated) molecular group (a cluster), and instead

of the in�nite number of normal modes of the crystal the

minimal number of normal vibrations of this separate

group can be taken into account.

At the same time as is shown in [3] the cluster model

can reproduce adequately the envelope of the broad opti-

cal bands only, the �ne vibronic structure of the cluster{

model optical band having no connection with the exact

results. To reproduce correctly the �ne vibronic struc-

ture one needs to take into consideration the multimode

character of the vibronic coupling of degenerate impurity

electronic states to normal modes of crystal lattice vi-

brations. In [4] all these problems are somehow got over

and the theory is driven up to the numerical compari-

son with experimental data. This work concerns vibronic

structure of one{phonon side{band in the luminescence

spectrum

2
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D) of the impurity system

ZnS:Cu

2+

with a strong Jahn{Teller coupling in both

electronic terms participating in the electron transition.

In the present paper we consider the multimode Jahn{

Teller e�ect in the excited electronic term �
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of the impurity{phonon system CdTe:Co

2+

and its man-

ifestations in a �ne vibronic structure of the optical ab-

sorption band �
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). It will be

shown that in spite of the weak Jahn{Teller e�ect in

this case the redetermination of spectral density result-

ing from the vibronic coupling is so essential that a �ne

structure of the optical band is impossible to be inter-

preted adequately without taking into consideration the

Jahn{Teller e�ect.

Low temperature absorption spectra of the substi-

tuted impurity ion Co

2+

in the semiconductor matrices

A

II

B

V I

have been considered in a series of papers among

which the most important are Ryskin et al. [5], Natadze

and Ryskin [6], Vasil'ev et al. [7], where the impurity sys-

tem ZnS:Co

2+

is investigated in detail, including a �ne

vibronic structure of optical absorption bands, the Jahn{

Teller stabilization energy for the excited term

4

T

1

(

4

P )

is estimated and the relative contribution in this energy

from the vibronic coupling to trigonal and tetragonal vi-

brations is approximately calculated.
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In section II of the present paper we present and

discuss the experimental results on impurity absorp-

tion

4

A

2

(

4

F ) !

4

T

1

(

4

P ) in CdTe:Co

2+

. In section

III the crystal lattice dynamics of the impurity crystal

CdTe:Co

2+

is analyzed in terms of the rigid{ion model

with 11 parameters, the defect of mass and of force con-

stants being taken into consideration. In section IV the

one{phonon side{band is presented as Fourier transform

of a matrix correlation function which in its turn satis-

�es the known relations with the corresponding Green's

function. The latter is found from the dynamic equations

by the perturbation theory methods using the vibronic

coupling constant as the small parameter of the theory.

The resulting one{phonon side{band obtained theoreti-

cally is in satisfactory agreement with the experimental

curve. The concluding section V is devoted to the dis-

cussion of the obtained results.

II. VIBRONIC STRUCTURE OF OPTICAL

BANDS CORRESPONDING TO THE

ELECTRONIC TRANSITION

4

A

2

!

4

T

1

IN

IMPURITY ABSORPTION SPECTRUM OF THE

CdTe CRYSTAL DOPED WITH Co

2+

The impurity ions Co

2+

in semiconductor crystal

CdTe substitute cations, the Cd ions, and thereupon they

are in tetrahedral surrounding of the four nearest neigh-

boring Te ions. The ground electronic term of free Co

2+

is

4

F . Under the crystal �eld of T

d

symmetry it splits

into three,

4

F =

4

A

2

+

4

T

1

+

4

T

2

, the

4

A

2

term being

the ground one. Spin{orbit coupling transforms this term

into the Kramers quadruplet �

8

. The excited electronic

term

4

P of free Co

2+

under the tetrahedral crystal �eld

transforms into

4

T

1

. The spin{orbit coupling splits

4

T

1

into four,

4

T

1

= �

6

+ �

7

+ �

(')

8

+ �

( )

8

and in the �rst

order perturbation theory with respect to spin{orbit in-

teraction are accidentally degenerate. The corresponding

energy level scheme of Co

2+

in the tetrahedral crystal

�eld with taking into account the spin{orbit coupling is

given in �g. 1.

The energy gap separating the energy levels

4

A

2

(

4

F )

and

4

T

1

(

4

P ) for the ion Co

2+

in the tetrahedral crystal

�eld is 15B + 12Dq, where B is the Racah parameter

and Dq is the crystal �eld parameter. In the case under

consideration B = 485 cm

�1

and Dq = 315 cm

�1

, i. e.

the electronic transition

4

A

2

!

4

T

1

should lie at about

11055 cm

�1

(� = 8994

�

A), that is less than the forbidden

zone energy gap of CdTe and therefore the corresponding

impurity absorption gets into the transparency region of

the crystal matrix.

The single crystals of CdTe have grown by the method

of Bridgman. Concentration of the impurity ions Co

2+

has been determined from the weight feed of ligature

and constituted about 5 � 10

18

� 10

20

cm

�1

. The ab-

sorption spectra measurements have been carried out

with the spectrometer SDL{1. The spectral width of the

monochromator gap did not exceed 1 cm

�1

.

Fig. 2 presents the impurity absorption spectrum at

Fig. 1. The energy level scheme of Co

2+

ion in tetra-

hedral crystal �eld of the nearest neighboring atoms in

CdTe:Co

2+

system: a) energy level of a free ion of Co

2+

;

b) crystal �eld splitting in the T

d

symmetry case; c) e�ect of

the �rst{order spin{orbit coupling LS; d) e�ect of the sec-

ond{order spin{orbit coupling.

Fig. 2. The impurity absorption spectrum of CdTe:Co

2+

crystals at T = 4:2 K in the spectral range of 10900 cm

�1

{

12300 cm

�1

[�

8

(

4

A

2

)! �

( )

8

(

4

T

1

) transition].
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T = 4:2 K of the system in question CdTe:Co

2+

in the

spectral range 10900{12300 cm

�1

which we attribute to

the optical transitions to the spin{orbital components of

the

4

T

1

(

4

P ) term. One can separate three comparatively

narrow bands each beginning with an intensive line cor-

responding to zero{phonon transition from the ground

�

8

(

4

A

2

) term to the one of the spin{orbital components

of the excited

4

T

1

(

4

P ) term. According to the energy

level scheme presented in �g. 1 the long{range edge spec-

tral lines correspond to the components �

7

and �

(')

8

acci-

dentally degenerated in the �rst order perturbation the-

ory with respect to spin{orbit interaction and slightly

split in the second order. The long{wave lines of the two

remaining optical bands can be attributed to transitions

to the spin{orbital components �

( )

8

and �

6

with the

zero{phonon lines at 11769 cm

�1

and 12275 cm

�1

re-

spectively. The spin{orbital Hamiltonian �LS can be di-

agonalized by the well{known vector coupling scheme re-

sulting in the following eigenvalues: E(�

7

) = E(�

(')

8

) =

3�=2, E(�

( )

8

) = �� and E(�

6

) = �5�=2. Note that the

interval rule fE(�

6

) � E(�

( )

8

)g : fE(�

( )

8

) � E(�

7

)g =

3 : 5 is satis�ed in the observed absorption spectrum

and this makes us hope that the above assignment of the

spectral lines is correct. The energy interval between the

edge spin{orbital components equals 4 wherefrom com-

paring this result with the spectral position of the men-

tioned zero{phonon lines we �nd � = �330 cm

�1

. This

value is about twice as large as the free{ion magnitude

for Co

2+

, � = �178 cm

�1

. This can be explained by

the covalence e�ect with taking into account that the Te

atom possesses a signi�cantly larger value of spin{orbital

coupling constant.

As seen from �g. 2 the optical bands corresponding

to the transitions to the terms �

7

and �

(')

8

overlap and

cannot be analyzed separately without taking into con-

sideration the nonadiabatic mixing of these terms. To

interpret theoretically this complicated mixed optical

band the vibronic problem �

7

+ �

(')

8

N

(e + t

2

) should

be solved, the problem of a combined Jahn{Teller and

pseudo{Jahn{Teller e�ect for the close{in{energy degen-

erate electronic terms. This problem will not be consid-

ered in the present paper.

As distinguished from the term �

7

and �

(')

8

the elec-

tronic energy level �

( )

8

is well separated from the other

electronic terms and the corresponding optical absorp-

tion band at 11769 cm

�1

does not overlap with the

other bands. This circumstance allows to use the mod-

i�ed Born{Oppenheimer approximation [2] and to con-

sider the degenerate electronic term �

( )

8

separately and

independently from the other electronic terms. The vi-

bronic mixing of the four degenerate electronic states of

the term �

( )

8

causes the Jahn{Teller e�ect �

8

N

(e+ t

2

)

considered in detail in section IV. Note that though the

ground electronic term �

8

(

4

A

2

) in principle also can be

coupled to e and t

2

vibrations, the corresponding vi-

bronic coupling constants are negligibly small because

they are non{equal to zero beginning from the second or-

der in spin{orbit interaction for the orbital singlet

4

A

2

.

Therefore, the Jahn{Teller e�ect for the ground �

8

(

4

A

2

)

term can be neglected and in this sense the optical tran-

sition

4

A

2

!

4

T

1

is analogous to a simpler case of a

singlet{quadruplet transition.

III. LOCAL DYNAMICS OF THE IMPURITY

CRYSTAL LATTICE OF CdTe:Co

2+

The semiconductor crystals of the type A

II

B

V I

are

characterized by a mixed ionic{covalent type of chemi-

cal bonding. Therefore in this case a correct taking into

account of the long{range and short{range forces simul-

taneously is very important. One of the well developed

and widely used theoretical approaches for such crystals

is the rigid ions model (RIM). Kunc [8] employed the

RIM{11 (11 is the number of adjusting parameters) for a

large series of semiconductor crystals of the type A

II

B

V I

(for CdTe this was done by Plumelle and Vandevyver [9])

which resulted in the �tting of the phonon spectra cal-

culated theoretically with the experimental data on the

elastic neutron scattering.

All the details of the crystal lattice dynamics are ob-

tained by a numerical diagonalization of the dynamic

matrix of the harmonic crystal lattice in question at

every point k of Brillouin zone resulting in eigenvalues

!

j

(k) and eigenvectors w

�

(jk) of this matrix ( j | num-

bers branches of vibrational modes). In the RIM{11 the

dynamic matrix is expressed in terms of 11 parameters

their values taken from the constants of elasticity and en-

ergies of vibrational quanta of optical phonons at k = 0

measured experimentally.

Doping the host crystal with substitutional impurities

may result in the appearance of new vibrational frequen-

cies in the allowed and (or) forbidden zones, the so{called

resonant and local modes respectively. The appearance

of resonant modes is accompanied with a considerable re-

distribution of projected densities of phonon states. We

assume that the impurity doping e�ects can be described

as a perturbation of the dynamic matrix of lattice vibra-

tions, this perturbation being localized within the �rst

coordination sphere of the impurity center. Thereupon

these e�ects can be reduced to a defect of mass of the

substituted ion and to a defect of force constants which

correspond to the elastic interaction of the impurity ion

to its nearest neighboring atoms. From the symmetry ar-

guments it follows that in our case these force constants

f are altered by the same value, and this alteration can

be described by single parameter t = (f � f

0

)=f only.

Thus for the crystal CdTe of the zinc{blend type the

impurity complex contains the impurity atom Co

2+

to-

gether with the tetrahedrally coordinated four Te atoms

of its nearest neighbor surrounding. The number of

atoms in this complex equals �ve and the manifold of

nuclear displacements under consideration is 15{fold di-

mension. Under the point symmetry group T

d

of the

impurity complex the 15{fold representation of nuclear

displacements �

tot

is decomposed into irreducible ones,

�

tot

= A

1

+ E + T

1

+ 3T

2

.

To obtain the projected densities of states determining
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di�erent irreducible contributions in the optical band one

needs to relate the symmetrized nuclear displacements of

the impurity complex Q

��


transforming after the row


 of irreducible representation � to normal modes of the

crystal lattice vibrations Q(jk):

Q

��


=

X

�

a

�

(��
)Q

�

: (1)

Hereafter instead of k and j we use the combined in-

dex � = fk; jg, numbering all the branches of phonon

modes and all the values of the wave vector k in the �rst

Brillouin zone, and a

�

(��
) are the so{called Van{Vleck

coe�cients which are linear combinations of the eigenvec-

tors w

�

(�) of the dynamic matrix. The projected den-

sities of phonon states can be introduced as the image

parts of the corresponding Green's functions:

�

(0)

�

(��; !) = �2ImD

(0)

�

(��; ! + i�)

�=+0

;

where

D

(0)

�

(��) = hhQ

��


j Q

��


ii:

If the dynamic matrix is diagonal, the Green's functions

D

(0)

�

(��) can be easily expressed in terms of the Van{

Vleck coe�cients and the phonon frequencies:

D

(0)

�

(��) =

1

2�

X

�

a

�

(��
)a

�

�

(��
)

!

2

� !

2

�

: (2)

Fig. 3 presents the projected densities of phonon states

obtained for the ideal host crystal CdTe by the RIM{11

for di�erent � present in the decomposition of the �

tot

.

As seen from the �gures the densities of vibrations have

characteristic peaks and maxima in the regions of acous-

tical and optical phonon bands, their frequency position

and peak intensity depending on the type of symmetry

of the projected density.

The perturbation of the dynamic matrix coming from

doping results in an essential redistribution of the pro-

jected phonon spectral density. Fig. 4 and 5 present

the projected densities corresponding to symmetrized

phonons of A

1

; E; T

(a)

2

and T

(b)

2

types taken for the pos-

itive value of the defect parameter t, t = 0:30. This

means that the force constant f in the impurity com-

plex is somewhat smaller than in the pure host crystal.

As follows from our calculations the projected densities

change with the increasing of the force constant f so

that their maximum becomes more acute and shifts to-

wards the low{frequency region of the spectrum. Analo-

gous changes take place with increasing of f in the case

of negative values of t, i.e. when the impurity force con-

stant is somewhat larger than the host crystal one. These

changes of the projected phonon densities of the A

1

and

T

2

types indicate a tendency to form resonant phonon

modes of the A

1

and T

2

types with doping. At the same

time the projected phonon densities of the E types do

not undergo signi�cant changes at physically reasonable

values of the parameter t.

Fig. 3. Projected densities of the phonon states of the pure

host lattice of CdTe for symmetrized displacements of di�er-

ent symmetry.

Fig. 4. Projected densities of the phonon states of E (full

line) and A

1

(broken line) types for CdTe doped by Co

2+

with

the defect of force constants taken into account (t = 0:30).

It is of special interest to compare the experimentally

observed band of optical absorption

4

A

2

!

4

T

1

in the

impurity system CdTe:Co

2+

with the results of the clas-

sical theory of impurity absorption of light [10] which

does not take into consideration the Jahn{Teller and/or
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other non{adiabatic e�ects. As seen from �g. 2 the opti-

cal band of the

4

A

2

!

4

T

1

transition occupies the spec-

tral range from 11769 cm

�1

to 12070 cm

�1

, i. e. it pos-

sesses the width of about 300 cm

�1

. Taking into consid-

eration that the maximal phonon frequency in the crys-

tal lattice of CdTe is about 167 cm

�1

, we can conclude

that the optical band in question presents the case of

a weak{to{intermediate electron{phonon coupling when

the major contribution to optical band comes from the

zero{phonon line and its one{phonon and two{phonon

satellites.

Thus all the complicated �ne structure of the opti-

cal band

4

A

2

!

4

T

1

observed in the spectral range

from 11769 cm

�1

to 11987 cm

�1

should be attributed to

the one{phonon and two{phonon satellites. What con-

cerns the latter one it should be much less intensive as

compared with the one{phonon side{band in the limit-

ing case of weak coupling and moreover it is placed in

the spectral range which is shifted somewhat more to-

wards high frequencies than the one{phonon satellite.

Therefore, it is reasonable to assume that the intensive

spectral lines observed at 42 cm

�1

, 65 cm

�1

, 102 cm

�1

,

136 cm

�1

, 159 cm

�1

in the high{frequency side from the

zero{phonon line in the optical band

4

A

2

!

4

T

1

belong

to the one{phonon satellite.

Fig. 5. Projected densities of the phonon states of T

(a)

2

(full line) and T

(b)

2

(broken line) types for CdTe doped by

Co

2+

with the defect of force constants taken into account

(t = 0:30).

As is generally known (e. g. [10]) the coe�cient of im-

purity optical absorption of light with the participation

of one phonon of crystal lattice vibrations at T = 0 K in

the model of small radius impurity center can be written

as

K

(1)

(!) = const

X

�

[�] V

2

�

�

(0)

�

(!); (3)

where � is irreducible representation, the vibrations ac-

tive in the optical transition in question belong to, [�]

is a dimension of the representation �; V

�

is the cor-

responding constant of linear electron{phonon coupling,

and �

(0)

�

(!) is projected density of phonons transform-

ing as �. The frequency ! is counted o� from the zero{

phonon line, ! = 
�[E(�

( )

8

)�E(�

8

)]=�h, where 
 is the

frequency of absorbed light. Comparing the one{phonon

side{band in question with the projected phonon densi-

ties of the A

1

; E; T

(a)

2

and T

(b)

2

types active in the optical

transition under consideration and shown in �g. 3{5 we

come to the conclusion that the observed �ne structure

of the absorption band

4

A

2

!

4

T

1

cannot be explained

in terms of the classical theory ignoring the Jahn{Teller

e�ect in the excited electronic term �

( )

8

(

4

T

1

).

The projected densities of phonon states of the pure

host crystal shown in �g. 3 do not have maxima and

resonant peaks at the frequencies listed above. Moreover

doping the Co

2+

ions into the crystal of CdTe results

in an insu�cient (from this point of view) redistribu-

tion of the phonon densities. The maximum of the pro-

jected density of the A

1

type can be matched with the

observed spectral line at 102 cm

�1

if the impurity com-

plex force constant f is taken 30 % less than the pure

crystal one. However the peaks of the other phonon den-

sities do not reach this spectral range at any physically

reasonable value of the defect parameter t. In particular,

at the value of t corresponding to the 30 % decrease of

the impurity complex force constant the spectral lines at

42 cm

�1

and 65 cm

�1

do not �t any of the maxima of

the low{symmetry phonon densities of the A

1

, E, T

(a)

2

and T

(b)

2

types.

IV. THE MULTIMODE JAHN{TELLER EFFECT

�

8

N

(E + T

2

) IN THE ONE{PHONON

SIDE{BAND OF THE OPTICAL ABSORPTION

SPECTRUM �

8

(

4

A

2

)! �

8

( )

(

4

T

1

)

Theoretical analysis of �ne vibronic structure of

the optical absorption band in the frequency interval

11769 cm

�1

{11987 cm

�1

corresponding to the transition

�

8

(

4

A

2

)! �

( )

8

(

4

T

1

) can be performed under the follow-

ing two simplifying assumptions.

(i) The Jahn{Teller e�ect in the ground electronic

term �

8

(

4

A

2

) the optical transition occurs from can be

neglected. The wave function of the ground electron{

vibrational state of the term �

8

(

4

A

2

) then can be written

in the multiplicative form j �

8


i = j0ij�

8

(

4

A

2

); 
i where

j0i denotes the ground vibrational state of the impurity

crystal lattice, the phonon vacuum, and j�

8

(

4

A

2

); 
i is

the electronic wave function transforming as the 
th line

of the irreducible representation �

8

of the T

d

symmetry

group.

(ii) The Jahn{Teller e�ect in the excited electronic

term �

( )

8

(

4

T

1

) the optical transition occurs to can be

considered so weak that the perturbation theory ap-

proach with respect to the vibronic coupling constants is

applicable. Though as mentioned in the previous section
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the two{phonon side{band is also observed in the opti-

cal band under consideration and therefore the electron{

phonon coupling for this band should be treated as

weak{to{intermediate we believe the perturbative weak{

coupling approach gives reasonable results at least in

what concerns the tendencies of appearance of new res-

onant and local vibronic states.

Vibronic Hamiltonian for multimode Jahn{Teller ef-

fect of the �

8

N

(e + t

2

) type for an impurity center of

small radius can be written in the form [2]:

H = H

0

+ V;

where

H

0

=

1

2

X

�

(P

2

�

+ !

2

�

Q

2

�

);

V =

X

V

��

Q

��


^

C

�


: (4)

Here H

0

is Hamiltonian of free vibrations of the im-

purity crystal lattice, including already the e�ects re-

sulting from the defects of mass and of force constants

(section III). The second expression in (4) describes lin-

ear vibronic coupling of the impurity electronic states

j �

( )

8

(

4

T

1

); 
i to symmetrized nuclear displacements

Q

��


of the nearest neighboring atoms. The indices �

and 
 denote irreducible representations and their rows

the symmetrized displacements active in the Jahn{Teller

e�ect transform as. In our case f�

2

8

g = A

1

+E + T

2

and

therefore � in (4) equals E and T

2

, the coupling to the

A

1

modes being trivial and separated. Hence the Jahn{

Teller e�ect �

8

N

(e+t

2

) case should be considered. Note

that the vibrational impurity cluster CoTe

4

including

atoms of the �rst coordination sphere contain two irre-

ducible representations T

2

. This means that among nine

vibrational degrees of freedom this cluster possesses two

sets of symmetrized nuclear displacements of the T

2

type,

fQ

aT

2

g and fQ

bT

2

g, � in (4) runs over these two sets,

� = a; b for � = T

2

. Note also that the symmetrized

nuclear displacements Q

��


are not normal coordinates

but their linear combination (1). Therefore the model of

small radius impurity center Hamiltonian (4) is based

upon does not reduce to the cluster model. The coef-

�cients V

��

in (4) are constants of linear vibronic cou-

pling, whereas the matrices

^

C

�


are composed from the

corresponding Clebsch{Gordan coe�cients and are de-

termined in the space spanned over the degenerate elec-

tronic states j �

( )

8

(

4

T

1

); 
i of the excited term �

( )

8

(

4

T

1

).

In our case they can be written in the form

^

C

�

=

0

B

@

1 0 0 0

0 �1 0 0

0 0 �1 0

0 0 0 1

1

C

A

;

^

C

�

=

0

B

@

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

1

C

A

;

^

C

�

=

0

B

@

0 i 0 0

�i 0 0 0

0 0 0 �i

0 0 i 0

1

C

A

; (5)

^

C

�

=

0

B

@

0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

1

C

A

;

^

C

�

=

0

B

@

0 0 �i 0

0 0 0 �i

i 0 0 0

0 i 0 0

1

C

A

;

where � and � denote lines of the E representation, and

�, � and � serve for T

2

.

In the absence of vibronic coupling the electron{

vibrational states of the impurity{phonon system are

characterized by the number of phonons. Thus, the one{

phonon states can be obtained by acting the operators

of creation one phonon b

+

�

= �i(P

�

+ i!

�

Q

�

)=

p

2�h

�

!

�

over the phonon vacuum state j 0i. Their contribution

in optical absorption is determined by the coe�cient

a

�

(��
) the corresponding normal mode Q

�

partici-

pates in accordance to (1). Therefore we follow [11] and

introduce symmetrized operators of creation,

b

+

��


(!) = N

�

X

�

a

�

(��
)�(! � !

�

)b

+

�

; (6)

where N

�

is the normalization factor which can be ob-

tained from the commutation relations,

[b

��


(!); b

�

�

��


(!

0

)] = �

��

�

�

�

�

�


�


�(! � !

0

): (7)

The classic theory of one{phonon side{bands has been

developed for nondegenerate electronic states. Its gen-

eralization to the case of orbital degeneracy, when the

Jahn{Teller e�ect occurs in the excited electronic term

participating in the optical transition is not trivial. First,

when the vibronic interaction is considered the phonon

occupation numbers of the Jahn{Teller{active normal vi-

brations cease to be good quantum numbers and the vi-

bronic states of the Jahn{Teller impurity center are no

longer characterized by a de�nite value of the phonon

numbers. From this point of view the "one{phonon side{

band" corresponding to optical transitions, for which the

"vibrational state" of the Jahn{Teller impurity center

change by a unit, have no meaning. Secondly, the vi-

bronic energy levels are not equally spaced [2] and there-

fore the coincidence of the energies of the allowed tran-

sitions, and thus the corresponding superposition of the

spectral lines forming the "zero{phonon" line, the "one{

phonon" satellite, etc. is extremely improbable.

However in the case of su�ciently enough vibronic

coupling when the latter can be handled by perturba-

tion theory in the �rst nonvanishing order the number of

phonons still remains a good quantum number. In this

sense we can consider one{phonon vibronic state of the

Jahn{Teller system and their contribution in the one{

phonon side{band of the �

8

(

4

A

2

) ! �

( )

8

(

4

T

1

) transi-

tion. The zeroth{order symmetry adapted wave function

composed from the one{phonon states can be written in

the Clebsch{Gordan convolution form:
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j �
i

!

=

X

��

1




1

X




2

h�

1




1

�

8




2

j �
ib

+

��

1




1

(!) j 0i j �

8

(

4

A

2

); 


2

i; (8)

where h�

1




1

�

8




2

j �
i are the Clebsch{Gordan coe�cients of the symmetry group T

d

.

To obtain the one{phonon vibronic wave function in the �rst order perturbation theory we use the operator

version of perturbation theory. The Jahn{Teller Hamiltonian can be diagonalized by the unitary transformation

^

U = exp(�i

^

S) where the operator

^

S in the �rst order of perturbation theory obeys the operator equation [

^

S;H

0

] = iV

[2]. Substituting H

0

and V from (4) we �nd

^

S = �

1

�h

X

��


X

�

V

��

!

�2

�

a

�

(��
)

^

C(�
)P

�

: (9)

Presenting exp(�i

^

S) at small V

��

as 1 � i

^

S and acting with this operator over the zero{order symmetry adapted

one{phonon wave function (8) we come to the one{phonon vibronic states in the �rst order of perturbation theory,

j �
g

!

=j �
i

!

� i

^

S j �
i

!

: (10)

Spectral density of the one{phonon side{band is determined by the following expression:

K

(1)

(
) =

Z

d!

X




X

�

��


j f�

8

(

4

A

2

); 
 j d j

�

��
g

!

j

2

�(
 �


0

� !): (11)

Here d = eED is operator causing the electric dipole optical transition, E is the amplitude value of the electric

�eld of the absorbed electromagnetic wave, D is dipole moment of impurity electrons, and 


0

= [E(�

( )

8

(

4

T

1

)) �

E(�

8

(

4

A

2

))]=�h is frequency of electron transition in the impurity system. Substituting into (11) the states j �

8

(

4

A

2

)
g

taken in the multiplicative form j 0i j �

8

(

4

A

2

); 
i and the states j

�

��
g

!

in the form (10), presenting the �{function in

its Fourier integral form, putting the time{frequency exponent exp(�it(
�


0

�!)) in the matrix element, using the

fact that exp(�i!t) j

�

��
g

!

� exp(iH

0

t=�h) exp(�iHt=�h) j

�

��
g

!

, and reducing the sum over the intermediate indexes

! and

�

��
 we get

K

(1)

(
) =

I

0

�h

2

!

2

X

�

1




1

X

�

2




2

X

��

h
 j

^

C

�

1




1

j �ih� j

^

C

�

2




2

j 
i

X

��

V

��

1

V

��

2

h� j h0 j Q

��

1




1

;Q

��

2




2

j 0i

!

j �i j ! = 
 �


0

: (12)

Here we simpli�ed the notation used, j 
i =j �

( )

8

(

4

T

1

); 
i, j �i =j �

( )

8

(

4

T

1

); �i, j �i =j �

( )

8

(

4

T

1

); �i, and h� j h0 j

Q

��

1




1

: Q

��

2




2

j 0i

!

j �i is the �� matrix element of Fourier transform of matrix correlation function,

h0 j Q

��

1




1

;Q

��

2




2

j 0i

!

=

1

2�

1

Z

�1

e

i!t

h0 j Q

��

1




1

(t)Q

��

2




2

j 0idt: (13)

The factor I

0

in (12) corrects for square of modules of the transition matrix element determining integral intensity

of the optical band,

I

0

=

X




1




2

j h�

8

(

4

A

2

); 


1

j d j �

( )

8

(

4

T

1

); 


2

i j

2

:

The correlation function (13) is related with the image part of the corresponding matrix Green's function, [2]

h0 j Q

��

1




1

;Q

��

2




2

j 0i

!

= �2�h�(!)ImhhQ

��

1




1

j Q

��

2




2

ii

!+i�

; (14)
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where � = +0 and hhQ

��

1




1

j Q

��

2




2

ii! is Fourier trans-

form of the retarded matrix Green's function,

hhQ

��

1




1

j Q

��

2




2

ii

t

= �

i

�h

�(t)h0 j [Q

��

1




1

(t); Q

��

2




2

] j 0i: (15)

The problem of the multimode Jahn{Teller e�ect

�

8

N

(e + t

2

) in the weak coupling case has been solved

by Vaisleib et al. [11,12]. This allows to omit the details

of the corresponding perturbative approach. The only

thing to emphasize is that for the phonon matrix Green's

function (15) used in the present paper the result can be

easily obtained by the following decoupling just in the

second equation of the in�nite system of equations of

motion,

hh[

^

C

�

1




1

;

^

C

�

2




2

]Q

��


j Q

�

�

��


ii

�

=

[

^

C

�

1




1

;

^

C

�

2




2

]hhQ

��


j Q

�

�

��


ii;

closing the chain of equations. Finally we come to the fol-

lowing result. Spectral density of the one{phonon side{

band (12) is additive with respect to irreducible represen-

tations labeling the symmetrized nuclear displacements

Q

��


linearly coupled to the �

( )

8

(

4

T

1

) term under con-

sideration,

K

(1)

(
) = K

(1)

A

1

(
) +K

(1)

E

(
) +K

(1)

T

2

(
): (16)

Each term in (16) describes the corresponding contri-

bution in the one{phonon side{band coming from the

nuclear displacements of the appropriate symmetry. The

termK

(1)

A

1

coincides with the known result of the classical

theory of singlet{singlet transitions (cf. with (3)):

K

(1)

A

1

(
) =

I

0

V

2

A

�h!

2

�(!)�

(0)

A

1

(!) j

!=
�


0

: (17)

For the K

(1)

E

term we �nd

K

(1)

E

(
)

= 2

p

2

�h

�

I

0

�(!)


E

(!)

[�h! + 2�V

2

E

r

(0)

E

(!)]

2

+ 


2

E

(!)

�

�

�

!=
�


0

; (18)

where




E

(!) = 2�V

2

E

�

(0)

E

(!) (19)

and

r

(0)

�

(!) = �

1

�

1

Z

0

2z�

(0)

�

(z)

!

2

� z

2

dz: (20)

For the term K

(1)

T

2

we have:

K

(1)

T

2

(
)

=

3�h

4�

I

0




T

2

(!)

[�h! + 4�r

(0)

T

2

(!)]

2

+ 


2

T

2

(!)

�

�

�

!=
�


0

; (21)

where




T

2

(!) = 4��

(0)

T

2

(!);

�

(0)

T

2

(!) =

X

��

V

�T

2

V

�T

2

�

(0)

T

2

(��; !);

and r

(0)

T

2

is given in (20) with � = T

2

whereas �

(0)

T

2

(��; !)

is given by expression (2).

As follows from these results the spectral densities of

the partial contributions in the one{phonon satelliteK

(1)

�

resulting from the Jahn{Teller active vibrations of the E

and T

2

type are essentially di�erent as compared with the

starting phonon densities �

(0)

E

and �

(0)

T

2

. The correspond-

ing expressions are of the resonant type. This means that

the most important redistribution of the starting phonon

density occurs at spectral regions close to roots (if any)

of the transcendental equations

�h! + 2�V

2

E

r

(0)

E

(!) = 0;

�h! + 4�r

(0)

T

2

(!) = 0;

where the denominators in (18) and (21) are minimal,

the peak intensity of the corresponding resonances being

the larger the less is the background spectral density �

(0)

E

or �

(0)

T

2

in this spectral region.

Fig. 6 and 7 present partial spectral densities of the

one{phonon side{band K

(1)

E

and K

(1)

T

2

at di�erent values

of linear vibronic coupling constants. It is seen that they

are signi�cantly di�erent from the starting densities of

phonon states �

(0)

E

(!) and �

(0)

T

2

(��; !) and, particularly,

the resonances (their spectral position and intensity) de-

pend essentially on the values of the vibronic coupling

constants.

V. DISCUSSION

In the experimentally observed optical absorption

spectrum of the �

8

(

4

A

2

) ! �

( )

8

(

4

T

1

) transition in the

one{phonon spectral region one can distinguish the fol-

lowing three intervals. The �rst one, from 0 to 85 cm

�1
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possesses two peaks of absorption, at 42 cm

�1

and

65 cm

�1

. The second one, from 85 cm

�1

to 125 cm

�1

has a maximum at 102 cm

�1

and the third one, from

125 cm

�1

to 170 cm

�1

possesses two peaks of weak in-

tensity. Each of these intervals can be attributed to the

transverse and longitudinal, acoustical and optical vibra-

tions of the crystal lattice in the projected phonon densi-

ties respectively. For instance, the peak at 102 cm

�1

can

be assigned to the A

1

vibrations if we assume a reduction

of force constants by about 30 %, t = (f � f

0

)=f = 0:30.

This estimate results from the following considerations.

(a) As comes from the calculated phonon densities

(�g. 3) only the A

1

vibrations have a considerably strong

spectral density in the low{frequency region of acousti-

cal phonons. The maximumof this density of states is at

114 cm

�1

in the case of pure host crystal.

(b) Only for the A

1

vibrations this maximum shifts

towards the low{frequency spectral region with the force

constants changed, its position becoming equal to the

experimental frequency 102 cm

�1

at t = 0:30.

(c) The peak at 102 cm

�1

cannot be explained by a

contribution of the E or T

2

vibrations with taking into

account the e�ects of vibronic coupling because for such

a �tting we need unrealistically large magnitudes of lin-

ear vibronic coupling constants.

Hence this consideration can be used as the reference

procedure ascertaining the defect of force constants by

doping of CdTe by Co

+2

ions to be about 0.30. The pro-

jected densities of states with this value of force con-

stants taken into account are shown in �g. 4 and 5. The

phonon density of the E type remains practically un-

changed as compared with its form for the pure host

crystal case and it has peaks at the frequencies 33 cm

�1

,

52 cm

�1

, 116 cm

�1

, 141 cm

�1

and 152 cm

�1

. Densities of

T

(a)

2

and T

(b)

2

vibrations become somewhat redistributed,

they possess peaks at 29 cm

�1

, 114 cm

�1

, 142 cm

�1

and

167 cm

�1

.

At the �rst step we include the Jahn{Teller e�ect for

the E and T

2

vibrations separately. Consider e�ects of

vibronic coupling to E modes, i. e. let V

(a)

T

2

= V

(b)

T

2

= 0.

As seen from �g. 6 the vibronic coupling being included

the two peaks, at 33 cm

�1

and 52 cm

�1

, shift towards the

high{frequency region, and with increasing the V

E

con-

stant they draw nearer to the experimentally observed

positions. Besides, one can see a redistribution of inten-

sities of these two peaks also nearer to the experimental

data. In �g. 8 the energy positions of these two peaks

are plotted versus the vibronic constant V

E

. The bro-

ken lines show the maximum positions of the projected

density of states redetermined by the Jahn{Teller e�ect,

whereas a full line corresponds to the resonant states of

vibronic origin arising at the frequency region beginning

from 55 cm

�1

where the background density of states is

low enough. At V

E

=70 cm

�1

/

�

A(a.u.m.)

�1=2

the energy

position of this state merges with the experimental fre-

quency 65 cm

�1

. Another less intensive peak in the cal-

culated spectral density in this case is at 39 cm

�1

that

is close enough to the experimental value of 42 cm

�1

.

The one{phonon side{band calculated with the vi-

bronic coupling constants V

E

= 70 cm

�1

/

�

A(a.u.m.)

�1=2

Fig. 6. Partial contribution in the one{phonon side{band

K

(1)

E

resulting from the multimode Jahn{Teller e�ect with

taking into account vibronic coupling to E modes at di�erent

values of vibronic constant (a| V

E

= 2 cm

�1

/

�

A(a.u.m.)

�1=2

,

b | V

E

=10 cm

�1

/

�

A(a.u.m.)

�1=2

).

Fig. 7. Partial contribution in the one{phonon side{band

K

(1)

T2

resulting from the multimode Jahn{Teller e�ect with

taking into account vibronic coupling to T

2

modes at

di�erent values of the dimensionless vibronic constant

(a | V

(a)

T

2

= V

(b)

T

2

= 5 cm

�1

/

�

A(a.u.m.)

�1=2

, b |

V

(a)

T

2

= V

(b)

T

2

= 10 cm

�1

/

�

A(a.u.m.)

�1=2

).
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and V

A

1

= 50 cm

�1

/

�

A(a.u.m.)

�1=2

is presented in �g. 9.

The value of V

A

1

has been taken so that the peak at

102 cm

�1

has equal intensity with the peak at 39 cm

�1

resulting from E vibrations. Then the intensity of the

102 cm

�1

peak has been �tted with the experimentally

observed one.

From the above consideration of the e�ects of vibronic

coupling to E modes only one can deduce the following

conclusions correct for the case of vibronic coupling to

T

2

modes as well.

Fig. 8. The energy positions (dashed lines) of low fre-

quency peaks in the one{phonon side{band versus linear vi-

bronic coupling constant. The solid line corresponds to reso-

nant states of the vibronic origin.

Fig. 9. The vibronic structure of the one{phonon

side{band in the low{frequency region adjacent to ze-

ro{phonon line of the optical absorption �

8

(

4

A

2

) !

�

( )

8

(

4

T

1

) in the impurity system CdTe:Co

2+

. The thick line

presents experiment, the thin line: theoretical results cor-

responding to (16){(21) at V

A

1

= 50 cm

�1

�

A(a.u.m.)

�1=2

;

V

E

=70 cm

�1

�

A(a.u.m.)

�1=2

; V

(a)

T

2

= V

(b)

T

2

= 0.

(a) The Jahn{Teller e�ect plays a determining role in

the low{frequency region of absorption spectrum close

to zero{phonon line and does not a�ect the high fre-

quency spectral region above 85 cm

�1

. This conclu-

sion follows from the factor 1=�h! in the denominator

1�(4�V

2

�

=�h!)D

(0)

�

(!) of the expression for Green's func-

tions.

(b) Fine structure of the one{phonon side{band in the

two remaining spectral intervals is determined mainly

by local vibrational dynamics of the crystal lattice, the

Jahn{Teller e�ect resulting in a slight change peak in-

tensities only. Moreover, in the spectral interval from

85 cm

�1

to 125 cm

�1

the form of the spectral line is

caused by the interaction with the A

1

vibrations and in

the optical phonon region other types of vibrations con-

tribute as well.

Fig. 10. The vibronic structure of the one{phonon si-

de{band in

the low{frequency region adjacent to the zero{phonon line

of the optical absorption �

8

(

4

A

2

) ! �

( )

8

(

4

T

1

) in the im-

purity system CdTe:Co

2+

. The thick line presents the ex-

periment, the thin line: theoretical results corresponding to

(16){(21) at V

A

1

= 120 cm

�1

�

A(a.u.m.)

�1=2

; V

E

= 0; V

(a)

T

2

=

60 cm

�1

�

A(a.u.m.)

�1=2

, V

(b)

T

2

= 34 cm

�1

�

A(a.u.m.)

�1=2

.

Fig. 11. The vibronic structure of the one{phonon si-

de{band in the low{frequency region adjacent to the

zero{phonon line of the optical absorption �

8

(

4

A

2

) !

�

( )

8

(

4

T

1

) in the impurity system CdTe:Co

2+

. The thick line

presents the experiment, the thin line: theoretical results cor-

responding to (16){(21) at V

A

1

= 120 cm

�1

�

A(a.u.m.)

�1=2

;

V

E

= 70 cm

�1

�

A(a.u.m.)

�1=2

; V

(a)

T

2

= 60 cm

�1

�

A(a.u.m.)

�1=2

,

V

(b)

T

2

= 34 cm

�1

�

A(a.u.m.)

�1=2

.

We shall consider now the e�ects of vibronic coupling

to T

2

vibrations with the coupling to E vibrations ne-

glected (V

E

= 0). General tendencies in this case are

the same as in the previous case. However their analy-

sis is more complicated because we have here two free
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parameters, the two vibronic constants V

(a)

T

2

and V

(b)

T

2

.

As in the E{mode case, the two peaks shift towards the

high{frequency spectral region and their intensity is re-

distributed. At the frequencies above of 55 cm

�1

a vi-

bronic resonant state may occur but the same frequency

position of this state can be obtained in di�erent ways,

with the di�erent values of V

(a)

T

2

and V

(b)

T

2

i.e. there is an

ambiguity of these coupling constants.

The form of the spectral line obtained under

the assumption of vibronic coupling to A

1

and T

2

modes is given in �g. 10. The values of V

(a)

T

2

=

50 cm

�1

/

�

A(a.u.m.)

�1=2

, V

(b)

T

2

= 34 cm

�1

/

�

A(a.u.m.)

�1=2

are taken as an example, however almost the same spec-

tral line results from other sets of parameters giving the

resonant state at 65 cm

�1

. Simultaneous consideration

of vibronic coupling to E and T

2

modes (�g. 11) does

not give any new result if (as done before) the resonant

line is �tted with the experimental position at 65 cm

�1

.

Thus a satisfactory explanation of the experimental

data can be obtained in the three cases presented in

�g. 9{11. Two of them are obtained under the assump-

tion of negligibly weak coupling to one of the two Jahn{

Teller active types of vibration, E or T

2

. Unfortunately

we have no convincing arguments in favor of any of them.

Finally, we analyze in more detail the spectral density

in the region from 125 cm

�1

to 170 cm

�1

. The high{

frequency region of the experimental absorption spec-

trum possesses intensity of an order of magnitude less

than in the low{frequency one and its �ne structure

is much less expressed. Only two spectral lines are ob-

served, at 136 cm

�1

and at 159 cm

�1

. The calculated

vibronic densities of states possess the same features,

though they �t the experimental spectrum much worse.

As mentioned above the �ne structure of the one{

phonon absorption spectrum in the high{frequency re-

gion is determined mainly by the local vibrational dy-

namics of the crystal lattice. Among all the calculated

projected densities for the pure host crystal only the T

b

2

one possesses signi�cant intensity in the spectral region

of optical phonons. With the defect of mass (the case of

impurity ions of Co

2+

) taken into account this phonon

density is redistributed and in particular its high fre-

quency part is quenched. At t = 0:30 we obtain the

high{frequency peaks at 142 cm

�1

and 167 cm

�1

. The

A

1

modes give a peak at 152 cm

�1

and the E modes give

another one at 141 cm

�1

(�g. 4 and 5). Taken together

these phonon densities form the high{frequency wing of

the one phonon spectrum presented in �g. 9{11. Thus

the calculated line has peaks at 142 cm

�1

, 152 cm

�1

and

167 cm

�1

their intensity being dependent on the corre-

sponding vibronic constants. The energy position of the

calculated peaks di�ers insu�ciently from that of the ex-

perimentally observed spectral lines, however generally

the envelope of this part of the one{phonon spectrum

does not �t satisfactorily with the experiment.

One of the reasons for this lack of coincidence might

be the two{phonon processes. The intensive spectral line

observed experimentally at 199 cm

�1

is one of the argu-

ments in favor of this assumption. This line is placed at

the frequency which is larger than the maximal phonon

frequency of the pure CdTe and cannot come from the

one{phonon satellite. Note that 199 cm

�1

� 2�102 cm

�1

which means that the 102 cm

�1

line seems to be a two{

phonon replica of the 102 cm

�1

line, the latter resulting

from the non{Jahn{Teller A

1

mode.

VI. CONCLUSIONS

The optical band �

8

(

4

A

2

) ! �

( )

8

(

4

T

1

) of the impu-

rity absorption of light in the CdTe:Co

+2

system displays

complicated �ne structure in the low{frequency region

adjacent to zero{phonon line. An attempt to attribute

the observed spectral lines to maximum points of pro-

jected phonon densities of the defect crystal performed

in section III in accordance with the classical theory has

turned out to be unsuccessful in the case in question.

This has been interpreted as resulting from inapplicabil-

ity of the classical theory to cases when one of the elec-

tronic terms participating in optical transition possesses

electron degeneracy and therefore is subject to the Jahn{

Teller e�ect. To explain the complicated �ne structure of

the optical absorption band we have used the fact that

the exited electronic term the electron transition occurs

in comes from the

4

T

1

term and therefore is coupled both

to E and T

2

vibrations of crystal lattice. The results of

the perturbation theory for the one{phonon side{band

developed in section IV for the case under considera-

tion can be satisfactorily �tted with the experimental

data. Though the adjustment of the calculated spectrum

to the experimental one needed to go somewhat beyond

the limitations of the second{order perturbation theory

satisfactory results demonstrate a certain 
exibility of

the calculated vibronic �ne structure of the one{phonon

side{band and its ability to �t the experimental curve at

least in principle. We believe that this ability to repro-

duce tendencies of the vibronic spectra changes drasti-

cally the projected densities of states and in particular

forms new resonant states which could not appear in the

old classical theory ignoring the Jahn{Teller e�ect, and

the case �

8

(

4

A

2

) ! �

( )

8

(

4

T

1

) can serve as a good ex-

ample showing how the complex nature of coupled mo-

tion of impurity electrons and crystal lattice nuclei in

Jahn{Teller system manifests itself in a complicated �ne

structure of one{phonon side{bands.
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BAGATOMODOVI�EFEKT �NA{TELLERA V OBLAST� ODNOFONONNOÕ

SMUGI SPEKTRU OPTIQNOGO POGLINANN� �
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SISTEMI CdTe:Co

2+
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Qern�vec~ki� der�avni� un�versitet, vul. Koc�bins~kogo, 2, Qern�vc�, 274012, UkraÝna

Teoretiqno � eksperimental~no vivqena skladna struktura spektru niz~kotemperaturnogo optiqnogo

poglinann�, zumovlenogo d ! d perehodami �

8

(

4

A

2

e

4

t

3

) ! �

( )

8

(

4

T

1

e

3

t

4

) v nap�vprov�dnikovomu kristal�

CdTe, le�ovanomu Co

2+

. Teoretiqna �nterpretac�� vikonana z urahuvann�m bagatomodovogo efektu �na{

Tellera dl� zbud�enogo �

( )

8

(

4

T

1

e

3

t

4

) termu, wo vza
mod�
 z trigonal~nimi � tetragonal~nimi modami.

Pokazano, wo po�sniti odnofononnu strukturu spektru poglinann� na osnov� klasiqnoÝ teor�Ý bez vra-

huvann� efektu �na{Tellera nemo�livo. Struktura odnofononnoÝ smugi spektru optiqnogo poglinann�

sutt
vo v�dr�zn�
t~s� v�d strukturi zproektovanih gustin stan�v, rozrahovanih dl� defektnogo kristalu

v model� RIM{11. Bagatomodovi� efekt �na{Tellera �

8

N

(e + t

2

) privodit~ (v drugomu por�dku teor�Ý

zburen~) do znaqnogo pererozpod�lu zproektovanih gustin stan�v � po�vi novih rezonansnih v�bronnih mod.

Eksperimental~ni� spektr poglinann� v oblast� odnofononnoÝ smugi dobre sp�vpada
 z teoretiqno�kri-

vo�, otrimano� z v�dpov�dnim naborom v�bronnih konstant.

420


