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The properties of the hydrogen bond are investigated on the basis of the simplest object with
hydrogen bond, the ionic complex O—H-O. The electron energy spectrum of the O-H-O complex is

obtained. The formation of the two—minima adiabatic proton potential as a function of the hydrogen

bond length Roo, Ron distance, electron number N in complex is investigated. The electron density

maps and the distribution of the electron charge along the complex axis are obtained. We have also

studied the change of the electron charge density and the occupancy of the atomic orbitals of the

initial basis connected with proton shift along the hydrogen bond.
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I. INTRODUCTION

There are many papers devoted to the investigation
of the hydrogen bond systems including review papers
shedding some light on the nature of the hydrogen bond
[1-5]. The main subjects are the study of the electron
structure, optimum geometry, investigation of the adia-
batic potentials for the proton, vibrational spectra, pro-
ton transfer. Nevertheless, the problem of the formation
of adiabatic potential for the proton calls for a more
detailed study. For example the role of the Coulomb
components of the interaction between excessive charges,
which appear during the displacement of ions and elec-
tron redistribution, are not sufficiently studied. In pa-
per [6] the authors propose new model in which a strong
coupling between the protons and distortion of the struc-
tural units, connected by the hydrogen bonds (for exam-
ple, POy tetrahedrons in KH2POy4 crystal) is assumed
and the interaction between protons is disregarded. It is
supposed there that the distortion of tetrahedron is pro-
portional to its electric dipole moment. One should try to
extend such models, as not only dipole moment on the
edge structure units changes with the proton motions
along hydrogen bond, but the charge value is changed
also.

The data, obtained recently while investigating com-
plexes with the hydrogen bonds {MA;X}Y5, (where
M=Pt, Pd or Ni; X=Cl, Br or J; Y=Br~, ClO;; A~
ligand molecule) shows us the importance of the consid-
eration of the electron charge redistribution which ac-
companies proton shifts on the bond [7]. In this case
it was established that additional electron charges (at
some conditions they form the charge—ordered state) are
inducted on the ions M depending on the location of
protons on N — H — Y. Electron redistribution, how-
ever, plays on important role at the formation of locally
anharmonic potentials in the lattice. This conclusion fol-
lows from the investigations, performed in the frames of
the cluster approach with consideration of the electron—

vibrational interactions (see [8, 9]).

The development of rather simple models, that de-
scribes such a situation, calls for a more detailed study
of the phenomena connected with the electron transfer
on the hydrogen bonds. In the present paper this prob-
lem is analyzed on the basis of the quantum-—chemical
calculations.

We consider the ionic complex O-H-O (further on re-
ferred to as A — B — A’). The Hamiltonian of such a
complex has the following form:

H(r,R) = Z(—Qh—mAz) +Z|I‘ie—71‘j| +ZU(I‘i -R,)

i 1<j
h? /

where r;, R,,, — electron and ion coordinates.
The first three terms form the electron part of the
Hamiltonian; the last two describe the ionic subsystem;

6zzel
U —R,) = ——2 2
(r ) T (2)
62Zion
Ry —Ry,) =
Wt )= R Rl

here Z.; and Z;,p, are the effective ion charges (excluding
valence electrons) used for the description of the inter-
action between them and other electrons or ions respec-
tively.

In the present paper we calculate the electron spec-
trum of the O-H-O cluster with taking into account the
electron transfer, Coulomb and exchange interactions.
The formation of the adiabatic proton potential as a
function of the hydrogen bond length Roo, Ropg dis-
tance, electron number in the cluster N is investigated.
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The electron density pictures and distribution of the elec-
tron charge along the complex axis is obtained. We inves-
tigate also a change of the electron charge density with
the proton shift along the bond.

II. INITIAL BASIS OF ELECTRON WAVE
FUNCTIONS AND ITS ORTHOGONALIZATION.

In our model approach we take into consideration the
minimum basis of electron wave functions consisting of
the three valence atomic orbitals. The 2p—functions of
the oxygen ions ({¢q(r —Ry)}, {¢a(r—Ry/)}), directed
along the hydrogen bond and 1s—function of the hydro-
gen atom ({¢»(r — Ryp)}) are taken into account.

Using the sp® orbitals on the oxygen ions as the basis
surely will be more correct, however, we suppose, that
the error caused by our simple approximation, can be
minimized by the appropriate choice of the Z.; and Z;,,
parameters. The basis functions are the solutions of the
Schrodinger equations

Z(_gh_mAiHU(“_Rs) Us(ri) = Eetbs (i) (3)

7

(here s = a,b,d).
At first the orthogonalization of the functions ¢, and
g 18 performed:

¢a=N1(¢a+¢a'),N1=\/ﬁ, (4)

~ _ _ ; —%
Var = No(Ya = Yur), Vo = e

Here Sqar = [ 4% (r)a (r)dr — overlap integral of the
initial atomic function.

The transformation of the vector 45° rotation type is
used for the symmetrization of the new basis:

Pa(r) = !

.
pur (1) = %wp ) = (e — Ry) + €(r — Rur)

€1 =1lga; €2 = tpp;
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(1/;(1 + 1/;(1’) = €1/)(I‘ - Ra) + 771/)(1‘ - Ra’) ) (5)

€3 = tarar;

Orthogonalizing the third function to the first and the
second ones gives:

Ly = P1/)b (I‘ - Rb) + 5a§0a + €a'80a' (7)
= pih(r — Ry) + (£a€ + Ean)to(r — Ry)

+ (ga’g + €a77)1/)(1‘ - Ra') :

Here the following notations are introduced:

_ 1 - Sga’ .
P\ 1=52, =S, — 52, + SaSoa Saar
ga = _(Sba€ + Sba'ﬁ)ﬂ; (8)

Ear = —(Sban + Sear§)p -

The functions { ¢,,06,¢, } form an orthogonalized
and normalized basis of states.

III. ELECTRON SPECTRA OF O-H-O
CLUSTER.

Electron part of the Hamiltonian (1) in secondary
quantization representation on the {¢;(r)} basis has the
following form:

He(R) =Y tijel ejo (9)

7,9

1 L, €2
D ) DT

— T
i jkloo 2|

Here

LK .
tij = (il = %A+ZU(P—Rm)|J>=

=[G A+ U= Ry (10)

G ——

€
vy — 1o

kD) =

62

[ eitengite)

ok (r1)pr(ra)dridrs .
I |

Further on the following notations for the matrix ele-
ments are used:

t = ta,; t = tap;
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U = {aal...|aa);
® = (aal...|ab);

&' = (d’'d|...]a"b);

&) = (bb]...|ba");

U = (bb]...|bb);

Dy = (bb|...|ba);

&, = (ad'|...|aa) = (d'd'|...|d'a);

Ly = (ad'|...|Jab); L} = {(d’'a]...]a’b); Ls = (bd'|...|ba);
Ls = (aal...|a'b); L5 = (d'd’|...]ab); L4 = (bb|...|ad");
K = (ab|...|ab); K'={d'b|...|d"b); V = {ad'|...|ad’);

Q = (aal...|bb); Q' = {(d'd|...|bb); Q4 = (aal...|d’d"},

that describe, correspondingly, the energy of the local-
ized levels, electron transfer (ts5, tap, tas), single—center
Coulomb interaction between an electron of the Hubbard
type (U and U’), correlated electron transfer (®, &1, &',
®), ®,, L, L}), two—centers Coulomb interactions (K,
K’ V) and exchange interactions (Q, Q',Q4).

Let us go to the basis of the electron states in the oc-
cupation number representation |nqtna)nene Nai4Nar]),
which includes 64 states:

p) Ip) Ip)
0000003 |1 |[[TTT000[[23)[[[T11001)[[45)
100000Y[ [2) [[[110100Y][24)][[TT0110)|[46)
010000} |3 |[[TT00T0Y[[25)[[[T10101)[[47)
001000} [4) [[[TT000T)[[26)[[[110011)[[48)
000100)] [5) |[[TOTT00Y[[27)[[[T01110)[[49)
000010)] [6) |[[TOTOT0Y[[28)[[[T01101)[[50)
000001)] [7) [[[TOT00TY[[29)[[[10T011)[[51)
110000Y| [8) [[[T00110Y][30)|[[TO0TTT)|[52)
101000Y] [9) [[[100101Y][3T)|[J0TT110)[[53)
100100)[[10)[[[T00011Y][32){[[0TT101)|[54)
100010)|[T1)[[[011100)|[33)[[[011011)[[B5)|  (12)
100001)[|12)[[[011010Y][34)|[J0T0OT11)[[56)
011000} [13Y|[[0TT00TY[[35)[[]00T111)[[57)
010100} [14)[[[0TOTT0Y[[36)[[[T11110)[[58)
010010 [T15)|[[0TOT0TY[[37) [[[T11101)[[59)
010001)|[16)|[[0TO0TTY[[38)[[[T11011)[[60)
001100 [T7)|[J00TTTOY[[39)[[[T10111)[[61)
001010 [18Y|[[00TTOTY[[40)[[[TOT111)[[62)
001001)[[19Y[[J00TOTTY[[4T)[[[0TT111)[[63)
000110 [20)|[[000TTTY[[42)[[[TT1111)[[64)
000101)|[21)|[[TTT100)[[43)
000011)[[22)[[[TT1010)[[44)

Matrix H;;(R) on this basis consists of independent
blocks each of them corresponding to a certain number
of electrons N. It may be seen using the accepted con-
ceptions of valency that the most probable number of
electrons on such an O-H-O cluster (in its three valent

states that compose the initial basis and organise the
hydrogen bond) is close to four.

The realization of other values of N is also possible
when the electron transfer between the ions or ion groups
participating in forming different hydrogen bonds is tak-
ing place.

In the present paper the cases N =3, N =4 N =5
are analyzed.

For the N = 4 case the corresponding basis of states
includes 15 states. Matrix H;;(R) of (15x15) size con-
sists of three blocks: (3x3) — summary spin projection
S% = +1; (3x3) — summary spin projection S* = —1;
(9%x9) — summary spin projection S* = 0. The most
energetically advantageous case S* = 0 is realised on the
states [43), |45), |46), |48), |50), |52}, |53), |55) and |57)

For the N = 3 case matrix H;;(R) of (20x20) size con-
sists of four blocks: (1x1) — summary spin projection
S* = —=3/2; (1x1) — summary spin projection S* =
+3/2; (9x9) — summary spin projection S* = +1/2;
(9%x9) — summary spin projection S* = —1/2. Cases
with the opposite spin are equivalent. The S = 1/2
case is realised on the states |23), |25), |27), [29), |30),
[32), |34}, [39) and |41).

For the N = 5 case matrix H;;(R) of (6x6) size con-
sists of two blocks:

(3x3) — summary spin projection S* = +1/2; (3x3)
— summary spin projection S* = —1/2. 5% = 1/2 case
is realised on the states |58), |60) and [62).

The components of matrix H;;(R) blocks correspond-
ing to the above mentioned states are given in Ap-
pendix 1.

Matrix elements H;;(R) are formed by the matrix
elements (10) on the orthogonalized basis of functions
¢i(r), which in turn are linear combinations of the cor-
responding matrix elements built on the initial basis of
the atomic functions ¢, (r). Analytical expressions ob-
tained for some of them are given in Appendix 2. A gen-
eral scheme of calculations i1s described and formulae for
the evaluation of exchange integrals are also presented
there. For the rest of the matrix elements numerical eval-
uation was performed (including evaluation of 3-center
integrals) on the basis of the atomic functions ¢, (r).
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Fig. 1. Dependence of the energy spectrum of the system
(eV) on Rom distance (A) at the following values of parame-
ters: N =4, Roo = 2.40, Zo = 0.5, Z;on, = 4.5.
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Fig. 2. The lowest level of the system energy spectrum (the
proton adiabatic potential) as a function of the Rog distance
at N =4 (Za = 0.5, Zion = 4.5) at different values of the
a) Roo = 2.36A ¢) Roo = 2.40A

bond length: b) Roo = 2.384 d) Roo = 2.44A
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Fig. 3. The lowest level of the energy spectrum of the sys-
tem (proton adiabatic potential) as a function of the Ron
distance at N =3 (Ze = 0.5, Zion = 4.5) at different values
a) Roo =2.334 ¢) Roo =2.374

of the bond length: b) Roo = 2.35A d) Roo = 2.404
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Fig. 4. The lowest level of the energy spectrum of the sys-
tem (proton adiabatic potential) as a function of the Ronm
distance at N =5 (Zoi = 0.5, Zion = 4.5) at different values
a) Roo = 2.30A ¢) Roo = 2.344

of the bond length: b) Roo = 2.324 d) Roo = 2.36.4
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Fig. 5. Dependence of the critical value R&, on the elec-
tron number on the complex.

For the numerical calculations the methods of Monte—
Carlo type for multi-dimensional integrals are used. The
error of evaluation was not more than 4%.

A matrix of the Hamiltonian was diagonalized, its
eigenvalues \; and eigenvectors were found.

The eigenvalues of the Hamiltonian of the electron sub-
system (where the ion—electron and the electron—electron
interactions were considered) were added by the energy
of the ion—ion interaction (excluding oxygen—oxygen in-
teraction), the result spectrum for the given values of
distance Ropo is presented as a dependence on the Rop
distance (see fig. 1).

The lowest level from this spectrum is presented in
more details on fig. 2. It may be seen, that at bond length
smaller than some critical value, we have a potential with
one central minimum, which at the increasing of the com-
plex length transforms into a double—well potential. This
fact shows us the existence of two equilibrium states of
the system, different in the shift of the central ion in op-
posite directions along the complex axis. At some values
of the effective charges Z.; and Z;,, we can obtain pa-
rameters of the proton potential on the hydrogen bond
known from the experiments. Optimum Z values are dif-
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ferent for different numbers of electrons on the cluster O—
H-0O. The results of calculations are especially sensitive
to the difference AZ = Z;on — Ze;. The optimal values
for the model parameters are 2.0 < o < 2.1; AZ = 4.0
(N=4); AZ=43 (N =3); AZ =5.0 (N =5). For the
values of effective parameters used while plotting graphs
given on fig. 1 and 2 the critical value of the hydrogen
bond length is RE, = 2.36A4 which is in accordance with
the data known from literature (see [5, 10]) for the cluster
(O2H3)T.

Similar graphs, obtained for cases N =3 and N =5
at the same values of the effective charges Z;,, and Z;
are given on fig. 3 and 4. The shapes of dependences of
the lowest energy levels versus Rop qualitatively remains
the same, as in the case of N = 4, however, quantitative
changes take place; Rg, is equal now 2.33A and 2.30A4
correspondingly. The dependence of the critical length of
the hydrogen bond RE, on the number of the electrons
on the cluster O-H-O is presented on fig. 5.

At increasing of the hydrogen bond length the height
of the potential barrier also increases as well as the §
value — the distance between positions of minima of
the proton potential on the bond. The obtained rela-
tion between the é§ parameter and the Roo distance for
different numbers of electrons on the cluster O-H-O is
presented on fig. 6. This dependence becomes stronger
when R — Ry, which is in agreement with results the
known from literature (see for example [11]), good quan-
titative correlations also take place. It should be noted
that the ratio ARun/ARoo at Roo > REq is weakly
sensitive to the change of the number of electrons on the

bond.

IV. ELECTRON DENSITY DISTRIBUTION

Using the eigenvectors of the Hamiltonian, correspond-
ing, in particular, to the lowest eigenvalue Ay,;p,, the dis-
tribution of the electron density can be obtained. The

0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

states of the basis of the diagonalized Hamiltonian are
linearly expressed by the states of the previous basis

) = Z%’IJ’% (13)

then the density of electron charge in the [i) state
should be

pile) = 3 adipi(e). (14)

The density of electron charge in the initial state p;(r),
built on the basis of the wave functions {¢1(r), @a(r),
¢3(r)} can be expressed as

3

pi(®) =Y _ni(i)lei ()], (15)

7

here n;(j) — occupation of the ¢;(r) orbital in the j ini-
tial state. For the N = 4 case density distribution in the
plane, in a which complex axis 1s located, is presented at
fig. 7a and 7b (for the proton located in one of the pots
and in the middle of the bond correspondingly).

However, more informational is the distribution of
electron density along the complex axis as a result of
the integration of the space distribution over the planes,
perpendicular to the complex axis, (see fig. 8a and 8b).
The difference between the curves shows to us the redis-
tribution of the electron density with the proton shifts
from the central position.

On the basis of the electron density distribution in
space the atomic orbitals occupations were calculated us-
ing the method of minimal squares. If f(z) is obtained
earlier electron distribution; and F(z) = > . n;¢?(z) is
some helper function (coefficients n; are occupations),
then n; are found from the condition of the minimum of

— & — N=3

—DO0— N=4

— % N=5

23 2.35 2.4 2.45

25

Fig. 6. Dependence of the distance between hydrogen potential minima é on the complex length Roo.
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Fig. 7. Total electron density distribution in the plane containing a complex axis at different positions of the proton: a) in
the left pot of the effective potential; b) in the middle of the bond. N =4, Z, = 0.5, Zijon = 4.5, R = 2.404
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Fig. 8. Linear electron density distribution along the complex axis at different positions of the proton: a) in the left pot

of the effective potential; b) in the middle of the bond; ¢) change of electron density with the proton shifts from the central
position (versus the value of the Rox distance). N =4, Z.; = 0.5, Zion = 4.5, R = 2.40A
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Fig. 9. Orbital occupation versus the Rou distance
(N =4, Zeg = 0.5, Ziop = 4.5, R = 2.404). O’ corresponds
to the right oxygen ion.

o? = [(f(x) — F(x))¢?(x). Solving the equation g;:: =0
we obtain orbital occupations (see fig. 9) as dependences
on the Rou distance.

A change of the occupation of the 2p oxygen orbitals at
the shift of the proton from one minimum into another
is rather significant and approach to 0.2 e. This value
corresponds to a change of the occupation of the 2P,
oxygen orbitals point along the H-bond in the complexes
(O2H3)™, (OsH35) T, (CH3OH),H* [10]. In general, pro-
ton shift on the bond is accompanied by increasing the
summary electron density at the regions to where the
proton is moved (see fig. 7, 8); however, the occupancy
of the 2p—orbitals of the corresponding oxygen ion 1s de-
creased. The occupancy of the 1s—orbitals of hydrogen
ion changes weakly and possesses maximum at the lo-
cation of proton in the middle of the bond (see fig. 9).
The obtained results are in agreement with the experi-
mentally obtained change of the electron charge density
with the displacement of halogen ions and protons in
halogen—bridged metal complexes and may confirm the
applicability of the model of electron—proton correlation
in a system with the hydrogen bonds [12].

V. CONCLUSIONS

A lot of papers were devoted to the calculation of elec-
tron spectrum and adiabatic potential of the proton on
the bond for different structures with hydrogen bonds.
Our goal was to concentrate more on the investigation of
the electron density change caused by the ion shifts, in
particular, by hydrogen motion on the bond. Similar cal-
culations for the cluster with few hydrogen bonds will al-
low us to investigate the connection between the electron
density change and proton—proton short-range interac-
tions. Describing the system with hydrogen bonds using
different models one should take into account such in-
teractions. Until now these correlations were postulated
and their nature was not sufficiently clear. The role of
the electron subsystem there is evidently special because
electron redistribution caused by the proton shifts be-
tween equilibrium positions on the neighbouring bonds
lead to the additional interactions. That is why the study
of electron density change with proton shifts is impor-
tant.

A more detailed study of this problem will provide an
opportunity to formulate more real models for the de-
scription of such objects.
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APPENDIX 1. MATRIX BLOCKS
CORRESPONDING TO THE EXAMINED

CASES.
Case N=3

H(23,23) =261 + e+ 2K —Q+ U,
H(23,25) =20, — Ly + 1,
H(23,27)= - — &, — t,
H23,29 =—Ly -9, taar
H(23,30) = L4,
H(23,32) = —L%,
H(23,34) = Lo — Ly + @4 + taar,
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H(27,39) = 2Ly — Ly + taa H(43,57) = Q.
H(27,41) = —L}, H(45,45) =261 + e+ s+ 2K + K' = Q
H(29,29) =61+ e+ e+ K+ K —Q+V, — Q.+ U+2V,
H(29,30) = —Q', H(45,46) = —Q'
H(29,32) =11 — L3+ & + 1, H(45,48) = 2L, — Lz + ® 4+ t',
H(29,34) = —Q., H(45,50) = =L} + L — & — ®; — ¢,
H(29,39) = L}, H(45,52) = Ly,
H(29,41) = =Ly + Ly — ®, — toa, H(45,53) = — L},
H30,30)=e1+eat+es+ K+ K —Q,+V H(45,55) = Lo — La+ 2%, + t4ar
H(30,32) = —L; — & — ¢/ H(45,57) = — L3,
H(30,34) = —Q, H(46,46) =26 + e+ s + 2K + K' — Q
H(30,39) = L] — L+ ®; + ¢, —Qu+U+2V,
H(30,41) = =Ly, H(46,48) = =20, + Ly — &' — 1/,
H(32,32) =1 + 23— Qo + U + 2V H (46,50) =
H(32,34) = L3, H(46,52) = Ly — Ly + 2®, + taar
H(32,39) = — Ly, H(46,53) = =L, + L — ® — &, — ¢,
H(32,41) = 2L} — L4 + ¢, H(46,55) = Ly,
H34,3) =1+ s+ a3+ K+ K' —Q +V, H(46,57) = L3,
H(34,39) = =L} — &, —t H(48,48) = 2¢; + 2¢5 — 2Qq + 2U + 4V,
H(34,41) = Lo 4+ ®4 + taar H(48,50) =
H(39,39) = 2cs + es + 2K' — Q' + U, H(48,52) = 2L, — L, + & + 1,
H(39,41) = =& — &) — 1/, H(48,53) = Ly,
H(41,41) = €3 + 23+ 2K — Q' + U . H(48,55) = —2L) + Ly —® — ¢,
H(48,57) =

Case N=4: H(50,50) = € + 265 + ¢ + 2K + 2K’ — Q
H(43,43) = 261 + 2e2 + 4K —2Q + U + U’ | —Q +U +V,
H(43,45) = 2Ly — Ls + ®| + 1/, H(50,52) = —L1 + L3 — & — &) -t
H(43,46) = 2L, + Ly — @) —t', H(50,53) = —Qq,
H(43,48) = Q' H(50,55) = — L3,
H(43,50) = 2Ly — Ly + ®4 + taa , H(50,57) = 2Ly — Lq + ®y + taur
H(43,52) = H(52,52) = ¢1 +ea 4 2e5+ K 4+ 2K’ — Q,
H(43,53) = =2La+ Ly — Oy — tau , — Q' +U+2V,
H(43,55) = L}
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H(52,53) = — L3,

H(52,55) = —@Q,

H(52,57) = 2L} — Ly + &1 + 1,

H(53,53) = €1 + 265 + €3 + 2K + 2K’ — Q

- Q' +U'+V,
H(53,55) = —L1 + Ly — & — &, —t',
H(53,57): —2Ly+ Ly — @4 — 1oy,
H(55,55) = €1 + €2 4+ 25 + K +2K' — Q4

- Q +U+2v,
H(55,57) = —2L) + L} — ®; — t,

H(57,57) = 265 + 2es + 4K' —2Q" + U + U’ .
Case N=5:

H(58,58) = 2¢1 + 2€2 + €3 + 4K + 2K’

-20-Q.—Q +UFU 42V,
H(58,60) = —2L; + Ly — &' — &} — 1"
H(58,62) = =2Lo + Ly — 204 — taar
H(60,60) = 2¢; + €5 + 2¢5 + 2K + 2K’

- Q—2Q.—Q 42U +4V,
H(60,62) = 2L + Ly —® — &, — ¢,
H(62,62) = ¢ + 2¢ + 265 + 2K + 4K’

—Q-Q.—-2Q +U+U"+2V.

APPENDIX 2. SOME INTEGRALS USED IN
THE ELECTRON SPECTRA OF THE O-H-O’
CLUSTER CALCULATIONS.

1. We have obtained analytical expressions for some
integrals used for the calculations of the O-H-O’ cluster

2 2 3
/¢A(P):—A¢B(P)dr = i : Z—OOZHO%\/ %OZHOZO (%) X %6_” :
2 1
/1/)A(r):—31/)3(r)dr =

electron spectra. The atomic orbitals were chosen in the
form of the Slater functions:

= R(r) - Yim (0, ¢). (16)

Radial part of the function has the following form:

-

Rui(r) = Ay (@)™ ~te™ %50 (17)

)

where the normalized factor A, ;(a) is equal:

(o]
* x_ z*
i)l = a2 B0 20y
n
0
n* — effective quantum number (for 1s,2p-functions
n* = n), z* — effective nuclear charge, ag — the first

Bohr orbital radius. Generally the values « (or z*) are
the variational parameters but one can use the values
for them obtained for this atom in other compounds (see
Appendix 3).

We have calculated the two centre integrals using
spheroidal coordinates [13,14]

g+ 7Tp _Ta—Tp

R 'T TR

A= P =P = b (19)

The element of the volume in these coordinates is:

R3

dv = 3 (A2 — pHydAdpdep,

there are the boundaries of integration:

1<A<o0,~1<pu<1,0<p<2m.

Here r, are r, mean the electron distances from the
two centers @ and b, R is the distance between the cen-
ters.

We present the analytical expressions obtained for
some molecular integrals which are not mentioned in the
literature, for example in [13,14]:

4 (1 1 1 1
2 {_ <1+ —) sinhy + — (coshv— —sinh'y)} » (20
v lp P Y v

2 /1 3 11
. e—ozHozg —apgag (E) X {e” + (— — —) sinh'y} . (21)
ag 3 agp P

Here ¢4 (r) — 2p-oxygen orbital directed along the line connecting the centres (2P,), ¥ p(r) — 1s—hydrogen orbital.

Here:
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ap+aa R ap—ay R
_ B B (22)
2 ag 2 ao

We have obtained the energy of the Coulomb repulsion between the two electrons in the 1s—state of the hydrogen
atom:

2 e 5 e
/1/)3(?1)—1/)3(?2)611“161?2 =2 —hH, (23)
r12 8 ag

which coincides with the expression for the Helium atom known in the literature [13]. In the case of the Coulomb
repulsion between the two electrons in the 2p-state of the oxygen atom we have:

2 2
9 et 501 e
— dridry = —— - —pp. 24
[ o) S s = 5 S (24)
Here |r1 — r2| = r12. Below we present the formula obtained for one of the hybrid integrals:
2 e?
[ ) = vatra)vn(ea)dradrs (25)
Le? g (RN (401 _ 1 . 1 1.
= ——(ag)?*(ag) — ) {--=eP{(1+ =) [sinhy — —coshy+ — sinhy
4 ag ao Y P p gl gl
1 4 1 1 h inh
( + — —|— —2) (—cosh'yl + —sinh'yl) } - — . —e {(1 + —) (sinh'yl _ Lo + P 271)
b1 " op al "N N
inh R4 1 1 1 1 1
(1 +—+ ) (—cosh'yl + 2 Pyl) } B { (— + —) e+ (—2 + —2) sinh
M 2 apmp Pom P i
1 1 1 1 .
-3 p —cosh vy + —smh’ﬂ ++ 31+ — ] |——5coshy + —5sinhy; ,
by P 71 71
where
3aogt+ag R 3aog —ag R
p=—a 0 M= —.
2 ag 2 ao
2. One can obtain the analytical expression for the exchange integral
= [ atevistea) - s e lra)dradrs (20)

only in the case of the hydrogen molecule, or in the case where ¢4 (r1) and ¥ p(rz) are the same nS functions which
are centered at A and B points. In the other cases one can obtain the analytical expression for the exchange integral
only in the form of the infinite series. The authors propose the general scheme of the calculation and the formula in
the form of the infinity series obtained for the exchange integrals in the case when the electron functions ¢(r) are
the S—type functions n1.S and P-type functions directed along the line connecting the atoms (nyPy); ni, na — the
principal quantum numbers. We have used the expansion into a series in the spheroidal coordinates of the

function [14]:

[r1—r2]

2SS ek ret] P e e 7 e e )

vy = r2] r2| R Som=k

Here Ay, pt1,¢1 and Ag, pa, 2 — spheroidal coordinates of the two electrons, A(a) — is the minimum and A(b) — is
]

the maximum from A; and Az, @' — the Legendre functions of the second type.
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|m]
gy Iml d

V)= (-2 F S Qula).
1 z+1  1-3..(2k-1) b1 ss |1 k(k=1)
= ~Py(2)1 - ~ el 28
Qrle) = g P(@) In = k! SRR O (28)
s [L_LRES1) K- - 2E=3)]
5 32(2k-1) 242k - 1)(2k - 3) o
A series continues to the last positive power of x. !
Quantum numbers m; and msy equal zero for the //irlle_vuldﬂl =F(n,v,1) = F(n,v,-1), (31)
n1S— and ny P,—functions therefore the only components ]
m = 0 from the sum over m in (27) give a contribution
to @ (26) which will be: where
F( ) / n —ocrd n! —ar Zn: (ar)s
9 & n, o, r r r=——ge '
7 22k DPANQUAD Pyt ) o =g
F=0 (32)
Then we go to the spheroidal coordinates in the Denote
integrand for @ (26). Let us consider the part of
the integrand (without - ) depending on one variable 1
1/)A(r1)1/)3 (I‘l)dl‘l. After tran81t10n to the spheroidal co- 8 / Mf(h,m)dm _ 6M§(/\1) . (33)
ordinates we obtain:

Ya(r))Yp(ri)dre = M1 (A1, 1), (29)

where My (A1, 1) is a polynomial in the spheroidal coor-
dinates.

The coefficient 3 does not involve the variable of in-
tegration and is equal to the product of normalized
factors of the functions ¥4 and ¥p; also it includes
the multiplier 271'(%)”1"'”2"'1. The coefficient 3 equals
8= 2(2—?)3/2(2‘—5)5/2(§)4 in the case when ¢4 = 2p,(0),
¢p = 1S(H). Let us consider the expression under the
integral in Ay, g1 variables for the k—term of the series.
Expression (29) is multiplied by the Legendre polynomial

Pi(p1):

BMy(Ar, 1) * Pr(pa) = BM3 (Ar, ) - (30)

Now, the variable y; is involved in the M} polynomial.
The integration of the M% (A, 1) polynomial over the
(1 variable 1s not complicated:

k=0

-1

The obtained polynomial in the variable A; (33) is multi-
plied further by the Legendre function of the A; variable
from series (27) . Denote

BME (A1) - Pe(M)

6ZAkAm,

(34)

In the integrand for Q the following components are also
presented:

BME (M) * fr (A1) ﬁZ(Jk AT (35)
We write (see 28)
Qi) = %Pk(x) 2 1 ~ filx). (36)

We have obtained the general formula for the exchange
integral (26)

Q= %52 > (2k+1) Z Z (A¥ AR {F (mi,p, 1) F(my,p, 1) [c+ Inp]

- [F(mzapa_l)F(m]apa 1)+F(mlapa 1)F(m]apa

—1)] x Ei(=2p) + F(m;, p,

—1)F(m;,p,—1) x E;(—4p)
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m; s—1 s—k'—1
- p’ ' — 1! 1
+ F(miapa m]-l—le P Z 5! Cf ps— K X - w - (_ i Z (37)
s=1 ° k'=0 =0
my ps s—1
k' /
— F(my,p,—1) mj+1epZS[Z C’ F(s—k'"—1,2p,2)
s=1 " k'=0
m; s s—1 S—k’ _1 s—k' —1
DN 7 Z S G By 41— 1,2, 1) [ — (1)
s=1 'k' 0 '11 0
!
p : P
+2Afcf{ ,+1Z ! nj+5a2pa1)_F(miapa1)'F(njapa1)+pnj+1 F(mi+l’2p’1)} )
l_
F;(z) is the exponential integral Méz)(/\l) = —4/5,
4 2
S AP = —Z () = (20 - 1),
ot - 5 15
Ei(—2») = —/ Tdt’ where & > 0,
therefore A( = —2/5 m1 =2 A( ) = 2/15, mz = 0.
Al PN M) f2(A1) = —(2/5)A; and
¢ 18 the Euler constant (2 )SO Z ( D) = —(2/5) an
C® = _—9/5 ny = 1.

t Ooe—t
dt — / Tdt = 0.577216,

1
_/1—‘
0

|
ko S.
R TP T

mial.

— coefficient from the Newton bino-

Let us consider the example of the described scheme
realization in the calculation of the exchange integrals
for the hydrogen molecule. We have

1, R 4
— =1.
HaZy a

My =X —pud 8= (38)

The integration over the variable p; produces only two
nonzero terms of series (27): & = 0 and k = 2. We have

for k= 0:

Mzo)(/\laﬂl) = Mi(A1, 1) - (39)

MO (A) = 227 — 2/3 and

In accordance with (33) M.

AY =2 my =2, 40 = —2/3, ms = 0.
We have for k = 2:
MP (N =P A2 g 40
5 (A, 1) = Po(pa) (AL — p1), (40)

One can obtain the known formula for the exchange
integral of the hydrogen molecule [14] using expression
(37) and using the obtained above nonzero coefficients

Ai, Cj.

APPENDIX 3. EFFECTIVE PARAMETERS OF
THE SLATER TYPE ATOMIC ORBITALS.

It was obtained on the basis of a considerable amount
of results of the electron structure calculations of the
molecules and clusters that the behaviour of a certain
atom in some class of compounds is similar and the cal-
culations of the spectra of these compounds or molecules
in them give us similar values of the effective parame-
ters (which were taken as variational parameters). The
rules of the calculations of the effective parameters of the
Slater type atomic orbitals on the basis of these results
are determined [15, 16, 17]. We used the modified Slater—
Engus rules in the calculations of the effective parame-
ters Z* and n” [17]. In compliance with them we have for
n < 3, n* = n and for the hydrogen and oxygen atom:

G z0 =1, 0" = 1, a(18y) = 1.0,

W) 2% = 455, 0" = 2, a(2Po) = 2.2T5.

One can take into account the ionic state of the oxygen
atom in the compounds, for example for O~! and O~13
we ha\i?

W) Zr = 4.2, 0" = 2, a(2Po-1) = 2.1,

1/);;3—1.5): Z* =4.025, n* =2, a(2P0—1.5) =2.012.
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EJIEKTPOHHI CTAHN TA AJISIBATHUYHI ITOTEHIIAJN BOOJHEBOT'O 3B SI3KY

I. B. Cracrok, FO. B. Cusonenko, P. A. Crerip

Inemumym gisuxu xondencosanus cucmem HAH Yipainu,

sys. Ceenyiyvrozo, 1, Jdvete, 290011, Yxpaina

Bupueno BracTuBoCTI BOZHEBOTO 3B’ SI3KY Ha MPUKJIa Al HARIIPOCTINIOTO 06’ €KTa, M0 MICTUTH BOTHEBUN 3B’ A30K,

— tionroro komiekcy O—H-0O. OrpuMmato eqekTponHuii ete preTudanii cuekTp koMminiekcy O-H-O. Hocai xskero

(popMyBaHHS ABOMIHIMYMHOTO a IiA6aTUYHOTO MOTEHINAIY AJs IIPOTOHA 3aJI€ 3KHO BLI TOB JKITHI BOTHEBOTO 3B A3KY

Roo, Biacrani Rom, unciaa edeKTpoHiB N Ha KoMIinreKcl. OTpuMaHo KapTh eJeKTPOHHOl I'YCTUHU M PO3MOALTyY

€TeKTPOHHOTO 3aPAIY B3AOB K OCH KOMILTEKCY. /locainkeHO Tako & 3MIHY T'YCTUHH €1eKTPOHHOTO 3apAmy 1 3ace-

JeHOCTeN aTOMHUX opBiTadeil BUX1gHOro 6as3mcy 3aJe sKHO Bl 3MINIEHHS IIPOTOHA B3IOB K BOIHEBOTO 3B SI3KY.
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