FKYPHAJT ®I3UUHUX JIOCI IIMKEHB
. 2, Ne 4 (1998) c. 490-495

I. THE VORTEX EQUATIONS AND PLASMOID
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The usual state of laboratory plasma is that of turbulence and as a consequence one needs to
study its extreme characteristics among which the magnetic z—pinch structure appears to be very
important for various technologies, sources of high temperature plasmas and local strong magnetic
fields. In a turbulence the energy of the system is shared between very many different modes. If
some characteristic time—scales are provided, it then becomes possible to describe the turbulence
by kinetic equations governing the transfer of energy between the modes. In this study we shall
restrict ourselves to the so called Langmuir turbulence, that is the turbulence dominated by the
behaviour of the longitudinal electromagnetic or Langmuir modes, leading to the creation of the
vortex structure in the interrupted magnetic z—pinch. This vortex structure is stable enough for
a spheroidal plasmoid to exist for a rather long time as it was discovered in recent experiments.
Since physical processes giving rise to such a structure are essentially nonlinear, one needs to derive
from the very basic principles the corresponding vortex generating equations and to treat them
under the conditions at the experiments. As a result we have built the so called paired Hill’s vortex
solutions compatible with the ambient magnetic field supplying the wanted stability condition of
the plasmoid existence at the magnetic z—pinch.
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We shall first derive the necessary equations from a
two—fluid description of the plasma as this provided a
clear picture of interactions, following Zakharov [4] and
ter Haar [1].

Let us write the ion density n; and the electron density
ne 1n the form

n; In0+(5ni, Ne :n0+6ns +6nfa (1)

where §n; and dn, vary on the slow time-scale , >

wp_il = (mi/4ﬂ'n062)1/2, and dny on the fast time-scale
T < wp_el = (me/4ﬂ'n062)1/2; ng is the equilibrium den-
sity, m. — the electron mass, m; — the ion mass and e

— the electron charge.
On the slow time-scale the average of dn; vanishes:

(Ong) =0, (2)

where (-) denotes the temporal averaging operation. Sim-
ilarly, one can write the electron fluid velocity v, in the
form:
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The high mobility of electrons as compared to that of
the ions ensures approximate charge quasi—neutrality on
the 1on time—scale, or

on, ~on; =on, Vy~vV; =V, (4)

but the symbols have been kept distinct, as there are
small differences between them which drive ion—sound
oscillations.

We shall consider the following equations in what fol-
lows as basic:

(1) Maxwell equations for free charges:

10B
div E=14 tE=———
iv Tp, TO T (5)
4 10E
divB =0, rotB= —ﬂ-j—i———,
¢ e Ot
whence we get
82_E + ¢?rot rot E = —471'@ (6)
ot? B at’
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The charge density p and the current density j are given
by equations
J=—e(n.ve — n;vy); (7)

P = _e(ne - ni)’

(%) the viscousless electron—fluid equation of motion:

8Ve € Ve
o +(VS'V)Ve+m_e(E+?XB) (8)

eTe
+ i Ve = 0;

Nelle

(#4i) the viscousless ion—fluid equation of motion:

where the values of the specific heat ratios 7. ~ 3 and
~; ~ 1 are not essential in our further investigation. The
action of the electrons on the ions and vice versa is me-
diated by the slow part of the electronic field and does
not appear explicitly.

We need further to split the electronic and magnetic
fields, the charge density, the current density and the
electron velocity into their slow and fast parts:

E=E,+E;, B=B,+B;, (10)

J=Js+is, p=ps+ops
From (7) one can find that
Jp = —e(no +dn;)vy —efongvy = (Ongvyp)l, (1)
where the harmonic generating term in square brackets

can be dropped in what will follow. Taking the fast part
component of eq. (9), we obtain that

ov; € Vi
i1y
n;my;
8Vf
o T Ve V)V (Ve W)ve vy )y = (v Vvy)

Vi

e vy Vs
“E+Lx«B,+=xB;— (L xB B -
t Bt X +C><f<c><f>)+c><f]

veTe

drngmee

s v (div E;) = 0, (12)

where we have used Poisson’s equation in the last term and in the denominator of that term neglected dng as
compared to ng. As a result of omitting all convective terms one can get that

2 X 37, .
G T he(By 4 LB+ T By) 4 rot rot By + Sy (div Ey) (13)
dng 2 (E + \i x B, + Vs < B )
= W - s - :
no e ¢ !
and
3vs+( o ot (Bt VB, 4 XB>)+~yeTe (dne) =0 (14)
Vs - V)Vs + (Vp - V)V — s T —Bs TV e) =Y
5 v 1§Vt c PXBED T me Y

Taking into account now the lowest order on the last time scale we can obtain from (12) that

ov e v
=7 ~ ——(Ef + 7

ot Me

which combined with the Maxwell equations gives

0 ‘ e
— [rot v; —
ot f cm,

L« B, + 2 x By), (15)
C

Bf) ~ 0, (16)

or By ~ (em./e)rot vy in accordance with the condition div By = 0. As a result we can find that
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8Vs € Vs
W + (Vs : V)Vs + m_8(Es + ? X Bs) (17)
T E7
+v (7—677'5 + M) — 0’
ngMe me8mng
W v vvi— B+ Y xB) (1)
\Z vy — — s - s
ot v m; c
vili o me o) _
+v (nomi n; + m?SWO<Ef>) =0

Equations (13), (17) and (18) together with the Maxwell
equations (5) lead us to the main object of studying the
Langmiur turbulence of a plasma. To come for a vortex
structure equations, let us take the rot—operation to the

left hand sides of eqs. (17) and (18):

o0,
pn +rot (s x vs) =0, (19)
3ti +rot (£2; x v;) =0,

B,;e

MeC

rot js ~ —eng(rot vy — rot v; = —eng (Qs +

whence,

—Q,

where by definition, we set

Q; :=rot (vs — ¢ A,
cme
e
ﬂz’ = t i As ; 20
ot (vi + ~-AL) (20)
rot A; := B;.

Therefore, we can assert that into each plasma compo-
nent there are frozen the corresponding vortex vectors
Q, and Q;.

II. THE PLASMOID STRUCTURE

We proceed now to considering a plasma moving be-
tween two electrodes generating via a discharge a struc-
ture of the interrupted z—pinch.

Let us now consider the structure of the vortex vectors
Q; and £;, taking into account the Maxwell equations

(5):

B; 2 1 1
+ e):mam—ﬂn—e%(——wf)&,

cm; c

4 4 47e? i e 4 i e
T (0, — ) = o j, - AT L M) g g B, — ATl ) (21)
c c c2memy; c2memy
1 OE, 4me’ng 1 §°B,
~rot ~ AB; — S )
+ Cro t cZme. ¢z ot?
Thus we obtain from (19) and (21) that
LOB. | “hp  ap, —¢ (22)
c? Ot 2t Y

where £ = pigeng(£2; — Q) .

The expressions (21) and (22) lead us to the following final equations on the vectors &, €; and € :

wp 1 0°B
— A B; B, + — * =
+ c? + c? ot &
0
EQS +rot (25 x vs) =0, (23)
0 Q; +rot (2; xv;) =0
78k + 1o i X vi) =0,
ot
where wf,e = (471'6277,0/777,6)1/2 — the so called plasmon frequency. In case of incompressibility of the plasma under

consideration one can transform equations (23) into the following ones having used the axis—symmetry of the magnetic
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z—pinch [3]:

where €; = (0,9@9,0), Qs = (0,9579,0) € RS, D/Dt
— the corresponding material (Lagrangian) derivative.
We will use the cylindrical coordinate system (r, 6, z) €
Ry x [0,27) x R and we also put & := (0,&4,0), B, :=
(0,B4,0) € R3, where we have taken into account the
actual absence of either turning round motion in the
plasma. Incompressibility of the plasma makes it possible
to present the velocity components v; ., v; » and v, -, Vs g
as follows:

10W, 10V,
s,roc = = ) s,2 &= T~ ) 25
vs, r Oz vs, r Or (25)
13\112' 18\1’2’
Vip i = — 3 Uiz i = —— 3
' r Oz ' r Or

where W, (r, z), ¥, (r, z) — some potential functions.
As a result we obtain that the functions ¥,(r, z),

Vi(r,z) = r? {SZi (r* —a*) +

4a?

3Z

\Ijs(ra Z) = r2 {r‘;(rz - a2) +

U, (r, z)satisfy the following equations:

D [(Q4 —0 D [Q;9 —0
Dt r 7 Dt r -

1 82\112' 18\112 82\112' [
Qo= (LT _— L TR TR, (26
AT ( or? r Or + 0z ) m; 9 (26)
S N2 RN L P A
ST\ o2 r Or 0z Me i

The simplest Hill’s solution [5] to eq. (26) is given by the
following completely stationary expressions:

157;
BSQICQT, ﬂigz—r—CQTi, Ogrga,
' ’ 2a2 m;
157,r e
5.6 = —o 5 — —, 2
6 2a? C'@rme (27)

B;y=0, Q5=0, Q:9=0, r>aq,

where Z; and 7, € R and ¢ € R4 — some arbitrary con-
stants. Then from (26) one can exact the solution ¥(r, z)
as follows:

37
(2= 7)" = —ZZ} , (28)
37 1
(2= Z) = = p .
T8 75 }

The solution (28) and its derivatives with respect to z and r are compatible at » — a £+ 0 with the corresponding
solution to (26) at z € R, r > a, when £ = 0. From (25) and (28) one can get the following dynamic characteristics

of the plasma flow:

Vip =3Ziv(z — Z3)[2a , ver = 32,7 (2 — Zs) /20,
v = 3a’Zir(z — Z:) 2R3 vi » = 3 Zsr(2 — Z) J2RE,

vis = Zi[ba® — 3(z — Z;)* — 6r°] /2%, 0<r <a,

0<r<a,
T > a;

bl

(29)

Vs,z = Zs[5az - 3(2 - Z5)2 — 67“2]/2a2,

v, = a®Z;[3(z — Z;)® — RIJ2R}, r > a,

)

where R? :=r? 4+ (z — Z;)%, R? :=r? + (2 — Z,)%.

Vg , = a3Z5[3(z — Zs)?’ — R?]/QR?,

The solution (29) describes a spherical vortex in the plasma moving along the axis Oz with the constant velocity
7 = const, this vortex being completely contained inside a sphere of a radius a > 0.

It is obvious that the spherical vortex part of solution (29) can model the plasmoid creation existing during the
interrupted z—pinch in a plasma, described in article [3]. To justify the above conclusion, we need to agree solution
(27) for the velocity & with the corresponding magnetic field equation of (22). Thus we must solve the following
magnetic field equations for the magnetic field By := (B,, By, B,) € R} AZ = Z; — Zs, k = (m; + me)/mim,:
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w? 1 9°B
pe [4
ABy — = By — 2oz - engfig
w? 1 9°B
pe 4
— - = >
A By 2 By 2 o 0r>a

with the solenoidal condition div By = 0. The last two
equations plausibly would lead us to a possibility of con-
forming the vortex structure of a plasmoid from paper
[3] where this hypothesis was claimed too. Thereby we
can formulate the following theorem.

Theorem The dynamic vorter structure (26), (28)
describes a plasmoid generated by the interrupted z—pinch
[3] in a plasma if and only if the solenoidal magnetic field
system (30) is compatible for all r > 0 at some fived pa-
rameters a > 0, AZ # 0 and

Co = 15N Zeng/ [Qaz(k'eno — wzego)]

1

—15AZen0/(2a2w12,i60).

Note. Below we rewrite our equations (19) and (23)
in the following somewhat generalized continual form:

By + w;eB = 2AB + poc’rot j |
E=—vxB+2J,
wi + rot (w x v) (31)
= —engkB: — engk rot (B X v) + vAw,

vy +rotv X v

2
V(p—l—%)—JxB—l—vAz/:O,

nom;

where w = 1ot j, v = vy, B = B, v € Ry —the vis-
cosity and p € C*(R3; R) —some external and intrinsic
ponderomotive pressure in the plasma flow. Equations
(31) are obtained basing on the averaging procedure on

157r
2a?

— kCyrpgeng, 0 < r < a, (30)

the ion time—scale. They can be extended still with the
pressure equation [7,9]:

1 Jp _ . .
y—1 (EJr (vzv)p) =+ 2w Y e, (32)

i,7=1
1 31)2' + 31)]'
€ij = 5 )
J 2 31‘]' 3%

where v = 5/3 — the specific ion heat, n ~ 1 -107%—
the resistivity. The resulting systems (31) and (32) can
be studied also by numerical calculations giving rise to
driven magnetic reconnections of the Hill type sphero-
marks [7] playing an important role in explanation of
the interrupted magnetic z—pinch in a plasma.

The next important question arises whether the solu-
tion obtained above is stable under some small pertur-
bations of the corresponding boundary and initial data.
Fortunately this can be studied in detail and solved af-
firmatively due to the Hamiltonian structure of vorticity
equations (23) as shown in [6]. On some problems impor-
tant for modelling the plasmoid structure we are going
to stay in detail in Part 2 of the article.
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OHUM 13 CTaHIB, ¥ SIKOMY MOsKe IepeByBaTl Ia3Ma B JabopaTOPHUX YMOBaX, € CTaH 13 TypOyJeHTHICTIO;
TOMY BUHUKAE MPpobaeMa BUBUYEHHS eKCTPEMAJIbHIX XapaKTepUCTUK Ty pOyaenTHOTO cTany . Cepel HUX CTPYKTY pa
MarHe THOTO Z—IIHYY BLAITPAa€ Ba KINBY POJb MM PI3HUX TEXHOJOTIH Ta OKepea BUCOKOTEMIIEpPATy PHOI IIa3Mu 1
JOKAJbHIX CUJIBHUX MarHeTHUX moaiB. [Ipm TypOyaeHIni eHepris cUCTeMH PO3ILISETRCA MisK GaraTbMa Pl3HIMKI
momamu. [Ipu yMoBi 3aGe3meueHOCTH MEBHOI YaCOBOl XapaKTePUCTUKU TYPOYIEHINS OMUCY €ThCA KIHE THYUHITM I
PIBHAHHSAMU. Y HAIIOMY PO3TISAAl MU OOMeE KMMOCh TaK 3BaHOIO TypOyJaeHiieto JleHrMopa, ska MPUBOIUTE 10
CTBOPEHHSI BUXPOBOI CTPYKTYPpH B IepepBaHoMy z—mmuul. CrabiabHa 4as cde pUUHOTO ILIa3Mol1a BUXpoBa CTPY K-
Ty pa ICHY € TIe peBa JKHO JOBTUI Yac, K Iie 6yJI0 MoKa3saHo B HeJaBHIX ekcriepuMenTax. OCKIIBKY (PI3UYHI TIPOIIECH,
IO TPUBOIATH OO TAKOl CTPYKTYPH, € HeJIHIHTHIM Y, TOTPIGHO OTPUMATH 3 3araJbHUX ITPUHITAINB Bl IIOBI IHI PiB-
HSHHS IJIs BUXOPIB Ta PO3B’A3aTU 1X 3TLAHO 3 yMOBaMH eKcnepuMeHTY. SIK pesyabrar Mu Maemo mobymyBaTu
napy pose’sa3kiB [lada, cyMiCHY 3 MarHeTHHM ToJdeM, Mo 3abe3ledye MIyKaHl yMOBU CTaBlIBHOCTH IJIs 1CHY-

BaHHA IIJa3MU IIPpU MaTHETHOMY Z—IIiHYl.
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