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In the mean{�eld approximation, assuming the linear concentration dependence of the ther-

modynamic potential coe�cients and taking into account the higher harmonics of spatial order

parameter modulation in the incommensurate phase and interaction between order parameter and

elastic deformation, the temperature and concentrational dependencies of the principal thermody-

namical characteristics of Sn

2

P

2

(Se

x

S

1�x

)

6

uniaxial ferroelectrics are calculated and compared with

the experimental data. Some discrepancy exists at the quantitative comparison of calculated and

experimental data for the temperature dependencies of heat capacity, amplitude and wave vector

of modulation, essentially in the vicinity of the lock{in phase transition in incommensurate phase.

Key words: phase transitions, incommensurate phase, uniaxial ferroelectrics, thermodynamic

properties.
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I. INTRODUCTION

When describing the anomalies in the physical proper-

ties of the crystal in the vicinity of the structural phase

transitions (PT) one has to take into account the inter-

action of the order parameter uctuations with di�erent

spatial nonuniformity scale as well as their relation to

the other degrees of freedom of the crystalline lattice, in

particular, with elastic deformations. These aspects are

also essential when analyzing the anomalies of the ther-

modynamical functions at the phase transitions which

restrict the incommensurate (IC) phases. Up to date one

has only to understand the peculiarities of the critical

behaviour of improper K

2

SeO

4

like ferroelectrics with

the IC phase (of the I type according to classi�cation

[1]). Here the anomalies of the properties in the vicin-

ity of the PT from the paraelectric to the IC phase (T

i

)

obey, in general, three{ dimensional Heisenberg model

with the double component order parameter (the 3d xy

model) [2]. In this case the transition from the IC phase

to the ferroelectric phase (T

c

) called the \lock{in" tran-

sition as well as the evolution of the properties at the

temperature decrease in the IC phase are satisfactorily

described with the allowance made for the higher har-

monics of the order parameter modulation in terms of

the suggestion about the sine polarization wave trans-

formation into the domain{like structure (the solution

lattice) [3]. For the proper NaNO

2

like ferroelectrics with

the II type IC phase [1], one may also expect to describe

the critical behaviour of the properties in the vicinity of

T

i

within the framework of the 3d xy universality class

[2]. However, the origin of the lock{in transition remains

here unclassi�ed [4]. The elucidation of the role of the

higher harmonics of the order parameter modulation at

the low{temperature boundary of the IC phase and the

description of quite distinct �rst order PT at T

c

remain

problematic. Here one has to consider not only the inter-

action of the order parameter with elastic deformations

[4] but also the contribution to the energy of the sys-

tem of interactions resulting from the presence of ther-

mal uctuations of domain walls (the van der Waals type

interaction) [5].

The Sn

2

P

2

(Se

x

Se

1�x

)

6

crystals are the uniaxial fer-

roelectrics. Their temperature{ concentration diagram

passes at x

LP

� 0:28 the Lifshitz point (LP) and the

type II IC phase occurs at x > x

LP

(Fig. 1) [6]. The

critical behaviour of such a type of crystals has been

analyzed theoretically [7], [8]. The experimental data on

the properties of the Sn

2

P

2

(Se

x

Se

1�x

)

6

crystals are com-

pared with the predictions of theory in [9]{ [11]. However,

both the origin of the lock{in transition in Sn

2

P

2

Se

6

and

the concentrational variation of the properties in the IC

phase and along the T

c

(x) line under the variation of the

concentration of the mixed Sn

2

P

2

(Se

x

Se

1�x

)

6

crystals to

the Lifshitz point call for further clari�cation.

In the present paper, phenomenological analysis of the

properties of Sn

2

P

2

(Se

x

Se

1�x

)

6

crystals has been per-

formed with allowance made for the higher harmonics of

the order parameter spatial modulation and the inuence

of long{range elastic forces.

II. TRANSITION FROM PARAELECTRIC TO

FERROELECTRIC PHASE. Sn

2

P

2

S

6

CRYSTAL

It is known that the tin thiohypodiphosphate

(Sn

2

P

2

S

6

) undergoes at T

0

�337 K the structural second

order PT [6]. The paraelectric phase symmetry P2

1

/c

decreases in this case to the Pc subgroup in the low{

temperature ferroelectric phase. The spontaneous polar-
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ization vector P

s

lies in the symmetry plane close to the

[100] direction and is mainly due to the displacement of

the Sn atoms from the centrally symmetric positions by

0.26

�

A . One may conclude the following on the basis of

the mentioned above: the Sn

2

P

2

S

6

crystal is a proper

uniaxial ferroelectric with the single{component order

parameter (P

s

� P

x

).

Fig. 1. Temperature{concentrational phase diagram for

the Sn

2

P

2

(Se

x

S

1�x

)

6

system. LP{Lifshitz point; broken line{

second order phase transitions; solid line{ �rst order phase

transitions.

Recall that the symmetry aspect is the central one

when analyzing the PT in terms of Landau theory. This

allows one to construct the thermodynamical potential

in the form of the expansion into a power series in the

order parameter. The further procedure is known as the

thermodynamical potential method [12] where the di�er-

entiation of the state function F (P; T; x) over the inde-

pendent variables gives the expressions for the observed

physical parameters.

For the Sn

2

P

2

S

6

crystal we shall write the thermody-

namical potential density as:

' = '

0

+

�

2

P

2

+

�

4

P

4

+



6

P

6

; (1)

where, as usual, the coe�cient � = a(T � T

0

) � at

(t = (T � T

0

); a = (@�=@T ) is related to the Curie{

Weiss constant). To achieve the second{order PT, the

coe�cient � has to be positive. The last term in (1) with

the coe�cient  > 0 is satis�ed if the system, similarly

to Sn

2

P

2

S

6

is close to the triple point (in that case the

coe�cient � is much less that its atomic value, � � �at).

From the minimum condition

@'

@P

= 0;

@

2

'

@P

2

> 0 (2)

we �nd out the equilibrium value of the order parameter

in the ferroelectric phase:

P

2

0

=

�

2

�

p

1� 4At� 1

�

; where A =

a

�

2

: (3)

Substituting (3) into (1) we obtain the expression for

the energy of the ferroelectric phase:

'

f

= '

0

�

�

3

24

2

h

(1� 4At)

3=2

� 6At� 1

i

: (4)

Here '

0

is the value of the energy for the paraelec-

tric phase. The isobaric heat capacity in the ferroelectric

phase is

C

E=0

P

= �T

�

@

2

'

@T

2

�

E

P

= C

E

P;0

+

a

2

2�

�

T

p

1� 4At

: (5)

Here C

p;0

is the value of the heat capacity in the para-

electric phase.

The equation of state in the presence of constant elec-

tric �eld E has the following form: E = (@'=@P ).

Hence, we �nd routinely the expression for the dielec-

tric susceptibility:

�

@

2

'

@P

2

�

E=0

p;T

= �

�1

= at + 3�P

2

+ 5P

4

: (6)

Taking into account that in the paraelectric phase the

order parameter is P = 0, while in the ferroelectric phase

it is equal to the equilibrium value (3), we have :

�

�1

=

8

<

:

at ; T > T

0

�

2



�

1�

p

1� 4At� 4At

�

; T < T

0

: (7)

The temperature dependence of the pyroelectric coef-

�cient in the ferroelectric phase is found as :



p

i

= �

�

@

2

'

@E

i

@T

�

p

= �

�

@P

0

@T

�

p

=

p

2

2

�

�

T



1=2

�

3=2

�

h

(1� 4At)

3=2

+ 4At� 1

i

�1

:

(8)

The occurrence of the polarization vector P in the fer-

roelectric phase is accompanied by the deformation u

ij

of the crystalline lattice. This, in turn, results in the rise

of a leap in the temperature dependence of the elastic

module c

ijkl

at the PT point. To make this sure, let as

consider again the expansion (1) with adding that part

of free energy which is responsible for the elastic degrees

of freedom, namely:

'

el

=

1

2

cu

2

+ ruP

2

: (9)
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Here c = c

ijkl

is the elastic module matrix, u � u

ij

=

1

2

�

@u

i

@x

j

�

@u

j

@x

i

�

is the deformation tensor, r = r

ijkl

is the

electrostriction coe�cient. The equilibrium condition (2)

is supplemented by the expression for the elastic modu-

lus:

c =

�

@

2

'

@u

2

�

= c

0

�

2r

2

�

(1� 4At)

�1

: (10)

where c is the elastic modulus value for the paraelectric

phase.

III. PHASE TRANSITIONS SEQUENCES :

PARAELECTRIC{INCOMMENSURATE{

FERROELECTRIC PHASE. Sn

2

P

2

Se

6

CRYSTAL

In the Sn

2

P

2

Se

6

crystal, the transition to the paraelec-

tric phase is proceeded by the second{order PT to the IC

phase at T

i

�221 K [6]. The temperature interval of the

existence of the IC phase is near 28 K. The modulation

wave{vector k lies in the symmetry plane of the crystal

normally to the [010] axis. The modulation period is 12{

14 cells of the initial structure [17]. With temperature

decrease the vector k decreases smoothly (Fig. 2) and at

the point T

c

�193 K assumes abruptly the zero value:

here the �rst order lock{in transition to the commen-

surate ferroelectric state occurs. The symmetry of the

paraelectric phase P2

1

/c is reduced to the Pc subgroup

in the ferroelectric phase [6].

To describe the PT restricting the IC phase, the ex-

pansion of the thermodynamical potential (1) should be

complemented by the gradient terms �

@P

i

@x

j

. Here one

may distinguish two cases: 1) the symmetry of the sys-

tem allows one to construct the Lifshitz invariant of the

�

�

@P

i

@x

j

�

@P

j

@x

i

�

type using the spatial derivatives, and

such IC transition are assigned to the type I (according

to classi�cation [1]). The PT restricting the IC phase in

those crystals whose initial paraelectric phase symmetry

forbids the existence of the Lifshitz invariant are classi-

�ed among the type II transitions.

Since the Sn

2

P

2

Se

6

crystal is a proper uniaxial ferro-

electric, the PT to the IC phase should be considered as

the type II PT, similarly to the situation in the NaNO

2

crystal. In that case the thermodynamical potential for

Sn

2

P

2

Se

6

is expressed in the following form [4]

F =

R

'dV;

' = '

0

+

�

2

P

2

+

�

4

P

4

+



6

P

6

+

�

2

(P

0

)

2

+

�

2

(P

00

)

2

+

�

2

(P

0

)

2

P

2

:

(11)

Again � � at. Here P

0

are the spatial derivatives. The

coe�cients � and � are positive, � < 0 and this describes

the presence of the IC phase [4], [6]. Now one has to con-

sider � < 0 in the uniform part of the expansion (1),

since in the absence of the IC phase the PT to the ferro-

electric phase would be the �rst order PT [9]. The last

term in (11) is of the same order of smallness as the

other gradient terms. The inclusion of this term is im-

portant when describing the temperature dependence of

the wave{vector in the IC phase and the behaviour of

the physical properties at the lock{in transition [4].

Fig. 2. The temperature dependencies of wave vec-

tor modulation in the incommensurate phase for the

Sn

2

P

2

(Se

x

S

1�x

)

6

crystals [19].

The Euler{Lagrange equation of motion for the order

parameter in the IC phase has the following form:

�P

IV

� �P

II

� �

h

P

2

P

II

+ P

�

P

I

�

2

i

+�P + �P

3

+ P

5

= 0:

(12)

The general solution of such equation is quite problem-

atic, however, the partial solutions are known [13] which

indicates that among the variety of solutions the soliton

ones (the domain{wall type) exist too.

Indeed, one can show that the single{periodic solution

of the �rst modi�ed Corteweg{de Vries equation [13]:

P

III

� 6AP

2

P

I

+BP

I

= 0; (13)
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which has the form of a soliton lattice P � sh(z), equa-

tion (12) at the proper choice of constants A;B and the

second integral C. The constants A;B;C in this case are

expressed via the coe�cients of the thermodynamical po-

tential as follows [13]:

A =

�

�

�

r

�

�

�

�

2

� 32



3�

;

B =

�

�

�

�

2A�

�

�

�

20A�

2�

�

�
;

C =

�

�

�

+

�

B +

�

�

�

B

�

�

�

�

� 12A

�

:

(14)

The exact solutions of equation (12) have been found

in [14] for certain cases, however, the transition from the

IC phase to the ferroelectric phase appears to be the

continuous one which contradicts the available experi-

mental data (in particular, those for Sn

2

P

2

Se

6

) stating

that a distinct �rst{order transition must occur in this

case [6].

The above mentioned cases, when the solution for the

order parameter in the form of a soliton lattice can be

obtained imply the compressed crystal and do not allow

for the elastic degrees of freedom. When performing the

experiment, as a rule, the free crystal is under opera-

tion, i.e. one has to take into account the elastic degrees

of freedom. When describing the properties of the IC

phase the allowance made for these degrees of freedom

is even more necessary since the spatially non{uniform

polarization distribution results in the occurrence of the

spatially non{uniform deformation. As is known [4], an

energy \gap" due to the long{range elastic forces arises

between the states with the uniform and non{uniform

deformations.

When solving (12) with the allowance made for the

elastic degrees of freedom we might expect to obtain the

�rst{order lock{in transition, since the long{range elastic

forces, as will be shown below, a�ect \dominantly" the

evolution of the sine distribution of the order parameter

in the mode of soliton or domain{like distribution.

Further we shall follow the way of the authors of. Ref.

[4] to describe the PT in NaNO

2

. Let us take the one{

harmonical (sinusoidal) approximation as the basis for

this consideration. Then we shall take into account the

�rst by order \higher" harmonics and de�ne the impor-

tance of their inclusion in describing the temperature

behaviour of physical properties of the IC phase. And,

�nally, we shall try to de�ne the inuence of long{range

elastic forces on the lock{in transition.

Fig. 3. The heat capacity temperature dependencies for the Sn

2

P

2

(Se

x

S

1�x

)

6

crystals. a | x=0 (1); x=0.1 (2); x=0.2 (3).

b | x=1 [9].

When considering the ferroelectric phase in (11) the

gradient terms may be omitted and we shall analyze only

the uniform part of the expansion in the following form:

' = '

0

+

1

2

atP

2

+

1

4

B

0

P

4

+

1

6

P

6

: (15)

Here '

0

is the paraelectric phase energy, B

0

= ��4K

is the coe�cient � renormalized by the uniform deforma-

tion (note that for Sn

2

P

2

Se

6

B

0

< 0, i.e. in the absence of

the IC phase the immediate transition from the paraelec-

tric phase to the ferroelectric one becomes the �rst{order

transition. [9]).

Minimizing (15) over P , we �nd the expression for the

order parameter:

P

2

= �

B

0

2

�

1 +

p

1� 4At

�

; where A �

a

B

2

0

: (16)

Inserting (16) into (15) gives the energy of the ferro-

electric phase:
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'

f

= '

0

+

B

3

0

24

2

h

(1� 4At)

3=2

� 6At+ 1

i

: (17)

The reciprocal of the dielectric susceptibility is:

�

�1

=

B

2

0



h

(1� 4At)

1=2

� 4At+ 1

i

: (18)

The isobaric heat capacity is described by the relation:

�C

E

p

=

a

2

2B

0

�

T

p

1� 4At

: (19)

In the paraelectric phase, the order parameter is zero,

P = 0, and the energy is '

0

, while the heat capacity is

C

E

p;0

= �T

�

@

2

'

@T

2

�

E

in the presence of the electric �eld.

The equation of state has the following form for the para-

electric phase:

atP

0

= E; (20)

where P

0

is the polarization induced by the �eld E. Then

the reciprocal of the dielectric susceptibility, of the para-

electric phase is:

�

�1

=

�

@E

@P

0

�

E!0

= at: (21)

A. Incommensurate phase. An one{harmonical

approximation

The occurrence of the spatially non{uniform distribu-

tion of polarization in the modulated IC phase results in

the appearance of the non{uniform deformation. Taking

into account the elastic degrees of freedom in the form

of addend (9) to the expansion (11) of the thermody-

namical potential in the deformation tensor u

ij

, we shall

distinguish the uniform part u

0

ij

:

u

ij

= u

0

ij

+

X

k=0

ik

j

u

i

(k) e

ik

j

r

: (22)

Here u

i

(k) is the Fourier{component of the displace-

ment component u

i

. Minimizing expression (9) sepa-

rately over the uniform and non{uniform deformation,

we obtain [15].

F

ee

=

R

'

ee

dV = �K

P

k

P

2

k

P

2

�k

�

P

k 6=0

e

KP

k

i
P

�k

i

�k

P

�k

ii
P

k

ii

+k

:

(23)

Coe�cients K and

e

K in the isotropic case are written

as :

K =

r

2

2�

;

e

K =

r

2

2

�

� +

4

3

�

�

; (24)

where r = r

iijj

are, the electrostriction coe�cients, �

and � are the bulk and shear elastic module, respectively.

Fig. 4. The dielectric constant temperature dependencies

for Sn

2

P

2

(Se

x

S

1�x

)

6

crystals. x=1 | (1); x=0.9 | (2);

x=0.8 | (3) [9].

For the IC phase the thermodynamical potential (11)

with the allowance made for the elastic degrees of free-

dom (23) in the one{harmonical approximation has the

following form:

'

IC

= �(k)P

k

P

�k

+

3

2

B

1

P

2

k

P

2

�k

+

10

3

P

3

�k

P

3

k

: (25)

Here:

�(k) = �+ �k

2

+ �k

4

; (26)

B

1

= B

0

+�+

2

3

�k

2

; (27)

B

0

= � � 4K; � =

4

3

�

K �

e

K

�

: (28)
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� is an energy \gap" de�ned by the long range elastic

forces [4, 15].

From the condition

@�(k)

@k

= 0 the temperature T

i

at

the transition to the IC phase is found as:

T

i

= T

0

+

�

4�a

; (29)

and the modulation wave{vector at the point T

i

is:

k

i

= �

�

2�

: (30)

Below T

i

the vector k has the temperature dependence

derived from the condition of minimum:

@'

IC

@k

= 0; k

2

= k

2

i

�

�

2�

P

k

P

�k

: (31)

Substituting (31) and (30) into (25) gives the following

form of the thermodynamical potential of the IC phase:

'

IC

= (�� �

i

)P

k

P

�k

+

3

2

B

�

1

P

2

k

P

2

�k

+

10

3



�

P

3

k

P

3

�k

;

(32)

where

�

i

=

�

2

4�

� a(T

i

� T

0

); (33)

B

�

1

= B

0

+�+

2

3

�k

2

i

; (34)



�

=  �

3

40

�

2

�

: (35)

From the condition of minimum

@'

IC

@P

�k

= 0 we �nd

the expression for the temperature dependence of the

squared polarization wave amplitude in the IC phase:

P

k

P

�k

=

3B

�

1

20

�

 

r

1�

40

9

A

�

t

i

� 1

!

; (36)

where A

�

�

a

�

B

�

1

; t

i

� (T � T

i

).

The energy of the IC phase is:

F

IC

= �

27B

�

1

1200

�2

�

"

�

1�

40

9

A

�

t

i

�

3=2

+

180

27

A

�

t

i

� 1

#

:

(37)

The temperature behaviour of heat capacity in the IC

phase is described by the relation:

�C

p

=

a

2

3B

�

1

�

T

q

1�

40

9

A

�

t

i

: (38)

The constant electric �eld E induces the polarization

P

0

which adds to the expansion (25) for the IC phase the

additional term P

0

P

k

P

�k

. Leaving for simplicity only the

terms essential when considering the dielectric suscepti-

bility in (25) we shall write this part of the potential in

a form:

'

IC

=

�

�(k) + 3B

2

P

2

0

�

P

k

P

�k

+15P

2

0

(P

k

P

�k

)

2

+ �P

2

0

� P

0

E:

(39)

Here:

B

2

= B

0

+ 2�+

1

3

�k

2

: (40)

From expansion (39) we shall �nd in the usual way the

expression for the reciprocal of the dielectric susceptibil-

ity in the one{harmonical approximation

�

�1

0h

= �+ 6B

2

P

k

P

�k

+ 30P

k

P

�k

; (41)

or, after substituting the expression for the P

k

P

�k

from

(36), we have:

�

�1

0h

= at�

3B

�2

1



�2

A

�

t

i

+

9B

�

1

10

�

�

B

2

�

3B

�

1

2

�

�

�

 

r

1�

40

9

A

�

t

i

� 1

!

:

(42)

B. Incommensurate phase. The inclusion of higher

harmonics

Lets us �nd the expression for the dielectric suscep-

tibility which takes into account the contribution of

the higher polarization modulation harmonics. Since the

electric �eld E generates all harmonics (odd and even),

then the �rst further harmonics after the fundamental

one, P

�k

will be the second harmonics P

�2k

. In that case

the following terms should be added to expansion (25)

or (39) (these terms being of the same order of smallness

and essential in considering the dielectric susceptibility):
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�'

IC

(2k) =

�

�(2k) + 6B

1

2

P

k

P

�k

+ 30P

2

k

P

2

�k

�

P

2k

P

�2k

+3B

3

P

0

�

P

2

k

P

�2k

+ P

2

�k

P

2k

�

+ 20P

0

P

k

P

�k

�

P

2

�k

P

2k

+ P

2

k

P

�k

�

(43)

Here �(2k) is similar to expression (26) with k being

substituted by 2k:

B

1

2

= B

0

+ 2�+

5

3

�k

2

; (44)

B

3

= B

0

+ 3�+ �k

2

: (45)

As a result of minimizing the potential �'

IC

(2k) over

the second harmonics P

�2k

we shall �nd the additional

contribution given by the latter to the \one{harmonical"

dielectric susceptibility (41,42) [4]:

��

�1

2h

= �

2 (3B

3

+ 20P

k

P

�k

)P

2

k

P

2

�k

�+ 8�

i

+ 6B

1

2

P

k

P

�k

+ 35P

2

k

P

2

�k

: (46)

Here one has to use expression (36) for (P

k

P

�k

). If one

decides to simplify the situation and not to consider the

non{linear terms of the P

3

k

P

3

�k

order in the IC phase, i.e.

to set  = 0, then expressions (41), (46) for the dielec-

tric susceptibility are simpli�ed and after the insertion

of amplitudes

P

k

P

�k

= �

�� �

i

3B

�

i

; (47)

will take the following form:

�

�1

IC

= �

�1

0h

+ �

�1

2h

= �� 2 (�� �

i

)

B

2

B

�

1

�

2 (�� �

i

)

2

�

B

1

2

B

�

1

�

�+ 8�

i

� 2 (�� �

i

)

B

2

B

�

1

:

(48)

Consider now the contribution of higher harmonics to

the heat capacity of the IC phase. For a more vivid repre-

sentation we shall use the \weak" non{linearity approx-

imation, i.e. set  = 0, and � = 0 in expansion (11).

Moreover, we shall neglect the elastic degrees of free-

dom.

In the absence of electric �eld E the non{linear term � � P

3

generates the odd higher order harmonics, i.e. the

third harmonics P

�3k

becomes the next one after the fundamental harmonic P

k

. Then the expansion of the thermo-

dynamical potential of the IC phase in the accepted approximation takes the following form:

'

E=0

IC

= �(k)P

k

P

�k

+

3

2

�P

2

k

P

2

�k

+ �(3k)P

3k

P

�3k

+

3

2

�P

2

3k

P

2

�3k

+

+6�P

k

P

�k

P

3k

P

�3k

+ �

�

P

3

k

P

�3k

+ P

3

�k

P

3k

�

:

(49)

From the condition of minimum

@'

@P

�3k

= 0 we obtain:

P

�3k

= �

�P

3

�k

�(3k) + 6�P

k

P

�k

; (50)

where �(3k) is similar to (26) with the substitution k! 3k. Inserting (50) into (49) gives:

'

E=0

IC

= (�� �

i

)P

k

P

�k

+

3

2

P

2

k

P

2

�k

�

�

2

�+ 36�

i

P

3

k

P

3

�k

: (51)

Minimizing (51) we obtain the temperature dependence of the polarization wave amplitude in the IC phase with

the allowance made for the \higher" harmonics:

P

k

P

�k

=

�+ 63�

i

2�

�

1�

r

1�

4

3

�� �

i

�+ 63�

i

�

: (52)
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Inserting (52) into (51) we �nd the energy and then ob-

tain the expression for the heat capacity of the IC phase

with the induction of higher harmonics:

�C

E=0

p

=

T

i

a

2

3�

�

1�

2

3

�

�� �

i

�+ 63�

i

�

: (53)

IV. INCOMMENSURATE PHASE EVOLUTION

WITH APPROACHING THE LIFSHITZ POINT.

THE CONCENTRATIONAL DEPENDENCE OF

PHYSICAL PROPERTIES OF Sn

2

P

2

(Se

X

S

1�X

)

6

CRYSTALS

When the Se atoms in Sn

2

P

2

Se

6

are substituted by

the S atoms, the continuous series of solid solution

Sn

2

P

2

(Se

x

S

1�x

)

6

is obtained. The temperature T

0

of

the second order transition in Sn

2

P

2

S

6

decreases with Se

concentration. The second order PT line T

0

(x) is formed

on the T �x diagram and this line is split at the Lifshitz

point (x

LP

� 0:28) into the T

i

(x) line of the second or-

der transitions and the T

c

(x) of the �rst order transitions

(these lines fringe the IC phase). In Sn

2

P

2

Se

6

the tem-

perature interval of the existence of the IC phase is 28 K

(Fig. 1) [6].

Fig. 5. The heat expansion of the Sn

2

P

2

Se

6

crystal [18].

�| the normalized on the value at T

c

=193K anomalous part

of linear dimension temperature changes.

In the subsections 1.2 we have performed the phe-

nomenological analysis of the temperature behaviour of

the principal physical characteristics at the phase trans-

formations \paraelectric{ferroelectric phase" and \para-

electric phase{ IC phase{ferroelectric phase" which cor-

respond the situation in the Sn

2

P

2

S

6

and Sn

2

P

2

Se

6

.

When analyzing the situation in Sn

2

P

2

Se

6

with the

IC phase we have applied the almost thermodynami-

cal potential of Sn

2

P

2

S

6

with the addition of the gra-

dient terms. Since the physical properties of solid solu-

tions Sn

2

P

2

(Se

x

S

1�x

)

6

depend continuously on the im-

purity concentration, the thermodynamical potential co-

e�cients �,�,,�,� and � which characterize uniquely the

state of the crystal are so assumed to depend on the im-

purity concentration. Thus, unlike the pure crystals, the

solid solutions, besides the usual parameters, possess the

speci�c characteristics, i.e. the impurity component con-

centration describing new additional degrees of freedom

which should be taken into account when constructing

the thermodynamical potential.

Fig. 6. The calculated by relation (52) temperature depen-

dencies of spontaneous polarization P

s

in ferroelectric phase

(T < T

c

=193K), and of amplitude modulation (P

k

P

�k

)

0:5

in incommensurate phase (T

c

< T < T

i

=221K) for the

Sn

2

P

2

Se

6

crystal.

According to the Landau theory of solutions [12], the

thermodynamical potential density of the system per sin-

gle solvent molecule can be expressed for the simplest

binary solution as

� = '(P; T ) + xkTLn

x

1

+ x'

1

(p; T ) + x

2

'

2

(P; T ); (54)

where x de�nes the impurity concentration; the �rst item

governs the behaviour of the thermodynamical potential

at x = 0 (i.e. the potential of the main subsystem in

the form of expansion (11)), while the second item dic-

tates the contribution of the concentrational subsystem

and two last ones characterize their interaction with ',

'

1

and '

2

being the functions of the same variables.

The thermodynamical potential of the whole system in

this case is presented in a form of a superposition of

three components (� = �

f

+ �

x

+ �

fx

), where the �rst

item describes the ferroelectric subsystem (an expansion

into a power series in polarization P and P

0

), the sec-

ond one de�nes the concentrational subsystem (an ex-

pansion into a power series in impurity concentration:

x

i

; (1� x

i

); x

j

(1 � x

i

); where i; j = 1; 2 ) and the third

item governs the interaction between the subsystems (an

expansion with the transition terms of x

i

P

2j

type, where
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i; j = 1; 2 : : :). Grouping the terms with the same polar-

ization powers and performing elementary transforma-

tions we may reduce the thermodynamical potential of

the system to the customary form, where the expansion

coe�cients depend on concentration:

� = �

0

+

1

2

�(T; x)P

2

+

1

4

�(T; x)P

4

+

1

6

(T; x)P

6

+

1

2

�(T; x)

�

@P

@z

�

2

+

1

2

�(T; x)

�

@

2

P

@z

2

�

+

1

2

�(T; x)P

2

�

@P

@z

�

2

;

(55)

where �(T; x) = a(x) [T � T

0

(x)] : If one introduces

the notation for the extreme compounds Sn

2

P

2

Se

6

and

Sn

2

P

2

S

6

a(x = 0) � a

1

; a(x = 1) � �

2

and, similarly

T

0

(x = 0) � T

01

; T

0

(x = 1) � T

02

, then in the linear

approximation over concentration we can write:

�

0

T

(x) = (1� x) � a

1

+ xa

2

;

T

0

(x) = (1� x) � T

01

+ xT

02

:

(56)

Similarly, for � and  coe�cients we have:

�(x) = (1 � x)�

01

+ x�

02

;

(x) = (1� x)

01

+ x

02

:

(57)

Fig. 7. The calculated by relations (19),(53) temperature

dependence of heat capacity for the Sn

2

P

2

Se

6

crystal. 1-

the nonlinearity are taking into account ( 6= 0), but high

harmonics of modulation are neglected (P

3k

P

�3k

= 0); 2-

P

3k

P

�3k

6= 0,  = 0.

At the Lifshitz point �(T

LP

; x

LP

) = 0 and in the vicin-

ity this coe�cient can be expanded into a power series in

(x� x

LP

) and (T � T

LP

). Leaving the �rst order terms,

we have [16,17]:

�(T; x) =

�

@�

@x

�

T

(x� x

LP

) +

�

@�

@T

�

x

(T � T

LP

); (58)

or �(T; x) = �

x

(x� x

LP

) where

�

x

�

��

@�

@x

�

+

�

@�

@T

��

@T

0

@x

�

LP

�

: (59)

Other expansion coe�cients (�,�) should be consid-

ered constant. Then the modulation wave vector k

i

at

the line T

i

(x) in the vicinity of the Lifshitz point has the

following concentrational dependence:

k

2

i

(x) = �

�(x)

2�

=

�

x

2�

(x

LP

� x): (60)

Using the analytical expressions for the physical char-

acteristics of extreme compounds Sn

2

P

2

S

6

and Sn

2

P

2

Se

6

obtained in subsections 1 and 2, and employing condi-

tions (56{59) for the concentrational dependence of the

thermodynamical potential coe�cients, we obtain the

transformation of the temperature anomalies of ther-

modynamical functions when approaching the Lifshitz

point.

V. DISCUSSION OF THE RESULTS AND THE

ANALYSIS OF THE EXPERIMENTAL DATA

Let us compare the results of phenomenological anal-

ysis with the available experimental data. To do this

we shall calculate the thermodynamical potential coef-

�cients �

T

, B

0

,  for the Sn

2

P

2

S

6

crystal. With the

temperature behaviour of dielectric permittivity in the

paraelectric phase we �nd the value of the Curie{Weiss

constant C = 0.7�10

5

K

�1

[9]. Coe�cient a = (C"

0

)

�1

,

where "

0

is a dielectric constant. As a result we have

a �1.6�10

6

J�m�K

�1

�C

�2

. The coe�cient B

0

= � �K is

found from the heat capacity leap in Sn

2

P

2

S

6

at T

0

using

the relation �Cp =

T

0

a

2

2B

0

. Taking the heat capacity leap

of �C

p

=170 J�mol

�1

�K

�1

( 3) and employing the above

values for �

T

we haveB

0

=7.4�10

8

� J�m

5

�C

�4

. The atomic

value �

at

at far from the PT point is found from the con-

dition aT

0

� �

at

P

sat

where P

sat

=0.15 C�m

�2

. Hence,

we obtained quite low a value of B

0

indicating that the

second-order PT in the Sn

2

P

2

S

6

crystal is sought to be

close to the TCP, where B

0

! 0. The low value of the co-

e�cient B

0

substantiates the inclusion of the next invari-

ant P

6

in to the thermodynamical potential expansion.

The coe�cient  is derived from the temperature de-

pendence of the heat capacity in the ferroelectric phase:

 =3.5�10

10

J�m

9

�C

�6

[9]. The relations for the temper-

ature dependence's of polarization (3), heat capacity (5)

and dielectric permittivity (7) allow one to calculate their

anomalies at PT. We obtain a good agreement with the

experimental data with the exception of a small tempera-

ture domain of the paraelectric phase (T

0

; T

0

+5K) where
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the \tails" of the dependence's C

p

(T ) and P

s

(T ) occur

[11] and the deviation from Curie{Weiss law is observed

for "(T ) [10].

Fig. 8. The calculated temperature dependence of dielec-

tric susceptibility relative value by relation (42, 46, 48) for the

Sn

2

P

2

Se

6

crystal at di�erent conditions: 1 | high harmonics

P

2k

P

�2k

are take into account but energy \gap" � = 0; 2 |

P

2k

P

�2k

6= 0, � 6= 0; 3 | P

2k

P

�2k

= 0, � = 0. For all cases

 = 0.

Fig. 9. The calculated by relation (48) concentrational evo-

lution of dielectric constant temperature dependence for the

Sn

2

P

2

(Se

x

S

1�x

)

6

crystals P

2k

P

�2k

6= 0; � 6= 0.

For the Sn

2

P

2

Se

6

crystal, the coe�cients a; �

0

and

 are obtained similarly to the case of Sn

2

P

2

S

6

. Here

a =1.6�10

6

J�m�C

�2

�K

�1

, since Curie{Weiss constant is

nearly constant [9], B

1

=1.2�10

9

J�m

5

�C

�4

. One may con-

clude in terms of the approximation about the linear con-

centrational variation ofB

0

coe�cient that at S!Se sub-

stitution B

0

changes its sign at x = 0:6 and for Sn

2

P

2

Se

6

B

0

=-4.8�10

8

J�m

5

�C

�4

. Hence, in the absence of the IC

phase in Sn

2

P

2

Se

6

the �rst order PT must arise. How-

ever, since the second order PT to the IC phase occurs

at T

i

, the following condition should hold:

�

2

4�

>

3B

2

0

16

.

From the expressions (29) and (30) for the IC phase

width and the value of the wave vector k

l

we �nd the co-

e�cients � and �: � �-4�10

�10

J�m

3

�C

�2

, � �2.2�10

�27

J�m

5

�C

�2

. The value of � is found from the tempera-

ture dependence of the wave vector k in the IC phase:

� �1.2�10

�8

J�m

7

�C

�4

. The electrostriction coe�cients

r

ijkl

can be estimated in di�erent ways: using the data

on the linear thermal expansion and those on the lon-

gitudinal ultrasound velocity leap at the PT point. The

estimations of K and

e

K give the value of the energy

\gap": � =1.7�10

8

N�m

�2

[9].

Figure 6 shows the temperature dependence of the or-

der parameter calculated for Sn

2

P

2

Se

6

. Formulae (52)

describe well the experimental data [18], However, in

the IC phase in the vicinity of the T

c

the order pa-

rameter has somewhat di�erent experimental tempera-

ture dependence. The isobaric heat capacity calculated

by formula (53) for  6= 0 is plotted in Fig. 7. This �g-

ure also presents the temperature dependence of heat

capacity at  = 0 with the allowance made for the next

(third) harmonic. A distinct increase of C

p

is seen against

the \plateau" typical for the sinusoidal approximation on

cooling down to T

c

. This leap illustrates the \contribu-

tion" of higher harmonic.

The results of the temperature dependence of dielec-

tric permittivity calculations by relations (42), (46) and

(48) is plotted in Fig. 8. Here the contribution of the

\�rst" and \second" harmonics is indicated. It is seen

that the \second" harmonic plays an essential role in the

behaviour of "

0

in the IC phase close to T

c

. The inu-

ence of the long{range elastic forces is also seen in Fig. 8

where the dielectric permittivity is shown as calculated

with the allowance made for the \gap" � and its ab-

sence. It is seen that the presence of � in the expression

for "

0

enhances the indications of the �rst{order lock{in

transition.

Let us compare the calculated data with the exper-

imental results. In general, if one takes into account

the higher harmonics of the order parameter spatial

modulations, the relationship of the order parameter

with the elastic deformations and the non{linearity's

(



6

P

6

;

�

2

P

2

(P

0

)

2

invariants), the temperature depen-

dence of the real part of the dielectric susceptibility over

the entire temperature region of the existence of the

IC phase is described satisfactorily (see Fig. 4, 9). The

principal features of the concentrational variation of the

anomalies in "(T ) in the mixed Sn

2

P

2

(Se

x

S

1�x

)

6

crystal

under the composition variation with approaching the

LP (Fig. 9) are also explained. However, for the com-

position in the vicinity of the LP the calculated depen-

dence's "

0

(T ) reveal a minimum. The lack of this min-

imum in the measured dependence (Fig. 4) may result

from a slight nonlinearity of concentrational dependence

of the thermodynamical potential coe�cients. This dis-

crepancy can also be attributed to the defectiveness of

the mixed crystal structure.
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For the Sn

2

P

2

Se

6

crystal at those thermodynamical

potential coe�cients which allow one to describe the de-

pendence "

0

(T ) a distinct divergence between the exper-

imental data and calculations is observed in the tem-

perature dependence's of the heat capacity (Fig. 3, 7)

and squared order parameter (Fig. 5, 6) at the low{

temperature boundary of the IC phase. It is obvious that

the higher harmonic of the order parameter modulation

taken into account are not su�cient in describing the in-

crease of C

p

and P

2

observed in the IC phase on cooling

down to T

c

.

Fig. 10. The calculated by relation (31) temperature de-

pendence of wave vector modulation value in incommensu-

rate phase of the Sn

2

P

2

Se

6

crystal. The higher harmonic of

modulation is taking into account (P

2k

P

�2k

6= 0). 1- = 0; 2-

 6= 0.

The most distinct disagreement between the calculated

and experimental data is revealed when analyzing the

temperature dependence of the modulation wave vector

k(T ) in the IC phase (Fig. 2, 10). Thus, for Sn

2

P

2

Se

6

the rise of the rate of k decrease on cooling down to

T

c

is observed. The inclusion of the higher modulation

harmonics, indeed, allows one to describe that tendency.

However, that made for the nonlinearity (the



6

P

6

in-

variant) results in the occurrence of a clear deviation

of the calculated dependence k(T ) from the experimen-

tal one: the calculations in this case give the dependence

k(T ) with the opposite curvature sign. It should be noted

that just the non{ equality of the  value to zero allows

a considerable increase of heat capacity in the IC phase

on crystal being heated to T

i

to be explained (Fig. 7).

VI. CONCLUSIONS

In the mean{�eld approximation, assuming the linear

concentrational dependence of the thermodynamical po-

tential coe�cients and taking into account the higher

harmonics of the spatial order parameter modulation

in the IC phase, as well as the relationship between

the order parameter and the elastic deformations in the

proper uniaxial Sn

2

P

2

(Se

x

S

1�x

)

6

ferroelectrics, the fol-

lowing items are satisfactorily described: I) the form of

the temperature{composition diagram with the Lifshitz

point at x

LP

� 0:28 and the \virtual" triple point near

x = 0:6; II) the anomalies of the temperature depen-

dencies of the principal thermodynamical characteristics

(i.e. the order parameter, the dielectric susceptibility, the

heat capacity) at the stability boundary of the paraelec-

tric phase (T

0

(x) at x < x

LP

, T

i

(x) at x > x

LP

) and

in the IC phase in the vicinity of the lock{in transition

(the T

c

(x) line at x > x

LP

). However, di�culties emerge

when we compare the data of the quantitative calcula-

tions of the anomalies of various properties with the ex-

perimental data, essentially for the temperature vicinity

of the lock{in phase transition (T

c

). That discrepancy is

revealed most distinctly when analyzing the temperature

dependence of the structure modulation wave{vector in

the IC phase. By the way, to date no indications are avail-

able as to the revelation of the higher harmonics of the

structural modulation in the IC phase of the Sn

2

P

2

Se

6

crystal [19] which complicates their adequate inclusion

when analyzing the thermodynamical properties.

To achieve the best understanding of the origin of the

lock{in transition in the proper ferroelectrics with the

IC phase one has, evidently, to take into account the at-

traction energy of domain walls which arise from their

thermal uctuations. Such an interaction in the vicinity

of T

c

appears to be essential [5]. The possibility of soli-

tonic and sinusoidal structural modulations coexistence

[20], [21] also must be de�ned for the IC phase of the

Sn

2

P

2

Se

6

crystals.

The amplitudes of the uctuational e�ects in Sn

2

P

2

S

6

and Sn

2

P

2

Se

6

ferroelectrics are not so much to T

0

(T

i

)

[10], [11]. But, as follows the from theoretical analysis

[22], for solids the uctuations in any case may shift

the coordinates of the triple point. So, the shape of

Sn

2

P

2

(Se

x

S

1�x

)

6

ferroelectrics phase diagram which we

have de�ned in mean �eld approximation probably is to

be reanalyzed taking into account the uctuations inu-

ence. It is natural to believe that defects may also have

a strong e�ect on the properties of the IC phase.
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ANAL�Z U NABLI�ENN� SEREDN^OGO POL� TERMODINAM�QNIH

VLASTIVOSTE�KRISTAL�V Sn

2

P

2

(Se

x

S

1�x

)

6

U PARAELEKTRIQN��, NESUM�RN��

TA SE�NETOELEKTRIQN��FAZAH

M. M. Homa, O. O.Molnar, �. M. Visoqans~ki�

�nstitut f�ziki ta hem�Ý tverdogo t�la

U�gorods~ki� der�avni� un�versitet

vul. P�dg�rna, 46, 294000, U�gorod

U nabli�enn� seredn~ogo pol�, pripuska�qi l�n��nu koncentrac��nu zale�n�st~ koef�c�nt�v termodi-

nam�qnogopotenc��luta vrahovu�qiviw� garmon�kiprostorovoÝ modul�c�Ý parametrapor�dku v nesum�rn��

faz�, a tako� vzamod�� parametrapor�dku z pru�nimi deformac��mi, rozrahovano temperaturn� ta kon-

centrac��n� zale�nost� odnov�snih se�netoelektrik�v Sn

2

P

2

(Se

x

S

1�x

)

6

. Rezul~tati rozrahunk�v z�stavleno

z eksperimental~nimi danimi. Pri k�l~k�snomu z�stavlenn� sposter�gamo de�ku v�dm�nn�st~ rozrahova-

nih ta spostere�uvanih temperaturnih zale�noste� dl� pitomoÝ teplomnosti � ampl�tudi hvil~ovogo

vektora modul�c�Ý v nesum�rn�� faz� v okol� lock{in fazovogo perehodu.
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