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Dl� sistemi z kol~orovim mul~tipl�kativnim xumom pokazano, wo nel�n��n�st~ vih�d-

nogo sinergetiqnogo potenc��lu tipu �

2+m

u r�vn�nn� Lan�evena privodit~ do rozxirenn�

fazovogo prostoru stohastiqnoÝ sistemi. Na priklad� sistemi popul�c��noÝ dinam�ki �z qa-

som korel�c�Ý xumu �

c

!1 vi�vleno, wo vnutr�xn� fraktal~na vim�rn�st~ viznaqat~s� �k

D = m, tod� �k dl� sistem �z b�lim xumom D = 0.

Kl�qov� slova: stohastiqna sistema,fazovi� pereh�d,fraktal~na vim�rn�st~.

PACS number(s): 05.40.+j, 05.70.Fh, 64.60.{i, 82.20.Fd

Ostann�m qasom u k�netiqn�� teor�Ý vse b�l~xoÝ ak-

tual~nosti nabuva�t~ stohastiqn� sistemi z mul~-

tipl�kativnim xumom, �k� zastosovu�t~ do proces�v

f�ziki, hem�Ý ta b�olog�Ý. Metodi dosl�d�enn� ta-

kih sistem privod�t~ do anal�zu r�vn�nn� evol�c�Ý

funkc�Ý rozpod�lu. Na osnov� strukturi r�vn�nn�

Fokkera{Planka ta �ogo rozv'�zku vi�vl�t~s� �n-

formac�� pro ner�vnova�ni� fazovi� pereh�d ta oso-

blivost�poved�nki opisuvanoÝsistemi [1].Hoqaprak-

tiqnu c�nn�st~ ma�t~ osoblivost� funkc�Ý rozpod�lu

(napriklad, maksimumi towo) [2], ta dekoli vini-

ka qimalo pitann~ pro Ýhn� f�ziqnu prirodu (v�do-

mim efektom  utvorenn� kondensatu [3], wo v�d-

pov�da rozb��nost� stac�onarnogo rozpod�lu). U ta-

komu raz� dosl�d�enn� u �mov�rn�snomunapr�mku do-

povn�t~s�, napriklad, fraktal~nimi u�vlenn�mi

[4] pro evol�c�� stohastiqnoÝ zm�nnoÝ x(t). �k re-

zul~tat, fraktal~ni� opis pro�sn� kartinu wodo

poved�nki sistemi.

Dosit~ dokladno vivqenimi  sistemi z b�lim xu-

mom.Dl� nih dosl�d�enn� suto difuz��nih proces�v

mo�na odnakovo provoditi, vihod�qi �k z r�vn�nn�

Fokkera{Planka, tak � z evol�c��nogo r�vn�nn� dl�

x(t). Prote dl� sistem z kol~orovim xumom c� dva

p�dhodi, �k bude viznaqeno ni�qe, ne  r�vnoprav-

nimi (okr�m vipadku malogo korel�c��nogo qasu zov-

n�xn~ogo xumu �

c

! 0). Take tverd�enn� vipliva

z anal�zu uzagal~nenogo evol�c��nogo r�vn�nn� dl�

funkc�Ý rozpod�lu za umovo� sil~no korel~ovanogo

zovn�xn~ogoxumu [5].U nax�� robot�bude rozgl�nuto

r�vn�nn� Fokkera{Planka dl� stohastiqnoÝsistemi,

wo opisut~s� potenc��lom �

2+m

model� z mul~ti-

pl�kativnim xumom �z qasom relaksac�Ý �

c

! 1 v

por�vn�nn� z m�kroskop�qnim qasom kvantovih pere-

hod�v �

0

. Bude z'�sovano efekt rozxirenn� fazovogo

prostoru stohastiqnoÝ sistemi zavd�ki nel�n��nost�

tipu �

2+m

sinergetiqnogo potenc��lu u vih�dnomu

r�vn�nn� Lan�evena.

Rozgl�nemo stohastiqnu sistemu, evol�c�� �koÝ

opisut~s� r�vn�nn�m

dx

dt

= f(x) + g(x)�(t); (1)

de x | stohastiqna zm�nna, wo predstavl� am-

pl�tudu g�drodinam�qnoÝ modi; determ�n�stiqna sila

f(x) = �@V=@x v�dpov�davih�dnomu sinergetiqnomu

potenc��lov� �

2+m

model� (m = 1; 2), tobto

V � V (x) = �

"x

2

2

+

x

2+m

2 +m

; (2)

" | keru�qi� parametr, wo v�d�gra rol~ tempera-

turi v potenc��l� Landau; mul~tipl�kativni� xum

vibrano z ampl�tudo� g(x) = x. Budemo vva�ati, wo

neperervni� gaus�vs~ki� xum �(t) model�t~s� pro-

cesom Ornxta�na{Ulnbeka

d�

dt

= �� + �(t); (3)

de  � �

�1

c

| k�netiqni� koef�c�nt, �

c

| qas ko-

rel�c�Ý xumu ; �(t) | b�li� xum, viznaqeni� momen-

tami h�(t)i = 0, h�(t)�(t

0

)i = �

2

�(t�t

0

) z �ntensivn�st�

�

2

. Rozv'�zok sistemi r�vn�nn~ (1), (3) ma bezl�q re-

al�zac��, tomu perehod�t~ do vikoristann� evol�c��-

nogo r�vn�nn� gustini �mov�rnosti.

Dotrimu�qis~ metodu pobudovi k�netiqnogo r�v-

n�nn� [5], pere�demo do gam�l~tonovogo formal�zmu.

Dl� c~ogo potr�bno vvesti v rozgl�d pole ', �k ka-

non�qno spr��ene z polem x. Tod� dl� x ta ' mo�na

zapisati r�vn�nn� ruhu

dx

dt

=

@H(x; ')

@'

; (4)

d'

dt

= �

@H(x; ')

@x

; (5)
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de gam�l~ton��n viznaqamo zg�dno z

H(x; ') = 'f(x) + 'g(x)�(t): (6)

P�dstanovka (6) u (4) privodit~ do r�vn�nn� Lan-

�evena (1). Dl� (5) mo�na zapisati formal~ni�

rozv'�zok

'(t) = '

0

exp

0

@

�

t

Z

0

d�

�

@f(x)

@x

+ �(� )

@g(x)

@x

�

1

A

: (7)

Dl� podal~xogo opisu doc�l~nim  vprovad�enn�

evol�c��nih operator�v

b

L

f

,

b

L

g

, za rahunok qogo

vdat~s� pere�ti do zobra�enn� vzamod�Ý. Vizna-

qivxi

b

L

f

,

b

L

g

du�kami Puassona

b

L

f

= f'f(x); : : :g;

b

L

g

= f'g(x); : : :g; (8)

otrimumo

dx

dt

= �

�

b

L

f

+ �(t)

b

L

g

�

x; (9)

d'

dt

= �

�

b

L

f

+ �(t)

b

L

g

�

': (10)

U rezul~tat� dl� toqki fazovogo prostoru (x; ') si-

stemi r�vn�nn~ (9), (10) z vikoristann�m (8), zapisa-

nih u vigl�d�

dx

dt

= f(x); (11)

d'

dt

= �'

@f

@x

; (12)

zaprovad�umo v rozgl�d obraz

X(x; t) = e

�

b

L

f

t

x; �(x; '; t) = e

�

b

L

f

t

' (13)

ta proobraz

X

�

(x; t) = e

b

L

f

t

x; �

�

(x; '; t) = e

b

L

f

t

': (14)

Za umovo� vrahuvann� (7) vstanovl�mo algebraÝq-

ni� zv'�zok

�(x; '; t) = '
(x; t); �

�

(x; '; t) = '
(x;�t); (15)

de vikoristano poznaqenn�


(x; t) = exp

0

@

�

t

Z

0

d�

@f(X(x; � ))

@X(x; � )

1

A

: (16)

Zastosuvann� proekc��nogo formal�zmu [5] do r�v-

n�nn� neperervnosti gustini �mov�rnosti P (x; �; t)

dozvol� zapisati r�vn�nn� evol�c�Ý funkc�Ý roz-

pod�lu P (x; t) u vigl�d�

@P (x; t)

@t

= �

@

@x

0

@

f(x) � g(x)

t

Z

0

C

�

(t; � )

�

@X

�

(x; t� � )

@x

�

�1

g(X

�

(x; t� � ))

@ ln
(x; � � t)

@x

d�

1

A

P (x; t)

+

@g(x)

@x

t

Z

0

C

�

(t; � )

�

@X

�

(x; t� � )

@x

�

�1

@

@x

g(X

�

(x; t� � ))P (x; t)d�; (17)

de C

�

(t; � ) | korel�torxumu, viznaqeni� formulo�

C

�

(t; � ) =

�

2

2

exp(�jt � � j): (18)

Dl� provedenn� �nte�ruvann� v (17) viznaqimo

X(x; t) �k rozv'�zok determ�n�stiqnogo r�vn�nn� evo-

l�c�Ý (11) (div. [5]), wo dozvol� zapisati

X

m

(x; t) =

"

1 + "�

m

(x)e

�m"t

;

�

m

(x) = x

�m

� "

�1

: (19)

Sl�d zvernuti uvagu na te,wo verhn� me�a v (17) ne

 stalo� veliqino�. �k bulo z'�sovano v robot� [5],

za umovo�xvidkogo spadann� korel�toraC

�

(t) neob-

h�dno provoditi obme�enn� dl� x na oblast� �nte�ru-

vann� za t. Mehan�zm uprovad�enn� proceduri obme-

�enn� pol�gav rozgl�d�relaksac�Ýdeterm�n�stiqnoÝ
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sistemi (11). Zg�dno z (19) us� toqki, wo buli v�dne-

sen� na nesk�nqenn�st~ u vih�dni� moment t = 0, re-

laksu�t~ pri t 6= 0 za zakonom

lim

x!�1

X

m

(x; t) =

"

1� e

�m"t

: (20)

Takim qinom, us� v�dnesen� toqki za qas t budut~ zna-

hoditis~ na �nterval�

�x 2

"

�

�

"

1� e

�m"t

�

1=m

;

�

"

1� e

�m"t

�

1=m

#

: (21)

Ot�e, verhn� me�a �nte�ruvann� v (17) mo�e buti

vira�ena qerez x, �kwo uvesti parametr obr�zann�

�

m

(x). Tod� dl� naxoÝ sistemi, zg�dno z (20), otri-

mumo

�

m

(x) = �

1

m"

ln

�

1�

"

x

m

�

: (22)

U raz� zam�ni verhn~oÝ me�� �nte�ruvann� parametrom

(22) kanon�zumo (17), vid�l��qi efektivn� sili

�(x) = �

�

2

2

g(x)

�

m

(x)

Z

0

d�e

��=�

c

�

@X

�

(x; � )

@x

�

�1

� g(X

�

(x; � ))

@ ln
(x;�� )

@x

; (23)

F (x) = �

�

2

2

g(x)

�

m

(x)

Z

0

d�e

��=�

c

�

@X

�

(x; � )

@x

�

�1

�

@g(X

�

(x; � ))

@x

(24)

ta difuz��nu skladovu

D(x) =

�

2

2

g(x)

�

m

(x)

Z

0

d�e

��=�

c

�

@X

�

(x; � )

@x

�

�1

� g(X

�

(x; � )); (25)

wo da zmogu zam�st~ (17) zapisati

@P (x; t)

@t

= �

@

@x

(f(x) + �(x) + F (x))P (x; t)

+

@

@x

D(x)

@

@x

P (x; t): (26)

Navedemo metodiqne spostere�enn�. Poverta�-

qis~ do r�vn�nn� (26), zauva�imo, wo za formo�

vono �vl� sobo� (17), mi perepisali �ogo lixe z

uvedenn�m poznaqen~. Ale same takogo vigl�du nabu-

va r�vn�nn� Fokkera{Planka, �ke podane teor��,

vikladeno� v ogl�d� [8]. U naxomu vipadku r�v-

n�nn� Fokkera{Planka u vigl�d� (26) bulo vstano-

vlene rozgl�dom suto kol~orovogo xumu �(t) z for-

mal�zmom za pravilami �to [6], tod� �k u [8] vikori-

stano model~ b�logo xumu z� svor�dno� \problemo�

viboru toqki diferenc�vann� zm�nnoÝ x(t)" [7]. Na

nax pogl�d, dovol� oqevidnim  visnovok pro te, wo

v nabli�enn� kol~orovogo xumu z �

c

� 1, de vra-

hovano qasovi� �nterval relaksac�Ý determ�n�stiqnoÝ

sistemi, r�vn�nn� Fokkera{Planka u vigl�d� (26)

 prirodnim nasl�dkom formal�zmu �mov�rn�snogo

opisu stohastiqnih sistem.

R�vn�nn� (26) mo�na nadati ekv�valentnoÝ formi

r�du Kramersa{Mo�ala [1]

@P (x; t)

@t

= �

@

@x

�

f(x) + �(x) + F (x) +

@D(x)

@x

�

� P (x; t) +

@

2

@x

2

D(x)P (x; t); (27)

dl� �kogo zapisumo v�dpov�dne r�vn�nn� Lan�evena

dx

dt

= f(x) + �(x) + F (x) +

@D(x)

@x

+

p

D(x)�(t) (28)

z b�lim xumom �(t).

Perehod�qi do vstanovlenn� konkretnogo vigl�du

koef�c�nt�v, navedenih u (23){(25), zapixemo dopo-

m��n� virazi

@X

�

(x; t)

@x

=

�

@X

�

(x; t)

@x

�

1+m

e

m"t

; (29)

@ ln
(x;�t)

@x

=

(m + 1)x

m�1

(e

�m"t

� 1)

" + x

m

(e

�m"t

� 1)

: (30)

Osk�l~ki pobudovane r�vn�nn� Fokkera{Planka vi-

koristovu�t~ u vipadku sil~nokorel~ovanogoxumu,

to rozgl�nemo granic� �

c

! 1. Tod�, zg�dno z ozna-

qenn�m (23){(25), mamo

�

m

(x) =

m + 1

2m

�

2

"

2

x

�

"+ x

m

ln

�

1�

"

x

m

��

; (31)

F

m

(x) =

1

2m

�

2

"

x ln

�

1�

"

x

m

�

; (32)

D

m

(x) =

1

2m

�

2

"

2

x

2+m

�

�

"

x

m

+

�

1�

"

x

m

�

ln

�

1�

"

x

m

��

: (33)

39



D. O. HARQENKO

Na�vn�st~ logarifm�qnihfunkc�� u (31){(33) robit~

nadto t��kim spri�n�tt� sil �(x), F (x) ta efek-

tivnogo koef�c�nta difuz�Ý D(x). Vikoristovu�qi

pripuwenn� malogo v�dnoxenn� "=x

m

ta viznaqenn�

�ogo �k parametra rozkladann� logarifm�v, zam�st~

(31){(33) otrimumo

�

m

(x) =

m+ 1

4m

�

2

x

1�m

; (31a)

F

m

(x) = �

�

2

2m

x

1�m

�

1 +

"

2x

m

�

; (32a)

D

m

(x) =

�

2

4m

x

2�m

�

1 +

"

x

m

�

: (33a)

Vihod�qi z virazu �(x) ta F (x), mo�na baqiti, wo

c� sili ma�t~ protile�ni� napr�mok, a pri m = 1

sila �(x) virod�ut~s� v konstantu �

2

=2, tod� �k

F (x) nabuva osoblivosti v toqc� x = 0. Okr�m

togo, koli m = 2, to vs� komponenti (31a){(33a) na-

buva�t~ osoblivosti poblizu x = 0. Hoqa qleni

r�du Kramersa{Mo�ala vi�vl��t~ taku neprimnu

poved�nku, odnak legko mo�na perekonatis~, wo na

stac�onarnomu rozv'�zku r�vn�nn� Fokkera{Planka

ce n��k ne v�dquvat~s�. Kvaz�g�bs�vs~ki� stac�onar-

ni� rozpod�l dl� (27) ne skladat~s� z mno�nik�v,

wo rozb�ga�t~s�. Tomu toqka x = 0 na stac�onarnomu

rozpod�l� ne  osoblivo�.

Rozgl�nemo nestac�onarne r�vn�nn� (26). �k za-

gal~nov�domo, �ogo rozv'�zok oder�u�t~ v avtomo-

del~nomu re�im�.Pripuska�qi,wo vs� skladov� (26)

 odnor�dnimi funkc��mi qasu, za rahunok masxta-

buvann� pol� x(t) = ya(t) na dov�l~nomu masxtab�

a(t) (de y v�d qasu ne zale�it~) perehodimo do zobra-

�enn� P (x; t) = a

�

�(y), f(x) + �(x) + F (x) = a

�

�(y),

D(x) = a



�(y). U rezul~tat� k�netiqne r�vn�nn� (26)

nabuva vigl�du

a

��

_a(��(y) � y�

0

(y))

= (�(y)�(y))

0

+ a

�1��

(�(y)�(y))

0

: (34)

Vikonann� umovi normuvann� rozpod�luP (x; t) nada

� znaqenn� �1. Z umovi a

��

_a � c = const vipliva

sp�vv�dnoxenn� �� = 1. Unasl�dok navedenih polo-

�en~ virod�ene r�vn�nn� drugogo por�dku (34) za y

dopuska rozv'�zok

�(y) = N

�1

exp

0

@

�

y

Z

cy

0

+ �(y

0

)

�(y

0

)

dy

0

1

A

; (35)

a tako� nada zmogu otrimati viraz dl� masxtab-

noÝ funkc�Ý a(t) = (c(1 � �)t)

1=(1��)

. Ustanovimo zna-

qenn� dl� � ta . Dl� c~ogo vikoristovumo di-

fuz��ne sp�vv�dnoxenn�




x

2

(t)

�

= D(x)t [4,10]. Viho-

d�qi z viznaqenn� Herstadl� odnor�dnihfunkc�� ta

zastosovu�qi �ogo do masxtabnogo mno�nika, mamo

a(t) / t

H

, de H| pokaznik G~ol~dera,wo da maksi-

mal~ni� por�dok poh�dnoÝneanal�tiqnoÝfunkc�Ýa(t).

Z viznaqenn� drugogo momentu stohastiqnoÝ zm�nnoÝ




x

2

(t)

�

� a

2

(t)

R

y

2

�(y)dy = a

2

(t)B(y) vipliva, wo

a(t) /




x

2

(t)

�

1=2

. Ot�e, vikoristann� navedenih po-

lo�en~ ta vigl�du D

m

(x) � D

m

(ya(t)) dl� pokaznika

G~ol~dera da

H = m

�1

; (36)

a tomu � = 1�m,  = 2 �m. Osk�l~ki za znaqenn�m

H vstanovleno fraktal~n� vim�rnost� [11], to mo�na

baqiti, wo lokal~na fraktal~na vim�rn�st~ dor�v-

n� D

loc

= 2�1=m, a vnutr�xn� | D

in

= m. V�domo,

wo same ostann� v�dobra�a prirodu stohastiqnogo

procesu. Sl�d zaznaqiti, wo pri znahod�enn� frak-

tal~noÝ vim�rnosti mi vihodili z formi efektiv-

nogo koef�c�ntadifuz�Ýv r�vn�nn�Fokkera{Planka.

Takim qinom, dl� sistemi z vih�dnim sinergetiq-

nim potenc��lom �

4

model� ta mul~tipl�kativno�

funkc�� g(x) = x fazovi� prost�r stane plowino�

(D

in

= 2), tod� �k dl� �

3

model� c~ogo potenc��lu

fazovi� prost�r virod�ut~s� v l�n�� (D

in

= 1).

Dl� sistem z b�lim xumom, a tako� sistem z

kol~orovim xumom, de qas korel�c�Ý �

c

 malim

parametrom, vstanoviti znaqenn� pokaznika G~ol~-

dera tak samo mo�na � z r�vn�nn� Lan�evena. Po-

ka�emo, wo dl� sistem �z sil~no kol~orovim xu-

mom taki� anal�z z r�vn�nn� Lan�evena ne  pra-

vom�rnim. Dl� c~ogo povernemos� do sistemi r�v-

n�n~ (1), (3). D��qi standartnimi metodami, rozgl�-

nemo suto difuz��ni� proces dx = g(x)�(t)dt. Vira-

�a�qi z (1) �dt, dl� (dx)

2

� (x(t) � x(t

0

))

2

, znaho-

dimo (dx)

2

= 

�2

g

2

(x)(�

2

(dW )

2

+ (d�)

2

� 2�dWd�).

Zalixa�qi perxi� por�dok za t, oder�umo (dx)

2

=

2

�2

g

2

(x)�

2

(dW )

2

. Provedenn� userednenn� z ura-

huvann�m (dW )

2

� t dozvol� zapisati




x

2

(t)

�

=

2

�2

g

2

(x)t. �k bulo z'�sovano ran�xe [3], pri g(x) = x

dl� b�logoxumu D

in

= 0, taki� �e rezul~tat mamo �

za viwe otrimano� formulo�. Ale �kwo dl� b�logo

xumuD

in

= 0 oznaqazamerzann� sistemi v toqc�,wo

v�dpov�da rozb��nost� stac�onarnogo rozv'�zku r�v-

n�nn� Fokkera{Planka [3], to dl� sistemi kol~oro-

vogo xumu taki� rezul~tat ne ma sensu. Prote po-

vni� anal�z dl� naxoÝ sistemi pokazu, wo D

in

= m

ta stac�onarni� rozpod�l ne rozb�ga�t~s� n� v odn��

toqc�.

Otrimani� visnovok pro rozxirenn� fazovogo

prostoru rozgl�nutoÝ sistemi, zavd�ki nel�n��nost�

v r�vn�nn� ruhu,  dovol� oqevidnim, �kwo zvernu-

tis� do r�vn�nn� (17). D��sno, pri pobudov� r�vn�nn�

Fokkera{Planka u form� (26) mi vrahovuvali efekt

velikogo qasu relaksac�Ý xumovoÝ skladovoÝ v r�v-

n�nn� Lan�evena, wo privelo do rozgl�du relaksac�Ý

naxoÝ sistemi.�k nasl�dok viniklo perenormuvann�
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ZM�NA FRAKTAL^NOÕVIZM�RNOSTISTOHASTIQNOÕSISTEMI: : :

difuz��noÝ skladovoÝD(x), z vigl�du �koÝ viznaqeno

fraktal~nu vim�rn�st~. Provod�qi analog�� z for-

mal�zmom, vikladenim u robotah [3,4], mo�na ska-

zati,wo vibrani� vih�dni� potenc��l (2) zb�gat~s� z

formo� efektivnogo potenc��lu stac�onarnogo roz-

pod�lu sistemi z b�lim xumom dov�l~noÝ ampl�tudi

[4].

Takim qinom, vi�vl�t~s�, wo dl� fraktal~nogo

anal�zu sistem z kol~orovim xumom sil~noÝ kore-

l�c�Ý (�

c

!1) sl�d urahovuvati vs� evol�c��n� skla-

dov� (�k determ�n�stiqnu, tak � difuz��nu). �mov�r-

n�sni� opis takih sistem pokazu,wo efekt velikogo

qasu korel�c�Ý xumu mo�e privoditi do perenormu-

vann� determ�n�stiqnoÝ sili f(x), a tako�utvorenn�

efektivnoÝ difuz�Ý,�ka suttvo zm�n� u�vlenn� pro

fraktal~nu prirodu difuz��nogo procesu.
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THE CHANGE OF THE FRACTAL DIMENSION OF THE STOCHASTIC SYSTEM WITH

COLORED MULTIPLICATIVE NOISE

D. O. Kharchenko

Sumy State University,

2 Rimskiy{Korsakov Str., Sumy, UA{244007, Ukraine

For the system with colored multiplicative noise the nonlinearity of the synergetic potential like �

2+m

model

in Langevin equation was shown to be capable of providing the expanse of the stochastic system phase space.

The concrete system of the population dynamics with the noise correlation time �

c

!1 is examined. The fractal

dimension of that kind of a system is de�ned as D =m, in contrast to the system with a white noise were D = 0.
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