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The dynamics of collective vibrations in the locally anharmonic model is studied. The single

ion problem is treated by numerical calculation while interaction between ions in different cells is

accounted for in the random phase approximation. The density of vibrational states is obtained

at various values of the temperature, single ion asymmetry field and wave vector. The existence

in the spectrum of the soft mode whose energy comes to zero at the critical point is verified. The

redistribution of intensities among various energy branches at the varying of the wave vector is

studied.
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I. INTRODUCTION

Using the concept of the local normal coordinate de-
noted below ¢; (see, for example, [1]), the model Hamil-
tonian

H= Z(Qp—& +V(gi)) — %Z%g’qmg’, (1)

7 %]

which describes a certain mode of the lattice vibrations,
active at the phase transition, is applied to the stud-
ies of the mechanism of the structural phase transitions
in crystals. The issue of choosing the type of the local
potential V(q) is raised. In the harmonic approximation
(V(q) = 4%, @ = Mw}), the crystal lattice may become
unstable in case of the negative value of a. As is men-
tioned in a number of papers, including [1], the simplest

stabilizing interaction may be chosen in the form

> a
Vi) = Ly S )

In this case the system undergoes the structural phase
transition which can be displacive or order—disorder in
character, depending on the values of parameters in the
initial Hamiltonian. Such a model is often applied to the
description of the phase transition in ferroelectrics.

A large number of papers was dedicated to studies of
thermodynamics and dynamics of the model described
by the Hamiltonian (1), (2). Along with the application
of the analytical methods of various degrees of approxi-
mation, including the method of self-consistent phonons,
the method of renormalized group, etc., the attempts to
take into account the effects caused by the local anhar-
monicity of the model by using numerical methods were
made. Particularly, in [2] the energy spectrum of single—

ion system described by (2) was calculated, while the
interaction of the ions in different cells was taken into
account in the mean field approximation; the comparison
with the results obtained in the self—consistent phonons
approximation was made. This approach is justified in
the case of long-range interaction ¢;;; the obtained re-
sults can be improved by including of the higher order
corrections when the expansion in the powers of the in-
verse radius of interaction 1s used.

In addition to the description of ion motion in ferro-
electrics, the model local anharmonic concept is applied
to the description of the lattice anharmonicity in the
high temperature superconductors. As is pointed out in
[3], such an anharmonicity is inherent to the motion of
the apex oxygen ions in YBaCuO and other supercon-
ductive compounds. To take into consideration such an
anharmonicity in the case of local double—well poten-
tial, the approach which introduces pseudospin variables
describing the vibrational degrees of freedom was used.
The pseudospin — electron model derived in this way,
describing also the interaction of the conducting elec-
trons with local anharmonic mode, was the subject of
intensive study in the recent years [4—6]. The asymmetry
of the anharmonic potential which is characteristic for
the systems of this kind was taken into account by in-
cluding into the Hamiltonian the term which described
the interaction with some internal field h;, depending
on the occupancy of electronic states (h; = h + gny).
Structural phase transitions in HTSC systems, including
Hg-based superconductors have been recently of wide
consideration, in the context of reported connection be-
tween the lattice softening in these compounds and tran-
sition to the superconducting state. Particularly, in [7] it
was mentioned that near the transition point an anoma-
lous abrupt mode softening was observed. Peculiarities
related to the presence of the lattice anharmonicity were
observed in YBaCuO series on the temperature depen-
dencies of the lattice constant ¢, coefficients of thermal
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expansion in the direction of anharmonic vibrations of
oxygen ions, as well as specific heat, thermoconductivity
and velocity of ultrasonic waves in the form of jump-like
and hysteresis behaviour (see [8]).

For the description of such situations, the model po-
tential possessing more general non—symmetrical shape
due to the presence of the cubic term, was considered in

[8,9]:

4
,a>0 (3)

(so called “¢3 + %" model [10]). Basing on (3) and
applying the method of self-consistent phonons it was
shown that the behaviour of the apex oxygen in
YBa;CuzO7_s compound is bistable and the dependence
of the order parameter on the temperature has a hystere-
sis character. However, the question of the applicability
of the method of self—consistent phonons to the descrip-
tion of the phase transition in the systems described by
(3), including critical areas arises (see [1]).
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Fig. 1. Dependencies of the order parameter and free en-
ergy on the external field, £L-=0.17.
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Basing on these considerations, we tried to develop fur-
ther the numerical approaches mentioned above. In [12]
we modeled the potential acting on the ion in the form
(3) and took into account the anharmonic character of
the ion motion by the numerical diagonalization of the
Hamiltonian matrix. In [12] we also considered the Gaus-

sian barrier potential in the form Vg (¢;) = a;ﬁ +Ce B
which was applied to model the double well local poten-
tial in [13-15] (see also section III of this paper). The
interaction between ions in different cells we took into
account in the mean—field approximation, assuming the
long-range character of the intercell interaction. Basing
on this approach, we derived the dependencies of the or-
der parameter, free energy and dielectric susceptibility
on the externally applied field and the order parame-
ter and free energy on the temperature in both models
for various model parameters. Analysing these depen-
dencies we investigated the phase transition as the ex-
ternal field varies as well as the temperature, which in
the case of potential in form (3) is of the first order; we
also considered the behaviour of the dielectric suscepti-
bility near the phase transition point. In addition to that,
we constructed the phase diagrams (external field, tem-
perature) and studied the influence of the anharmonicity
of potential on the form of the phase diagrams and the
location of the critical points. The results obtained in the
case of the problem with non-symmetrical potential (3)
regarding the character of the phase transitions generally
complied with the conclusions of [6], and [16], in which
the similar investigations were related to the pseudospin—
electron model of HTSC systems. Both in those cases,
and in the model (3), the potential asymmetry led to the
deviation of the phase coexistence curve from the vertical
line on the plane (temperature, field) and to appearance
of the first order phase transitions as the temperature
varies, in the certain range of the parameters defining
mentioned asymmetry; existence of this phase transition
corresponded to the bistability of the system with the
local potential (3) mentioned in [8,9].

In this paper the dynamical properties of the anhar-
monic model with potential (3) are studied. We will in-
vestigate the behavior of the spectrum of collective vi-
brations near the phase transition line, particularly ad-
dressing the lowest branches in the spectrum and high-
lighting the so called soft mode. The phonon density of
states defined by the imaginary part of the Green func-
tion {{(¢;]gx)) will be calculated. Accounting for the an-
harmonic motion of the ions will be made, as in [12] by
numerical diagonalization of the single-ion matrix. The
interaction between vibrations of the ions in different
cells will be allowed for in the mean field approximation.

II. NUMERICAL TREATMENT OF SINGLE ION
PROBLEM IN THE MEAN FIELD
APPROXIMATION

In this section we consider the case of local an-
harmonic potential in non-symmetric form (3), where
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a = Mw? > 0. Transformation of the last term in (1) in
accordance with the mean—field approximation leads to

1 1
3 Zsoijqz'qg' = p(a)g — §SD<Q>2,

ij

p=—> i
7

(4)

This results in the following form of H:

HO — ZHM
2 2 3 4
p; | Mwy » B¢ | 4
H; = 2 _
o Ty T3ty
1 2
+dgi + ()i — 59(0)" (5)

Here the asymmetry field described by the parameter d

2t—1

e 52']'7,

is introduced. On the basis of eigenfunctions of harmonic
oscillator operators p and ¢ have the form of the following
infinite—dimensional matrices:

h

Mhw -
5 O VE = 0k Vi)-

Prj =1

After substituting ¢ and p in (6) according to (7), the
Hamiltonian matrix has the following form (all terms are

divided by hwg):

h% = 4= C1f + Co + Cab(d+ 9(q)) — Calg)?, (7)

where C — 'y are defined through the initial model pa-
rameters, and matrices @ — ¢ are the infinite—dimensional
matrices whose elements may be defined using the follow-
ing relations (see [12] for more detail):

Bij = 6i(i+1)35V/F + 8541 3Vi + 6343V (G + 1)+ 2) + 85043V i(i + 1) (i + 2), (8)
Yij =03 + (i = 1)%) + 842225 + VGG + 1) + 85642220 + 1)V/i(i + 1)

81V + DG +2)( +3) + G Vili + D(E+2)(i + 3),

0ij = 841 Vi+ S0V

For the purpose of numerical treatment of the Hamil-
tonian matrix (7) we limit the dimension of this matrix
to some finite size. As the calculation of dependencies of
thermodynamical functions on model parameters shows,
limitation of the size of Hamiltonian matrix (this cor-
responds to allowing for the finite number of harmonic
oscillator levels, starting from the lowest one) to N = 25
is sufficient when % < 5. All calculations in section II
are made within this approximation.

For calculation of the mean value of coordinate g¢;
which has a meaning of the order parameter we use the

expression

e—ﬁHo
= M) o)

After the unitary transformation is made

Hy =V~ H,V, (10)

I
which diagonalizes the Hamiltonian matrix (7), we get

_ Sp(gePHa)

<q> - Spe_ﬁHd bl (j: V_lqv' (11)

Note that (g} is contained in the Hamiltonian (7). De-
noting f = d+ ¢{(g¢), we derive the self-consistent system
of equations:

(12)

—
S

2
e

(l
S

2
e
b
=

Numerical solution of this system allows to obtain the
dependence (q) = {¢)(d) (Fig. la) for various values of
% (in all calculations here, C1=0.157, C3=0.025, and
C3p = —20; these values of parameters correspond to the

ones used in [5]). Substituting this function in the Hamil-
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tonian (7), we can calculate the dependence of the free
energy on the external field, according to the expression
below:

F(d,T) = —=Tln Sp e PHa _ %gp(qﬁ. (13)

Fig. 1b represents the obtained result for F' = F(d). The
dependencies shown on Fig. 1 are typical for the first or-
der phase transition. The abscissa of the self-crossing of
curve F' corresponds to the value d* at which the phase
transition occurs, causing a jump-like change of the or-
der parameter on Fig. la. Raising the temperature leads
to vanishing of the hysteresis—type of this dependence,
i.e., to vanishing of the phase transition.

Temperature increase also results in decrease of d*.
Finding numerically d* for each value of the tempera-
ture and different values of (7, we construct the phase
diagrams (d*, T') which are shown on Fig. 2.

4.0 4
1 kT
flwo
a)
3.0 ]
2.0 ]
1.0 ]
] d*
0.0 Frrreere RARRAAREY RARRAREEY P RARRRAREY RARRRAREY )

1.290 1.292 1.294 1.296 1.298 1.300 1.302

6.0
kT

hwo

5.0 b)

4.0
3.0
2.0

1.0

d*
0.0

2.13 2.14 2.15 2.16 2.17 2.18 2.19 2.20

Fig. 2. Phase diagram for different values of cubic anhar-
monicity: C; = 0.157 (a) and C; = 0.197 (b).

The left end of the phase coexistence curve corre-
sponds to values of d* and % at which the phase tran-
sition vanishes, having a meaning of the critical point

(AL ~ 3.9, d; = 1.293 at ¢y = 0.157 and £L ~ 6.0,

fwg

84

d7 = 2.142 at Cy = 0.197). As was shown in [12], the
presence of the anharmonicity of the third order signifi-
cantly increases the value of the critical temperature.

III. PHONON SPECTRUM IN THE RANDOM
PHASE APPROXIMATION

In the case of the investigated one—particle problem

2
(2134 + V(Qi))¢ia = W(ﬂ/}ia, (14)

we introduce Hubbard operators X2#° = |i, a)(i, b| on the
basis of 4;, which describe transitions between the states
of this basis (see [17]). Operator X2° is the matrix which
has only one non—zero element equaling 1 located at the
intersection of row a and column b. Displacement ¢; may
be therefore written as

9 = Zdabeb, (15)
ab
where dgp 1s the matrix element of displacement ¢
duv = [ Viaaivadr (16)

After introducing Hubbard operators the Hamiltonian
(1) may be rewritten as

1
H = %:WaXan —3 %:Sﬁijqz'qg' (17)

Let us consider now 1ons vibrations relatively to their
average displacements ¢;. Separating terms which cor-
respond to the mean field approximation, Hamiltonian
(17) may be rewritten in the form

1 ,
H=—§N¢<Q>2+H0+H, (18)

where

Ho =Y [ WaX{“+ (9)pqil, (19)

7

and

B == S Vsl =@l =) (0)

Diagonalization of Hamiltonian Hy by means of uni-
tary transformation (10) is accompanied by the following
transformation of Hubbard operators:
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X = o X (21)
!

where ¢, are eigenfunctions of the one-site Hamiltonian
matrix

Z(Waéab - <q>JCiab)Qbu = Eu‘]au, (22)
b
here
Ay =Y dab @l Qo (23)
ab
so that
5= 3 due X1 (24)
pp!

Then H, is written in the form

Hy=Y B,X!*, (25)

iu

Having transformed the Hamiltonian (17) this way, we
construct the Green function

((gilan)) = =it — ¢ ){[ai(t)ax(¢']), (26)

where operators are written in Heisenberg representa-
tion, and statistical averaging is performed with Hamil-
tonian H.

After writing equation of motion for operators )N(Z““ ,
performing necessary linearization in the random field
approximation, the Fourier image of the Green function
can be written in the form:

1 1
Glg,F) = ——————, 27
Y SIGIEE ) 0
where
- <éuu )
2E) =Y Ao (28)
i o
Here
ci :Z(CZN'VXZ' Y= dy X )
Eu'u = Eu' - E, (29)

G(q, E) in form (27-29) was derived in [17]. We need

to transform G(g, F) to the form convenient for fur-

ther treatment and investigation. Denoting A, =

duu/<C’““ ), we rewrite (27) in the form

where

1 &£ (31)
vv'Fup!

P(E) = ZANN'
pp!

Assuming that we are able to solve equation

[[(E-E.)+e@Pr=0, (32)

i

or find roots of the polynomial in the denominator of
(30), we write this denominator as

Q=TlE-£), (33)

where Ej; are the roots of equation (32).

This gives a possibility to expand (30), using a well-
known formula, into the sum of simple fractions in a way
that each fraction’s denominator contains £ — E;:

L PR 1

Ca )= o L B E- B

From (33) it follows that

Q'(E:) = T](Ei - Ey). (35)
i

Form (34) immediately allows to write the phonon den-
sity of states p(E) = 2Im(G(q, F—ie)). After making the
analytical continuation to the complex plane and apply-
ing a well-known formula we derive:

S(E—FE;).  (36)

2Im(G(q, E — ie)) = Z c];(g»))

Now we can interpret (36) as a set of peaks the heights
: P(E;) : _
of which are equal to B (see Figs. 5b-T).
After making simple transformations, <é’““ ) may be
written as

1 e_ﬁEu _ eﬁEu’

(o) = duu'W (37)
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In calculating G(gq), the quantities E,, d,, are de-
rived according to the procedure described in (15)—(25)
and using the method outlined in section I. We assume
that the double—well potential has the form of that in
3+ ¢* model, and use the model parameters mentioned
in Chapter 1. The values of E;, or spectrum of phonon
vibrations is obtained by a numerical solution of equa-
tion (32). The values of roots E; = F;(q) are between
values of F; and E;41 and depend on ¢(q) (if ¢(¢) = 0,
EZ' = FE;). The number of roots corresponds to the num-
ber of differences F; ;41 and is equal to N(N —1).

E ....ooot L4 .

L S )

0.2

0TI o

Fig. 3. Dependencies of the three lowest energy levels on

¢(4)/#(0) (a), and on g (b).

The smallest value of Eo(q) Is the peculiar mode re-
ferred as the soft mode, as it will be shown below. Its
value becomes small near the center of the Brillouen zone
and comes to zero at ¢ = 0, or ¢(q)/¢(0) = 1 at the crit-
ical point. Before discussing the behavior of this mode,
we comment on the results related to this matter found
previously in [17]. Particularly, it was pointed out that
the existence of a barrier and two minima in the local
potential leads to the grouping of the lower energy levels
into pairs. Two lowest energy levels pair at the begin-
ning, while pairing of other levels is much less significant
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and quickly disappears with the energy increase. Such
an effect was proved in [12] for the model with Gaus-
sian barrier potential by the numerical approach men-
tioned above, i.e., by the diagonalization of the single-ion
Hamiltonian: the existence of two parts of the spectrum
of different character was found, with quasidoublet (at
the lower values of energy) and quasi equally distanced
(at the higher values of energy) structures. The crossover
from one part to another is relatively sharp and takes
place in the range of energies which are of the height of
potential barrier by the order of magnitude. Thus, as-
suming that only two lowest levels are paired while all
others stay equally distanced (“low anharmonicity dou-
ble well”) and applying random phase approximation,
behavior of the soft modes was studied in [17]. Three
modes were found in the energy spectrum and analysis
of their statistical weights showed that there is effectively
one soft mode which seemed to consist of three parts. The
energy of this mode tends to come to zero near 7' = T,
at ¢ = 0.

0.6
0.5
0.4 .
0.3 )
0.2 T
0.1 .
d

040585 T 285 7590 T205 T.300 T305 1,310

Fig. 4. Dependencies of the three lowest energy levels on d
at t = 1.6 (a), and at the critical point ¢ = 4 (b).

We plot three lowest energies E found as solutions
of (32), as functions of ¢(¢)/¢(0) on Fig. 3a (depen-
dence of E on ¢ is shown on Fig. 3b), for the values

of d and t = % which correspond to the critical point
0
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on the phase diagram shown on Fig. 2. As follows from
Fig. 3, the lowest energy branch Ejy goes to zero when
o(q)/¢(0) = 1 [18]. As calculations show, at other val-
ues of (d,f) this does not happen; energy Ey decreases
as g comes to zero, but stays finite. This suggests that
the lowest energy branch is the soft mode which becomes
zero at ¢ = 0 only at the critical point.

1584, P(E)
] ”
10F-4]
5E-4 ]
0 | L1y b E
0.0 10 ‘ 3.0 4.0
3E-4 1
1p(E)
b)
9F4 ]
1E-4 ]
: r,,,,||||||H‘ LB
0.0 120 2.0 30 4.0

Fig. 5. Dependencies of p(E) on E at ¢(g)/¢(0) = 0.8 (a)
and at ¢(q)/¢(0) = —0.8 (b) at the critical point.

In order to study the behavior of the lowest energy
branch at ¢(¢)/¢(0) = 1 near phase transition line, we
also plot the dependencies Ey = Eo(d) for two different
values of t on Fig. 4. The jump-like change of the energy
Eg at t = 1.6 occurs at d ~ 1.301 (Fig. 4a), i.e. at the
point which falls on the phase coexistence line on Fig. 2.
Such a change is understood since £, depends on F,,
and in turn, as it follows from (5), E, depends on {(g).
At the phase transition point {(¢) changes jump-like, thus
causing jump-like change of Ey. As calculations show,
the height of this jump decreases as one moves to the
critical point. At the critical point (Fig. 4b) no jump-
like change occurs in {¢) and therefore By = Eo(d) has
no abrupt changes going to zero at the critical point.

Fig. b represents dependencies p(FE) = 2Im(G(q, F —
i€)) in the energy range 0 < E < 4 for different val-

ues ¢(q)/¢(0) = £0.8,£0.4 at values (d,t) which corre-
spond to the critical point. Comparing intensities which
are shown as height peaks on Fig. 5 and Fig. 6 of energy
branches for those values one concludes that moving to
the lower values of ¢(q)/¢(0), or to the larger values of
wave vector ¢ leads to a gradual redistribution of intensi-
ties of phonon vibrations energy branches. At ¢ ~ 0 the
major branch with the maximum intensity is the lowest
in the spectrum soft mode (Fig. ba). As one moves from
the center of the Brillouen zone this maximum moves to
the upper energies (Fig. 5b, 6b). Such a redistribution of
intensities was foreseen in [17], basing on approximation
of “low anharmonicity double well”.

584 3 p(E)
a)
4E-4
2E-4
(P N ‘h“"' |'E
0.0 0 2.0 3.0 4.0
24 4 p(E)
b)
1.5E-
1E-4
0.5E-
0 ‘ . ; 2
0.0 150777 2.0 T3W0TTTTT 4.0

Fig. 6. Dependencies of p(E) on E at ¢(q)/(0) = 0.4 (a)
and at ¢(g)/(0) = —0.4 (b) at the critical point.

We also plot p(F) for values (d,t) where d corresponds
to the critical value of d = d., but t = t.,/2 and t = 1., /4
on Fig. 7. This figure illustrates how the soft mode in-
creases as one moves away from the critical point by tem-
perature decrease; no substantial change of the spectrum
density 1s observed. This soft mode increase is consistent
with the one observed on Fig. 4b when we decrease pa-
rameter d starting from its critical value.
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943 p(E)
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6E-4
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Fig. 7. Dependencies of p(E) on E at (dcr,fcr/Z =2) (a)
and at (dcr,fcr/4 =1) (b) at ©(q)/(0) = 0.8.

IV. CONCLUSIONS

In this paper the dynamics of collective vibrations in
the locally anharmonic “¢® 4+ ¢*” model is studied. The
single ion problem is solved by numerical method and the
interaction between ions in different cells is accounted for
in the random phase approximation while calculating the
phonon Green function. The density of vibrational states
at various values of temperature ¢, single ion asymmetry
field d and wave vector ¢ is derived. The existence in
the spectrum of the soft mode whose energy comes to
0 at the critical point is verified. The redistribution of
intensities among various energy branches in the spec-
trum as the wave vector changes is established. It can
be interpreted as manifestation of certain effective com-
plex phonon vibration the energy and effective width of
which are functions of the wave vector and also vary as
the temperature and asymmetry field d are changed. A
more detailed study of this effect in the “w3 +¢*” model
as well as in the related models and comparing it with
the results which may be obtained in the approaches us-
ing various approximations (for example, self-consistent
phonon approximation) deserve attention and may be
the subject of further investigation.
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M’SIKI MO B JIOKAJIBHO AHTAPMOHIYHIN MOIEJI “¢® + o*”

I. B. Cracrok, K. O. Tpauenko
Inemumym gisuxu xondencosanus cucmem HAH Yipainu,
sys. Ceenyiyvrozo, 1, Jdvete, 290011, Yxpaina

IIpoBegeno mocaimskeHHS ANHAMIKA KOJEKTUBHUX KOJMBAHBb JOKAJbHO aHrapMoHiuHol Momei. O gHofloHHY
3aJa4dy po3B’sI3aHO YNCJAOBUM METOIOM, M1KAOHHY B3a€MO/II0 BpaXOBAHO MPH po3paxyHKy POHOHHUX Oy HKITI
[ pina B HaBamKeHH XaoTHUIHNX (a3, OTPUMAHO I'yCTHHY KOJHBHIX CTAHIB IPY PI3HUX 3HAYEHHAX TEMIEPATY DI,
HOMsA acUMeTpil OJHOMOHHOTO MOTEHINAIY Ta XBUJIBOBOTO BEKTOpa. BCTaHOBIEHO ICHYBaHHS B CIIEKTPl M KO
MIKA KOJTUBaHb, €HEPIisd AKOl MPAMY € [0 HyJIS B KpUTHUYHINA Toulll. BusasieHo 1epeposnonia 1IHTe HCUBHOCTE R Mi 3K

PI3HUMY TIIKAMM B CHEKTPI IPKU 3MIHI 3HaUYe€Hb XBUJIBOBOTO BEKTOPA.
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