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The Pauli Hamiltonian for the ele tron moving in the magneti eld of straight urrent possesses
= 3 supersymmetry (SUSY). We study the equation for the zero energy ground state of the
ele tron moving in this eld. It is shown that this equation does not have square integrable solutions
and thus the SUSY is broken.
Key words: broken supersymmetry, quantum me hani s, magneti
eld.
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I. INTRODUCTION

Originally supersymmetry (SUSY) has been introdu ed into relativisti quantum eld theory in order
to unify bosons and fermions. Nowadays the notion of
SUSY is su essfully applied to di erent areas of theoreti al physi s su h as atomi , nu lear, solid state and
statisti al physi s. H. Ni olai was the rst to show that
SUSY ould be a useful tool in nonrelativisti quantum
me hani s [1℄. Independently E. Witten introdu ed one
dimensional SUSY quantum me hani s as a laboratory
for investigating the SUSY breaking [2℄ whi h is one of
the fundamental issues in the SUSY quantum eld theory.
At the present time SUSY quantum me hani s is interesting on its own merit and has been studied from di erent points of view [3{5℄. One of the quantum{me hani al
problems where SUSY is the physi al symmetry is the
motion of the ele tron in the magneti eld. It was shown
that N = 2 SUSY is realized in the ase of an arbitrary two{dimensional magneti eld Bx = By = 0,
Bz = Bz (x; y) and the three{dimensional one whi h possesses the following symmetry with respe t to inversion
of oordinates: B( r) = B(r) [4{7℄. The eld of the
magneti monopole is one of the examples where SUSY
is realized in the three{dimensional ase [6℄. It was shown
also that the ele tron motion on the surfa e orthogonal
to the magneti eld possesses N = 2 SUSY [8℄. In our
re ent papers [9,10℄ and the papers by Nikitin [11,12℄ new
three{dimensional magneti elds in whi h the motion of
the ele tron is supersymmetri were found. Another new
aspe t is that in the onsidered magneti elds the SUSY
with two, three and four super harges is realized.
In [10℄ we showed that the motion of the ele tron in the
magneti eld of straight urrent possesses N = 3 SUSY.
For the ele tron moving in su h (one of the simplest possible) magneti on guration it is impossible to obtain
the exa t solution of the orresponding eigenvalue problem. In ontrast to the harged parti le the eigenvalue
problem for the neutral spin 21 parti le moving in the

magneti eld of the urrent{ arrying wire an be solved
exa tly in di erent ways: by using supersymmetry in oordinate spa e [13℄, by di erential equation te hniques
[14℄, and by using supersymmetry in momentum spa e
[15℄. Surprisingly, the energy spe trum in this ase obeys
a hydrogen Rydberg formula. The energy spe trum and
eigenstates of the harged parti le with the spin of 21 in
the magneti eld of the urrent{ arrying wire was determined numeri ally in [16℄.
In the present paper we study the problem of the existen e of exa t or broken SUSY for the ele tron moving in
the magneti eld of straight urrent. In order to answer
this question it is ne essary to investigate the equation
for the ground state with the zero{energy level in the
onsidered magneti elds. If zero modes exist, then we
have exa t SUSY. If zero modes do not exist, the SUSY
is broken. It is an interesting problem to ask how many
solutions of the equation for zero modes exist. For two{
dimensional magneti elds this problem was solved by
Y. Aharonov and A. Kasher [19℄. It was shown that the
number of states with zero energy is equal to [ =0℄
and  =0 1 if  =0 is integer, where  is the magneti ux over the XY plane, 0 = 2~ =jej is the ux
quantum. As we know in the three{dimensional ase no
ompletely satisfa tory answer to su h a question exists.
Some examples of the zero energy bound state in a three{
dimensional magneti eld have been obtained in [20℄
and further results have been provided re ently in [21℄.
In these arti les no degenera y of zero modes has been
observed. Re ently in paper [22℄ it was proved that the
phenomenon of degenera y of zero modes does indeed o ur in a thee{dimensional ase. It should be emphasised
that the problem of the existen e of zero modes has some
deep physi al impli ations. In [23℄ it was proven that
one{ele tron atom with suÆ iently high nu lear harge
in an external magneti eld is unstable if zero modes of
the Pauli operator exist. Note that paper [20℄ was in ited
by paper [23℄.
In the present paper it will be shown that for the ele tron moving in the magneti eld of straight urrent the
zero modes do not exist and thus SUSY is broken.
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[Q ; H ℄ = 0:

II. SUSY OF THE ELECTRON IN THE
MAGNETIC FIELD OF STRAIGHT CURRENTS
WITH AXIAL SYMMETRY

The Pauli Hamiltonian for the ele tron moving in the
magneti eld reads
H=

1 p e A2 g e~  B;
2m
4m

As a result of the axial symmetry the z omponent
of the total angular momentum Jz = Lz + Sz is the integral of motion and ommutes with the Hamiltonian,
i.e. [Jz ; H ℄ = 0. In addition, Jz satis es the following
permutation relations

(1)

[Jz ; Q0℄ = 0;
fJz ; Q1g = fJz ; Q2g = 0:

where  are the Pauli matri es, A is the ve tor potential, B = rotA is the magneti eld. The Hamiltonian
(1) an be rewritten in the following form
e~
4m  B;

(2)

1  p e A :
2m

(3)

H = Q20 (g 2)

where
Q0 = p

Note that for the ele tron the gyromagneti ratio g only
slightly di ers from 2, namely, g = 2:0023. It is worthwhile stressing that taking into a ount the anomalous
magneti moment of the ele tron (g > 2) leads to the
so{ alled anomalous ele tron trapping by the magneti
elds [17,18℄. These problems are irrelevant for our paper. We put g = 2. In this ase the Pauli Hamiltonian
possesses SUSY and Q0 is alled the super harge.
In the present paper we onsider the motion of the
ele tron in the magneti eld of straight urrents. Let
us assume that the urrent is parallel to the z axis with
radial symmetry of the distribution of urrent density.
The ve tor potential in this ase reads
Ax = Ay = 0; Az = A();
p

Q1 = ix Ix Q0 ; Q2 = iy Iy Q0;

(5)

where Ix and Iy are the inversion operators of the x and
y axes respe tively. We an easily he k that the superharges ful l the following SUSY algebra

fQ ; Q g = 2Æ ; ; ; = 0; 1; 2;
H~ = eiz =2 He iz =2 =
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2m     + 2m 2

III. BROKEN SUSY

In order to answer the question about the existen e of
the exa t or broken SUSY we shall investigate the equation for the zero energy ground state. Due to the axial
symmetry it is onvenient to rewrite the Hamiltonian in
the polar oordinates
H=


1    + 1 1  i~  2
2m    2m 2

~2

+ 21m



i~

(6)


i~





z

e

A()

2

g

(9)

e~
4m  B:

The oupling of the spin with the magneti eld depends
on 
 B = A0 ()(x sin  y os );

(10)

where A0 () = A()=. This dependen e an be removed using the unitary transformation

(4)

where  = x2 + y2 .
Re ently we showed that in this ase the Pauli Hamiltonian possesses N = 3 SUSY [10℄, namely, in addition
to Q0 we have two more super harges

(7)
(8)

~ = eiz =2 ;

(11)

where the new wave fun tion satis es the following ondition
~( + 2) = ~():

(12)

As a result of the unitary transformation Eq. (10) beomes
eiz =2 Be iz =2 = A0 ()y :

(13)

For the Pauli Hamiltonian after the unitary transformation we obtain

Sz

2

+ 21m



i~


z

e

A()

2

+ g 4em~ A0 ()y : (14)
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Note that after the unitary transformation the opera = J~z represents a new operator of the z omtor i~ 
ponent of the total angular momentum. We an separate
variables and represent the wave fun tion as follows
~ = eijz  eikz p1 R();


(15)

where k is the wave ve tor of the ele tron motion along
the z axis, jz =  12 ;  32 ; ::: is the eigenvalue of the z
omponent of the total angular momentum in the units
of ~. The radial part R() of the eigenfun tion satis es
the onditions R(0) = R(1) = 0. The equation for R()
reads
H R() = R();


2
1 j
+
2 2 z

+ (k

z 2

2

Q = iy

1
4



Q = iz

(18)

We introdu ed the notation = e=~ ,  = 2mE=~2 .
The Hamiltonian H an be written in the form
H = Q2;

(19)

Q = ix


+ fz + jz y ;


(20)

f =k

A():







1
2
+
f 2 + f 0 R2 +
2



Then equations (25) and (26) read

(23)

jz
R +
 1







+ f R2 = 0;





+ f R1


(24)

jz
R = 0:
 2

This set of the rst order di erential equations an be
transformed to the se ond order di erential equation for
one of the omponents of the wave fun tion. For R1 and
R2 we obtain respe tively


1  + f R + jz2 R = 0;
1 2 1
 

(25)

j2

+
f R2 + z2 R2 = 0:



(26)



The rst order derivatives in these equations an be eliminated using the substitution
1
1
R1 = p F1(); R2 = p F2 ():



(22)

It is onvenient to onsider Q given by (21). Expli itly
Eq. (23) is a set of two equations for the omponents R1
and R2 of the radial part of the wave fun tion



2
+ f 2 f 0 R1
2


+ fy + jz x:


QR = 0:

where



(21)

Now let us onsider the equation for the zero energy
ground state  = 0 whi h due to (19) reads

(17)

A()) 2 + A0 ()y :


+ fx + jz z ;


and it an be obtained from (20) using y li substitution of the Pauli matri es. Using on e more the y li
substitution we obtain Q for the ase when the urrent
is dire ted along the y axis

(16)

where the radial part of the Pauli Hamiltonian has the
form
H =

At the beginning of the paper we hose the dire tion of
the urrent along the z axis. Sometimes it is onvenient
to onsider the ase when the urrent is dire ted along
the other axis. Thus, when the urrent is dire ted along
the x axis the operator Q is as follows



"
"

(27)



2
+ f
2


1 2 f
2

#

1 0 + jz2 F = 0; (28)
2
2 1

#

2 
0
2
1
jz2
1
+ f + 2 + f + 2 + 2 F2 = 0: (29)
2

Note that F1;2 satisfy the boundary onditions F1;2(0) =
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F1;2(1) = 0 and equations (28), (29) an be treated as

equations on a half line. Let us rewrite these equations
in the following form




j2
a+ a + z2 F1 = 0;


(30)

j2
bb+ + z2 F2 = 0;


(31)





lutions of equations (30), (31). But these equations have
not square integrable solutions. Indeed, the eigenvalues
of the operators a+ a and bb+ whi h a t in the spa e of
the square integrable fun tions are positive in luding also
the zero eigenvalue. Thus, the eigenvalues of the operators a+ a + jz2 =2 and bb+ + jz2 =2 are positive without
the zero eigenvalue. Therefore, equations (30), (31) do
not have the square integrable solutions. Thus, we an
on lude that for the ele tron moving in the magneti
eld of straight urrent the SUSY is broken.

where
a = 

1 

1
2 ; b =   + f + 2 :


+f


(32)
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