ȷURNAL FIZIQNIH DOSLIDȷEN^ t. 3, ˝ 3 (1999) s. 239–251

JOURNAL OF PHYSICAL STUDIES v. 3, No. 3 (1999) p. 239–251

THE BOGOLIUBOV WEAKLY IMPERFECT BOSE–GAS

Valentin A. Zagrebnov Centre de Physique Théorique (Unité Propre de Recherche 7061), Université de la Méditerranée (Aix–Marseille II) CNRS – Luminy – Case 907, 13288 Marseille, Cedex 09, France (Received July 23, 1999)

It is shown that the condensation in the Bogoliubov Weakly Imperfect Bose–Gas (WIBG) may appear in two stages. If the interaction is such that the pressure of the WIBG does not coincide with the pressure of the Perfect Bose–Gas (PBG), then the WIBG may manifest two kinds of condensations: a non–conventional condensation in the zero–mode due to the interaction (the first stage) and a conventional (generalized of type I) Bose–Einstein condensation in modes next to the zero–mode due to the particle density saturation (the second stage).

Key words: Bogoliubov Weakly Imperfect Gas, non–conventional Bose–condensation, generalized (type I) condensation.

PACS numbers: 03.75.Fi, 05.30.Jp

I. INTRODUCTION

Consider a system of bosons of mass m in a cubic box Λ = L × L × L ⊂ R^3 of the volume V ≡ |Λ| = L^3, with periodic boundary conditions on ∂Λ. If φ (x) denotes an absolutely integrable two–body interaction potential and

v (q) = ∫ R^3 d^3xφ (x) e^{−iqx}, q ∈ R^3, (1.1)

then its second–quantized Hamiltonian acting on the boson Fock space F_Λ can be written as

H_Λ = ∑ k∈Λ^∗ ε_ka^∗_ka_k (1.2)

+ 1 2V ∑ k_1,k_2,q∈Λ^∗ v (q) a^∗_{k1+q} a^∗_{k2−q}a_{k1} a_{k2} ,

where all sums run over the set Λ^∗ defined by

Λ^∗ = { k ∈ R^3 : α = 1, 2, 3, (1.3)

k_α = 2πn_α L et n_α = 0, ±1, ±2, . . . } .

Here ε_k = ℏ^2k^2/2m is the kinetic energy, and a^#_k = {a^∗_k, a_k} are usual boson creation and annihilation operators in the one–particle state ψ_k (x) = V^{− 12} e^{ikx}, k ∈ Λ^∗, x ∈ Λ; for example, a^∗_k ≡ a^∗ (ψ_k) = ∫ Λdxψ_k (x) a^∗ (x) where a^# (x) are basic boson operators in the Fock space F_Λ over L^2 (Λ).

Below we suppose that:

(A) φ (x) = φ (‖x‖) and φ ∈ L^1 ( R^3 ) ; (B) v (k) is a real continuous function, satisfying v (0) > 0 and 0 ≤ v (k) ≤ v (0) for k ∈ R^3.

If one expects that Bose–Einstein condensation, which occurs for the Perfect Bose–Gas (PBG) in the mode k = 0, persists for a weak interaction φ (x), then according to Bogoliubov [1,2] the most important terms in (1.2) should be those in which at least two operators a^∗_0, a_0 appear. We are thus led to consider the following truncated Hamiltonian (the Bogoliubov Hamiltonian for a Weakly Imperfect Bose gas (WIBG), see [1,2]):

H^B_Λ = T_Λ + U^D_Λ + U_Λ, (1.4)

where

T_Λ = ∑ k∈Λ^∗ ε_ka^∗_ka_k, (1.5)

U^D_Λ = v (0) V a^∗_0a_0 ∑ k∈Λ^∗,k≠0 a^∗_ka_k (1.6)

+ 1 2V ∑ k∈Λ^∗,k≠0 v (k) a^∗_0a_0 ( a^∗_ka_k + a^∗_{−k}a_{−k} )

+ v (0) 2V a^{∗2}_0 a^2_0,

U_Λ = 1 2V ∑ k∈Λ^∗,k≠0 v (k) ( a^∗_ka^∗_{−k}a^2_0 + a^{∗2}_0 a_ka_{−k} ) . (1.7)

Notice that the self–adjoint operator H^B_Λ is defined on a dense domain in the boson Fock space F_Λ ≈ F_{0Λ} ⊗ F^′_Λ over L^2 (Λ) , where F_{0Λ} and F^′_Λ are the boson Fock spaces constructed out of H_{0Λ} (the one–dimensional subspace generated by ψ_{k=0} ∈ L^2 (Λ)) and of its orthogonal complement H^⊥_{0Λ} respectively.

For any complex c ∈ C , we can define in F_{0Λ} a coherent vector ψ_{0Λ} (c) = e^{−V |c|2 /2} ∞∑ k=0 1 k! (√ V c )_k (a^∗_0)^k Ω_0, (1.8)

where Ω_0 is the vacuum of F_Λ and therefore a_0ψ_{0Λ} (c) = c √ V ψ_{0Λ} (c). Using this concept of the coherent vectors in F_{0Λ}, Ginibre [3] defines the Bogoliubov approximation to a Hamiltonian H_Λ in F_Λ as follows:

Definition 1 The Bogoliubov approximation H_Λ ( c^#, μ ) for a Hamiltonian H_Λ (μ) ≡ H_Λ − μN_Λ on F_Λ is the operator defined on F^′_Λ by its quadratic form ( ψ^′_1, H_Λ ( c^#, μ ) ψ^′_2 ) F^′_Λ ≡ (ψ0Λ (c) ⊗ ψ ′ 1, H_Λ (μ) ψ_{0Λ} (c) ⊗ ψ^′_2)_{FΛ}

for ψ_{0Λ} (c) ⊗ ψ^′_{1,2} in the form–domain of H_Λ (μ), where c^# = (c, c) and

N_Λ = ∑ k∈Λ^∗ N_k

is the particle–number operator (here N_k ≡ a^∗_ka_k is the occupation–number operator for the mode k) and μ is the chemical potential.

Therefore, the Bogoliubov approximation in the Bogoliubov Hamiltonian for the WIBG (1.4) gets the form:

H^B_Λ ( c^#, μ ) = ∑ k∈Λ^∗,k≠0 [ ε_k − μ + v (0) |c|^2 ] a^∗_ka_k + 1 2 ∑ k ∈ Λ^∗, k ≠ 0v (k) |c|^2 [ a^∗_ka_k + a^∗_{−k}a_{−k} ] (1.9)

+ 1 2 ∑ k∈Λ^∗,k≠0 v (k) [ c^2a^∗_ka^∗_{−k} + c^2a_ka_{−k} ] − μ |c|^2 V + 1 2 v (0) |c|^4 V.

Then the Hamiltonian (1.9) can be diagonalized (cf. [1,2]). The pressure associated with H^B_Λ ( c^#, μ ) :

~p^B_Λ ( β, μ; c^# ) ≡ 1 βV ln T r_F ′_Λ e^{−βHBΛ} (^{c#,μ}), (1.10)

(where θ = β^{−1} is the temperature) is well–defined for μ ≤ v (0) |c|^2 and has the following explicit form: ~p^B_Λ ( β, μ; c^# ) = ξ_Λ (β, μ; x) + η_Λ (μ; x) , (1.11)

ξ_Λ (β, μ; x) = 1 βV ∑ k∈Λ^∗,k≠0 ln ( 1 − e^{−βEk} )_{−1} ,

η_Λ (μ; x) = − 1 2V ∑ k∈Λ^∗,k≠0 (E_k − f_k) + μx − 1 2 v (0) x^2,

where x = |c|^2 ≥ 0 and

f_k = ε_k − μ + x [v (0) + v (k)] , (1.12) h_k = xv (k) , E_k = √ f^2_k − h^2_k.

Another observation concerns the original Hamiltonian (1.4), see [4,5].

Proposition 1 The pressure p^B_Λ (β, μ) associated with the Bogoliubov Hamiltonian H^B_Λ , i.e.

p^B_Λ (β, μ) ≡ p_Λ [ H^B_Λ ] ≡ 1 βV ln T r_{FΛ} e^{−β}(^{HBΛ −μNΛ} ), (1.13)

is defined only in domain Q = {μ ≤ 0} × {θ ≥ 0} and it is equal in the thermodynamic limit to p^B (β, μ) = sup_{c∈C} ~p^B ( β, μ; c^# ) (1.14)

≡ lim_Λ { sup_{c∈C} ~p^B_Λ ( β, μ; c^# ) } .

Therefore, from the explicit form (1.11) of ~p^B_Λ ( β, μ; c^# ) we can deduce (cf. [4,5]) the following two corollaries:

Corollary 2. Let v (k) satisfy (A), (B) and

v(0) ≥ 1 2 (2π)^3 ∫ R^3

d^3k v(k)^2 ε_k . (1.15)

Then p^B (β, μ) = sup_{c∈C} ~p^B ( β, μ; c^# ) = ~p^B (β, μ; 0) (1.16) = p^P (β, μ) , where

p^P (β, μ) ≡ lim_Λ p_Λ [T_Λ]

is the pressure of the Perfect Bose–Gas (PBG).

Corollary 3. Let v (k) satisfy (A), (B) and (C) :

v(0) < 1 2 (2π)^3 ∫ R^3

d^3k v(k)^2 ε_k . (1.17)

Then there are μ_0 < 0 and θ_0 (μ) > 0 such that one has p^B (β, μ) = sup_{c∈C} ~p^B ( β, μ; c^# ) (1.18) = ~p^B ( β, μ; ^c^# (β, μ) ≠ 0 ) > p^P (β, μ) , for (θ, μ) ∈ D defined by

D = {(θ, μ) : μ_0 < μ ≤ 0, 0 ≤ θ < θ_0 (μ)} , (1.19) and p^B (β, μ) = sup_{c∈C} ~p^B ( β, μ; c^# ) = p^P (β, μ) , (1.20)

for (θ, μ) /∈ D. Moreover, see [4,5], D is a domain which corresponds to a non–conventional condensation in the mode k = 0:

ρ^B_0 (θ, μ) ≡ lim_Λ ⟨ a^∗_0a_0 V ⟩ H^B_Λ (β, μ) =

= { |^c (β, μ)|^2 > 0, (θ, μ) ∈ D 0, (θ, μ) ∈ Q\D } , (1.21)

where ^c (β, μ) is defined by (1.18) and

ω^B_Λ (−) ≡ ⟨−⟩_HB_Λ (β, μ) (1.22)

represents the grand–canonical Gibbs state for the Hamiltonian H^B_Λ . The non–conventional Bose– condensate (1.21) undergoes a jump on the boundary ∂D, see [4,5] .

However, we have to admit that in [4,5] we study the WIBG only in the grand–canonical ensemble, i.e. by fixing the chemical potential μ. On the other hand, it is well–known that the conventional Bose–Einstein condensation in the PBG is parametrized by the total particle density ρ which should be higher than the saturated for μ = 0 particle density ρ^P (β, μ) in the grand canonical ensemble: ρ > ρ^P_c (θ) ≡ ρ^P ( θ^{−1}, μ = 0 ) . Thus [4,5] do not study the conventional Bose–Einstein condensation in the WIBG.

Notice that using the Griffiths Lemma (see [6,7]) and Proposition 1, one finds for the grand–canonical total particle density in the WIBG:

ρ^B (β, μ) ≡ lim_Λ ω^B_Λ ( N_Λ V ) = lim_Λ 1 V ∑ k∈Λ^∗ ω^B_Λ (N_k) = lim_Λ ∂_μp^B_Λ (β, μ) = ∂_μ ~p^B (β, μ; 0)

= 1 (2π)^3 ∫ R^3 ( e^{β(εk−μ)} − 1 )_{−1} d^3k, (1.23)

for (θ, μ < 0) ∈ Q\D and: ρ^B (β, μ) = ∂_μ ~p^B ( β, μ; ^c^# (β, μ) ≠ 0 ) (1.24) = 1 (2π)^3 ∫ R^3 [ f_k E_k ( e^{βEk} − 1 )_{−1} + h^2_k 2E_k (f_k + E_k) ] d^3k | | | |_{c=^c(β,μ)} + |^c (β, μ)|^2 ,

for (θ, μ < 0) ∈ D. Then, from (1.23) and (1.24), we see that the total density ρ^B (β, μ) reaches its maximal (critical) value at μ = 0, i.e. ρ^B_c (θ) ≡ ρ^B (β, μ = 0):

(i) for θ > θ_0 (μ = 0)

ρ^B_c (θ) = 1 (2π)^3 ∫ R^3 ( e^{βεk} − 1 )_{−1} d^3k < +∞, (1.25)

(ii) for θ < θ_0 (μ = 0)

ρ^B_c (θ) = 1 (2π)^3 ∫ R^3 [ f_k E_k ( e^{βEk} − 1 )_{−1} + h^2_k 2E_k (f_k + E_k) ] d^3k | | | |_{c=^c(β,0)μ=0} + |^c (β, μ = 0)|^2 < +∞. (1.26)

By convexity of p^B (β, μ) with respect to the parameter μ one gets that lim μ→μ_0 (θ)^− ρ^B (β, μ) ≡ ρ^B_{inf} (θ) < lim_{μ→μ0(θ)+} ρ^B (β, μ) ≡ ρ^B_{sup} (θ) , (1.27)

where μ_0 = μ_0 (θ) is the inverse function of θ_0 (μ), and lim θ→θ_0(0)^+

ρ^B_c (θ) < lim_{θ→θ0(0)−}ρ^B_c (θ) . (1.28)

Thus the aim of the present paper is to study the thermodynamic properties of the WIBG in function of the total particle density ρ to answer the question of its thermodynamic behaviour for the densities ρ ≥ ρ^B_c (θ). Our main statements are formulated in the next Section II where we explicit the existence of a conventional (generalized) Bose– Einstein condensation for μ = 0 and densities ρ > ρ^B_c (θ) which occurs after a non–conventional condensation (1.21) [4,5] if θ ≤ θ_0 (0), see Figure 1. Section III contains discussions and concluding remarks. Some technical statements are formulated in Appendix A.

Fig. 1. Density of the non–conventional condensation in the Bogoliubov WIBG.

II. BOSE–EINSTEIN CONDENSATION IN THE WIBG

In this section we study the WIBG for temperature and the total particle density as given parameters. Theorem 4. Let interaction (1.1) satisfies (A) and (B). Then there exists ε_{Λ,1}:

ε_{Λ,1} ∈ [ inf_{k≠0} [ ε_k − v (k) 2V ] , ^ε_{Λ,1} = inf_{k≠0}ε_k ] ,

such that for μ < ε_{Λ,1}

p^B_Λ (β, μ) < +∞, ω^B_Λ ( N_Λ V ) < +∞, (2.1)

and lim μ→ε_{Λ,1} p^B_Λ (β, μ) = +∞, lim_{μ→εΛ,1}ω^B_Λ ( N_Λ V ) = +∞. (2.2)

Proof. Since v (k) satisfies (A) and (B), by regrouping terms in (1.6), (1.7) one gets

H^B_Λ = ~H_Λ + v (0) V a^∗_0a_0 ∑ k∈Λ^∗,k≠0 a^∗_ka_k + 1 2V ∑ k∈Λ^∗,k≠0 v (k) ( a^∗_0a_k + a^∗_{−k}a_0 )_∗ ( a^∗_0a_k + a^∗_{−k}a_0 ) , (2.3)

where

~H_Λ = ∑ k∈Λ^∗,k≠0 ( ε_k − v (k) 2V ) a^∗_ka_k + v (0) 2V (a^∗_0a_0)^2 − 1 2 φ (0) a^∗_0a_0. (2.4)

Thus from (2.3), (2.4) we obtain

H^B_Λ ≥ ~H_Λ. (2.5)

By straightforward calculations one gets

p_Λ [ ~H_Λ ] = 1 βV ∑ k∈Λ^∗,k≠0 ln { 1 − e^{−β}[^{εk−}(^{μ+ v(k)2V} )] }_{−1} + 1 βV ln +∞∑ n_0=0 e^{βV} [ (μ+^1_2 φ(0))^{n0}_V −^{v(0)}_{2V} [^{n0}_V ]^{2]},

which together with (2.5) implies

p^B_Λ (β, μ) ≤ p_Λ [ ~H_Λ ] < +∞ (2.6)

for μ < inf_{k≠0} [ ε_k −^{v(k)}_{2V} ] . Since

ω^B_Λ ( N_Λ V ) = ∂_μp^B_Λ (β, μ) ,

by (2.6) and by convexity of the pressure p^B_Λ (β, μ) in parameter μ we deduce that

ω^B_Λ ( N_Λ V ) < +∞

for μ < inf_{k≠0} [ ε_k −^{v(k)}_{2V} ] . Moreover by the Bogoliubov inequality (see e.g. [8,9]), one gets: 1 V ⟨U_Λ⟩_HB_Λ ≤ p_Λ [ H^{BD}_Λ ] − p_Λ [ H^B_Λ ] ≤ 1 V ⟨U_Λ⟩_HBD_Λ ,

(2.7)

where H^{BD}_Λ ≡ T_Λ+U^D_Λ is the diagonal part of the Bogoliubov Hamiltonian with T_Λ and U^D_Λ defined respectively by (1.5) and (1.7). Since ⟨U_Λ⟩_HBD_Λ = 0, we deduce from

(2.7) that

p^B_Λ (β, μ) ≥ p_Λ [ H^{BD}_Λ ] .

Combining this with the estimate (cf. [4,5])

p_Λ [ H^{BD}_Λ ] ≥ 1 βV ∑ k∈Λ^∗,k≠0 ln [( 1 − e^{[−β(εk−μ)]} )_{−1}]

we get lim μ→inf_{k≠0} ε_k

p_Λ [ H^{BD}_Λ ] = +∞. (2.8)

Therefore, by (2.6) and (2.8) we deduce that there exists ε_{Λ,1} ∈ [ inf_{k≠0} [ ε_k −^{v(k)}_{2V} ] , inf_{k≠0}ε_k ] such that p^B_Λ (β, μ) and ω^B_Λ (_{NΛ} V ) are bounded for μ < ε_{Λ,1} and lim μ→ε_{Λ,1} p^B_Λ (β, μ) = +∞. (2.9)

Notice that by convexity of p^B_Λ (β, μ) one gets

p^B_Λ (β, μ) − p^B_Λ (β, 0) μ ≤ ∂_μp^B_Λ (β, μ) = ω^B_Λ ( N_Λ V ) .

Then the limit (2.9) implies

lim μ→ε_{Λ,1} ω^B_Λ ( N_Λ V ) = +∞,

which completes the proof of (2.2). ■

Since the case of ρ < ρ^B_c (θ) (cf. (1.25), (1.26)) has been already studied in Section I, see (1.23), (1.24), below we consider the case ρ ≥ ρ^B_c (θ).

Corollary 5. By Theorem 4 for any ρ ≥ ρ^B_c (θ) there is a unique value of the chemical potential μ^B_Λ (θ, ρ) < ε_{Λ,1} (notice that in general μ^B_Λ (θ, ρ) ≷ 0) such that

ω^B_Λ ( N_Λ V ) = ρ, (2.10)

and lim_Λ μ^B_Λ ( θ, ρ ≥ ρ^B_c (θ) ) = 0. (2.11)

From now on we put

ω^B_{Λ,ρ} (−) ≡ ω^B_Λ (−) |_{μ=μ}B_{Λ (θ,ρ)} . (2.12)

According to [4,5] the WIBG non–conventional condensation in the mode k = 0 is saturated for μ → 0^− either by |^c (β, 0)|^2 > 0 (for θ < θ_0 (0)), or by |^c (β, 0)|^2 = 0

(for θ > θ_0 (0)), see (1.21). Therefore, by (1.23)–(1.26) and Theorem 4 the saturation of the total particle density should imply the conventional Bose–Einstein condensation in modes next to k = 0. For discussion of this phenomenon of two kinds of condensations in the framework of simple models see e.g. recent papers [10,11].

To control the condensation in k ≠ 0 we introduce an auxiliary Hamiltonian

H^B_{Λ,α} = H^B_Λ − α ∑ k∈Λ^∗,a<‖k‖<b a^∗_ka_k,

for a fixed a > 0 and b > a > 0. Then we set p^B_Λ (β, μ, α) ≡ 1 βV ln T r_{FΛ} e^{−βHBΛ,α(μ)}, (2.13)

and ω^{B,α}_Λ (−) ≡ ⟨−⟩_HB_{Λ,α} (β, μ) for the grand–canonical Gibbs state corresponding to H^B_{Λ,α} (μ).

Recall that μ_0 (θ) is the function (inverse to θ_0 (μ)) which defines a borderline of domain D, see (1.19).

Proposition 6. [4,5] Let α ∈ [−δ, δ] where 0 ≤ δ ≤ ε_a/2 and ε_a = inf_{‖k‖≥a}ε_k. Then there exists a domain D_δ ⊂ D:

D_δ ≡ {(θ, μ) : μ_0 < μ_0 (δ) ≤ μ ≤ 0, 0 ≤ θ ≤ θ_0 (μ, δ) < θ_0 (μ)} (2.14)

such that | | | |p^BΛ (β, μ, α) − sup_{c∈C} ~p^BΛ ( β, μ, α; c^# ) | | | | ≤ K (δ) √ V (2.15)

for V sufficiently large, uniformly in α ∈ [−δ, δ] and for:

(i) (θ, μ) ∈ D_δ , if μ^B_Λ ( θ, ρ ≥ ρ^B_c (θ) ) ≤ 0; (2.16) (ii) (θ, μ) ∈ D_δ ∪ { (θ, μ) : 0 ≤ μ ≤ μ^B_Λ ( θ, ρ ≥ ρ^B_c (θ) ) , 0 ≤ θ ≤ θ_0 (μ = 0, δ) } , if μ^B_Λ ( θ, ρ ≥ ρ^B_c (θ) ) ≥ 0. Proof. The existence of the domain D_δ follows from the proof of Theorem 3.14 [5]. This means that the estimate (2.15) is stable with respect to local perturbations of the free–particle spectrum: ε_k → ε_k − αχ_{(a,b)} (‖k‖) for |α| ≤ δ ≤ ε_a/2 in a reduced domain D_δ ⊂ D. Here χ_{(a,b)} (‖k‖) is the characteristic function of (a, b) ⊂ R. Extension in (2.16) (cf. Corollary 5) is due to continuity of the pressure p^B_Λ (β, μ, α) and the trial pressure ~p^B_Λ ( β, μ, α; c^# ) in parameters α ∈ [−δ, δ] and μ ≤ μ^B_Λ ( θ, ρ ≥ ρ^B_c (θ) ) , see (2.11). ■ Corollary 7. Let ρ ≥ ρ^B_c (θ), see (1.25), (1.26). Then for θ < θ_0 (0) one has

lim_Λ 1 V ∑ k∈Λ^∗,a<‖k‖<b ω^B_{Λ,ρ} (N_k) = 1 (2π)^3 ∫ a<‖k‖<b [ f_k E_k ( e^{βEk} − 1 )_{−1} + h^2_k 2E_k (f_k + E_k) ] d^3k | | | | | |_{c=^c(β,0)μ=0} , (2.17) whereas for θ > θ_0 (0) we have

lim_Λ 1 V ∑ k∈Λ^∗,a<‖k‖<b ω^B_{Λ,ρ} (N_k) = 1 (2π)^3 ∫ a<‖k‖<b ( e^{βεk} − 1 )_{−1} d^3k. (2.18)

Proof. Consider the sequence of functions { p^B_Λ ( β, μ^B_Λ (θ, ρ) , α )} Λ (2.13), where chemical potential is defined by (2.10), (2.11) and α ∈ [−δ, δ]. Since by (2.13)

∂_αp^B_Λ ( β, μ^B_Λ (θ, ρ) , α ) = 1 V ∑ k∈Λ^∗,a<‖k‖<b ω^{B,α}_{Λ,ρ} (N_k) (2.19)

and { p^B_Λ ( β, μ^B_Λ (θ, ρ) , α )} Λ are convex functions of α ∈ [−δ, δ], Proposition 6 and the Griffiths lemma [6,7] imply

lim_Λ ∂_αp^B_Λ ( β, μ^B_Λ (θ, ρ) , α ) = lim_Λ 1 V ∑ k∈Λ^∗,a<‖k‖<b ω^{B,α}_{Λ,ρ} (N_k) = ∂_α lim_Λ sup_{c∈C} ~p^B_Λ ( β, μ^B_Λ (θ, ρ) , α; c^# ) , (2.20)

for α ∈ [−δ, δ]. Therefore, by explicit calculations in the right–hand side of (2.20) (cf. (1.10)–(1.12)) we obtain for α = 0 equalities (2.17) and (2.18). ■

Remark 1. Notice that the expectation values ω^B_Λ (N_k) = ⟨N_k⟩_HB_Λ (β, μ) (and similar ω^B_{Λ,ρ} (N_k) = ⟨N_k⟩_HB_Λ ( β, μ^B_Λ (θ, ρ) ) ) are defined on the discrete set Λ^∗.

Below we denote by { ω^B_Λ (N_k) } k∈R^3 a continuous inter-

polation of these values from the set Λ^∗ to R^3.

Now we are in position to prove the main statement of this section about the Bose–Einstein condensation manifested by the WIBG for large densities ρ at fixed temperature θ = β^{−1}.

Theorem 8. For ρ > ρ^B_c (θ) we have that (i)

lim_Λ ω^B_{Λ,ρ} ( a^∗_0a_0 V ) = { |^c (β, 0)|^2 , θ < θ_0 (0) 0, θ > θ_0 (0) } ; (2.21)

(ii) for any k ∈ Λ^∗, such that ‖k‖ >^{2π}_L ,

lim_Λ ω^B_{Λ,ρ} ( N_k V ) = 0; (2.22)

(iii) for θ < θ_0 (0) and for all k ∈ Λ^∗, such that ‖k‖ > δ > 0

lim_Λ ω^B_{Λ,ρ} (N_k) = [ f_k E_k ( e^{βEk} − 1 )_{−1} (2.23)

+ h^2_k 2E_k (f_k + E_k) ] c=^c(β,0) μ=0 whereas for θ > θ_0 (0) lim_Λ ω^B_{Λ,ρ} (N_k) = 1 e^{βεk} − 1 ; (2.24)

(iv) the double limit lim δ→0^+ lim_Λ 1 V ∑ {k∈Λ^∗,0<‖k‖≤δ} ω^B_{Λ,ρ} (N_k) = ρ − ρ^B_c (θ) ,

(2.25)

which means that the WIBG manifests a conventional generalized Bose–Einstein condensation in the 2d modes next to the zero–mode due to particle density saturation.

Proof. (i) Since by (2.11) we have

lim_Λ μ^B_Λ (θ, ρ) = 0, (2.26)

the thermodynamic limit (2.21) results from Theorem 4.4 and Corollary 4.8 of [5], see also (1.21) for μ = 0.

(ii) Since ‖k‖ >^{2π}_L and Λ = L × L × L, which excludes a generalized Bose–Einstein condensation due to anisotropy [12], the thermodynamic limit (2.22) follows from Lemma 10.

(iii) Let us consider g_θ (k) defined for k ∈ R^3, ‖k‖ > δ > 0 by

g_θ (k) ≡ lim_Λ ω^B_{Λ,ρ} (N_k) , (2.27)

where (cf. (2.12)) the state ω^B_{Λ,ρ} (−) stands for ω^B_Λ (−) with μ = μ^B_Λ (θ, ρ) . Notice that by Lemma 10 and the fact that μ^B_Λ (θ, ρ) < ε_{Λ,1} < inf_{k≠0}ε_k = ε_{‖k‖=} 2π_L

the thermodynamic limit (2.27) exists and it is informally bounded for ‖k‖ > δ > 0. Moreover, for any interval (a > δ, b) we have

lim_Λ 1 V ∑ k∈Λ^∗,‖k‖∈(a,b) ω^B_{Λ,ρ} (N_k)

= 1 (2π)^3 ∫ ‖k‖>δ g_θ (k) χ_{(a,b)} (‖k‖) d^3k,

where χ_{(a,b)} (‖k‖) is the characteristic function of (a, b). Then Corollary 7 implies that 1 (2π)^3 ∫ ‖k‖>δ g_θ (k) χ_{(a,b)} (‖k‖) d^3k (2.28)

= 1 (2π)^3 ∫ ‖k‖>δ f_θ (k) χ_{(a,b)} (‖k‖) d^3k, where f_θ (k) is a continuous function on k ∈ R^3 defined by (2.17), (2.18), i.e.

f_θ (k) ≡ 1 (2π)^3 [ f_k E_k ( e^{βEk} − 1 )_{−1} (2.29)

+ h^2_k 2E_k (f_k + E_k) ] c=^c(β,0) μ=0 ,

for θ < θ_0 (0) and f_θ (k) ≡ 1 (2π)^3 ( e^{βεk} − 1 )_{−1} , (2.30)

for θ > θ_0 (0). Since the relation (2.28) is valid for any interval (a > δ, b) ⊂ R one gets g_θ (k) = f_θ (k) , k ∈ R^3, ‖k‖ > δ > 0 from which by (2.27), (2.29) and (2.30) we deduce (2.23) and (2.24).

(iv) Since the total density ρ is fixed, we have

1 V ∑ {k∈Λ^∗,0<‖k‖≤δ} ω^B_{Λ,ρ} (N_k) = ρ − ω^B_{Λ,ρ} ( a^∗_0a_0 V ) − 1 V ∑ {k∈Λ^∗:‖k‖>δ} ω^B_{Λ,ρ} (N_k) . (2.31)

Using Corollary 7 for a = δ and b → +∞ we obtain for θ < θ_0 (0)

lim_Λ 1 V ∑ {k∈Λ^∗:‖k‖>δ} ω^B_{Λ,ρ} (N_k) = 1 (2π)^3 ∫ ‖k‖>δ f_k E_k ( e^{βEk} − 1 )_{−1} + h^2_k 2E_k (f_k + E_k) d^3k c=^c(β,0) μ=0 , (2.32)

and for θ > θ_0 (0)

lim_Λ 1 V ∑ k∈Λ^∗,‖k‖>δ ω^B_{Λ,ρ} (N_k) = 1 (2π)^3 ∫ ‖k‖>δ ( e^{βεk} − 1 )_{−1} d^3k. (2.33)

Then, from (1.25), (1.26), (2.21), (2.31)–(2.33) we finally deduce (2.25) by taking the limit δ → 0^+. ■

Therefore, according to (2.25) and in a close similarity to [11] for θ > θ_0 (0) and ρ > ρ^B_c (θ) the WIBG manifests only one kind of condensation, namely a conventional Bose–Einstein condensation which occurs in the mode k ≠ 0, whereas for θ < θ_0 (0) it manifests for ρ > ρ^B_c (θ) this kind of condensation as a second stage after the non– conventional Bose condensation |^c (β, 0)|^2, see (2.21).

Remark 2. Similar to the model of ref. [11] in domain: θ < θ_0 (0), ρ > ρ^B_c (θ), we have the coexistence of two kinds of condensations:

— the non–conventional one which starts when ρ > ρ^B_{sup} (θ) (ρ ≤ ρ^B_c (θ)), see (1.25)–(1.27),

— and the conventional Bose–Einstein condensation when ρ > ρ^B_c (θ).

Remark 3. Before we classify this latter condensation we remind to the readers about the convenience of the nomenclature of conventional (generalized) Bose– Einstein condensations according to [12,13]:

— a condensation is called of type I when a finite number of levels is macroscopically occupied;

— it is of type II when an infinite number of levels is macroscopically occupied;

— it is called of type III, or the non–extensive condensation, when no levels are macroscopically occupied whereas one has lim δ→0^+ lim_Λ 1 V ∑ {k∈Λ^∗,0<‖k‖≤δ} ⟨N_k⟩ = ρ − ρ_c (θ) .

Paper [12] demonstrates that these three kinds of conventional condensations can be realized for the case of the PBG in an anisotropic box Λ ⊂ R^3 with volume the V = |Λ| and the Dirichlet boundary conditions, i.e. in a box Λ with L_x = V^{αx} , L_y = V^{αy} and L_z = V^{αz} for α_x + α_y + α_z = 1 and α_x ≤ α_y ≤ α_z. At fixed temperature and for sufficiently large density ρ, we have a condensation of the type I in the fundamental mode k = (_{2π} L_x , 2π L_y , 2π L_z ) if α_z < 1/2 whereas for α_z = 1/2 one gets a condensation of the type II characterized by a macroscopic occupation of all modes k = (_{2π} L_x , 2π L_y , 2πn L_Z ) , n ∈ N and for α_z > 1/2 one obtains a condensation of the type III. In [14,15] it was shown that type III condensation can be provoked in the PBG by a weak external potential or (see [13,16]) by a specific choice of boundary conditions and geometry. Another example of the non– extensive condensation is given in [10,11] for bosons in an isotropic box Λ with interactions which spread out the conventional condensation of the type I into a conventional condensation of the type III.

Therefore, from (2.22) and (2.25) we can deduce only that the conventional condensation in the WIBG can be either a condensation of type I in modes ‖k‖ = 2π/L, or a condensation of the type III if modes ‖k‖ = 2π/L are not macroscopically occupied, or finally a combination of the non–extensive condensation with a condensation of the type I in the modes ‖k‖ = 2π/L.

Corollary 9. In fact, for ρ > ρ^B_c (θ) the generalized (conventional) condensation (2.25) is a condensation of the type I in the first 2d modes next to the zero–mode k = 0, i.e.

lim_Λ 1 V ∑ {k∈Λ^∗,‖k‖=^{2π}_L } ω^B_{Λ,ρ} (a^∗_ka_k) = ρ − ρ^B_c (θ) . (2.34)

Proof. Since for δ > 0 1 V ∑ {k∈Λ^∗,‖k‖=^{2π}_L } ω^B_{Λ,ρ} (N_k) = ρ − ω^B_{Λ,ρ} ( a^∗_0a_0 V ) − 1 V ∑ {k∈Λ^∗,^{2π}_L <‖k‖<δ} ω^B_{Λ,ρ} (N_k) − 1 V ∑ {k∈Λ^∗:‖k‖≥δ} ω^B_{Λ,ρ} (N_k) ,

using Lemma 1 we find that 1 V ∑ {k∈Λ^∗,‖k‖=^{2π}_L } ω^B_{Λ,ρ} (N_k) ≥ ρ − 1 V ∑ {k∈Λ^∗,^{2π}_L <‖k‖<δ} 1 e^{Bk} (^{μBΛ (θ,ρ)}) − 1

− ω^B_{Λ,ρ} ( a^∗_0a_0 V ) 1 + β 2V ∑ {k∈Λ^∗,^{2π}_L <‖k‖<δ} v (k) 1 − e^{−Bk}(^{μBΛ (θ,ρ)})

− 1 V ∑ {k∈Λ^∗:‖k‖≥δ} ω^B_{Λ,ρ} (N_k) , (2.35)

with B_k ( μ^B_Λ (θ, ρ) ) defined by (4.2). Since by Theorem 1 one gets

μ^B_Λ (θ, ρ) < ε_{Λ,1} < inf_{k≠0}ε_k = ε_{‖k‖=} 2π_L ,

from (1.25), (1.26), (2.32) we deduce

lim_Λ 1 V ∑ {k∈Λ^∗,‖k‖=^{2π}_L } ω^B_{Λ,ρ} (a^∗_ka_k) ≥ ρ − ρ^B_c (θ) (2.36)

by taking the limit δ → 0^+ in the right–hand side of (2.35) after the thermodynamic limit. Therefore, combining the inequality

lim_Λ 1 V ∑ {k∈Λ^∗,‖k‖=^{2π}_L } ω^B_{Λ,ρ} (N_k)

≤ lim_Λ 1 V ∑ {k∈Λ^∗,0<‖k‖<δ} ω^B_{Λ,ρ} (N_k)

with Theorem 5 (cf. (2.25)) and (2.36)), we obtain (2.34). ■ Therefore, for a fixed temperature θ and a fixed total particle density ρ, we obtain three types of thermodynamic behaviour of the WIBG for θ < θ_0 (0):

(i) for ρ ≤ ρ^B_{inf} (θ), there is no condensation; (ii) for ρ^B_{sup} (θ) ≤ ρ ≤ ρ^B_c (θ), there is a non– conventional (dynamical) condensation (1.21) in the mode k = 0 due to non–diagonal interaction in the Bogoliubov Hamiltonian, see Figure 1 and [4,5,17];

(iii) for ρ^B_c (θ) ≤ ρ, there is a second kind of condensation: the conventional type I Bose–Einstein condensation which occurs after the non–conventional one due to the standard mechanism of the total particle density saturation (Corollary 9).

If θ ≥ θ_0 (0), there are only two types of thermodynamic behaviour: they correspond to ρ ≤ ρ^B_c (θ) with no condensation and to ρ^B_c (θ) ≤ ρ with a conventional condensation as in (iii). Hence, for θ > θ_0 (0) the condensation in the WIBG coincides with type I generalized Bose–Einstein condensation in the PBG with excluded mode k = 0, see Theorem 8 (iii) and [18].

III. CONCLUSION

Papers [4,5] have already discussed the existence of a non–conventional condensation of bosons for k = 0, for negative μ and θ < θ_0 (0). The physical reason of this non–conventional (or dynamical) condensation is an effective attraction between bosons in the mode k = 0 [17]:

− 1 V^2 ∑ k∈Λ^∗,k≠0 [v(k)]^2 4ε_k a^{∗2}_0 a^2_0 (3.1)

which has to dominate the direct repulsion in (1.7):

v (0) 2V a^{∗2}_0 a^2_0,

to ensure this new kind of condensation, see condition (C) (1.17) and discussions in [17]. However, for fixed temperature θ and total particle density ρ the present paper indicates the possibility of a conventional condensation: a generalized Bose–Einstein condensation of the type I in the first 2d modes next to the zero–mode k = 0. This second kind of condensation appears only for high densities ρ ≥ ρ^B_c (θ) due to the standard mechanism of the total particle density saturation, see Corollary 9.

Therefore, combining [4,5] with Section II for θ < θ_0 (0) we obtain for the WIBG three types of thermodynamic behaviour:

(i) for ρ ≤ ρ^B_{inf} (θ), there is no condensation; (ii) for ρ^B_{sup} (θ) ≤ ρ ≤ ρ^B_c (θ), a non–conventional (dynamical) condensation (1.21) appears in the mode k = 0;

(iii) for ρ^B_c (θ) ≤ ρ, the WIBG manifests a conventional Bose–Einstein condensation of the type I (Corollary 6). Therefore, two kinds of condensation coexist.

For θ < θ_0 (0), the thermodynamic behaviour of the WIBG is related to the two recent models [11] defined respectively by Hamiltonians

H^0_Λ ≡ T_Λ + U^0_Λ, (3.2) and H_Λ = H^0_Λ + U_Λ, (3.3)

where

T_Λ = ∑ k∈Λ^∗\{0} ε_ka^∗_ka_k, ε_{k≠0} = ℏ^2k^2/2m,

U^0_Λ = ε_0a^∗_0a_0 + g_0 V a^∗_0a^∗_0a_0a_0, ε_0 ∈ R^1, g_0 > 0, (3.4)

U_Λ = 1 V ∑ k∈Λ^∗,k≠0 g_k (V ) a^∗_ka^∗_ka_ka_k,

with 0 < g_k (V ) ≤ γ_kV^{αk} for k ∈ Λ^∗\ {0} , α_k ≤ α_+ < 1 and 0 < γ_k ≤ γ_+. Notice that in these models, ε_0 ∈ R^1 is not equal to ε_{‖k‖=0} = 0. Paper [11] shows the possibility of coexistence of two kinds of Bose condensations equally for models (3.2) and (3.3). In particular the WIBG is close to model (3.2) for θ < θ_0 (0) in the sense that the Bose gas (3.2) manifests the same three types of thermodynamic behaviour (i)−(iii) as above but there is no limiting temperature θ_0 (0) and no discontinuity of the condensate and the total particle density. The peculiarity of model (3.3) is that under conditions g_{k≠0} (V ) ≥ g_− > 0 or inf_{‖k‖<δ0,V} g_k (V ) > 0 in a band δ_0 > 0, the direct repulsion U_Λ (3.4) spreads out the conventional Bose– Einstein condensation, originally of the type I in modes ‖k‖ =^{2π}_L , into a conventional Bose–Einstein condensation of the type III (cf. [10,11]). Notice that the conventional Bose–Einstein condensation persists in the model (3.3) even if for k ∈ Λ^∗\ {0} g_k (V ) = γ_kV^{αk V →+∞}−→ + ∞ (α_k ≤ α_+ < 1) which is similar to the WIBG where in the effective two–bosons repulsion for k, q ≠ 0 g_{Λ,kq}a^∗_ka^∗_{−k}a_{−q}a_q, the “form–factor” g_{Λ,kq} > 0 diverges with volume as V^{2/3}, see [17]. However, an important difference is that this effective interaction (which is due to non–diagonal term (1.7)) does not able to spread out the Bose–Einstein condensation into the type III as in the model (3.3) for the WIBG: it rests as a condensation of the type I.

For θ ≥ θ_0 (0), there are only two types of thermodynamic behaviour: they correspond to the domain ρ ≤ ρ^B_c (θ) where there is no condensation and to ρ^B_c (θ) ≤ ρ where we have a conventional condensation as in (iii). Hence, for θ > θ_0 (0) the condensation in the WIBG coincides with the type I generalized Bose–Einstein condensation in the PBG with excluded mode k = 0, see (iii) in Theorem 8 and [18].

Notice that one of the possibility to correct the instabilities of the WIBG for μ > 0 (originally discovered in [21]) would be to add to H^B_Λ (1.4) the ”forward– scattering” repulsive interaction between particles next to the zero–mode k = 0:

H_Λ = H^B_Λ + v (0) 2V ∑ k,q∈Λ^∗\{0} a^∗_ka^∗_q a_q a_k. (3.5)

Paper [21] proposes to use the superstable Hamiltonian (3.5) to extract the gapless spectrum by doing the Bogoliubov approximation (see Definition 1) only in the operator H^B_Λ − v (0) a^{∗2}_0 a^2_0/2V (see also [22,23]). In fact the problem of the thermodynamics and the gapless spectrum for stabilized WIBG models is rather delicate, see discussions in [21–23]. The reason is that the interaction in the WIBG is in fact a long–range one, which implies the appearance of the gap when one has the non– conventional condensation in the zero–mode, see [5].

ACKNOWLEDGMENTS

The main ideas of this paper were formulated in numerous discussion with N. Angelescu, J.–B. Bru and A. Verbeure. I would like to thank them for these valuable discussions.

IV. APPENDIX A

Lemma 10.

Let ‖k‖ > 2π/L. Then for the Gibbs state ω^B_{Λ,ρ} (−) we have:

ω^B_{Λ,ρ} (N_k) ≤ 1 e^{Bk} (^{μBΛ (θ,ρ)}) − 1 + β v (k) 2V ω^B_{Λ,ρ} (a^∗_0a_0) 1 − e^{−Bk}(^{μBΛ (θ,ρ)}) , (4.1)

with

B_k ( μ = μ^B_Λ (θ, ρ) ) ≡ β [ ε_k − μ^B_Λ (θ, ρ) − v (k) 2V ] . (4.2)

Proof. By the correlation inequalities for the Gibbs state ω^B_Λ (−) ≡ ⟨−⟩_HB_Λ (β, μ) (see [19,20]):

βω^B_Λ ( X^∗ [ H^B_Λ (μ) , X ]) ≥ ω^B_Λ (X^∗X) ln ω^B_Λ (X^∗X) ω^B_Λ (XX^∗ ) , (4.3)

where X is an observable from the domain of the commutator [ H^B_Λ (μ) , . ] , we deduce

βω^B_Λ ( a^∗_k [ H^B_Λ (μ) , a_k ]) ≥ ω^B_Λ (N_k) ln ω^B_Λ (N_k) ω^B_Λ (N_k) + 1

, (4.4)

for X = a_k. Since for ‖k‖ > 2π/L

[ H^B_Λ (μ) , a_k ] = − ( ε_k − μ − [v (0) + v (k)] a^∗_0a_0 V ) a_k − v (k) V a^2_0a^∗_{−k},

one gets for μ = μ^B_Λ (θ, ρ) that

ω^B_{Λ,ρ} ( a^∗_k [ H^B_Λ ( μ^B_Λ (θ, ρ) ) , a_k ]) = − [ ε_k − μ^B_Λ (θ, ρ) ] ω^B_{Λ,ρ} (N_k) − [v (0) + v (k)] ω^B_{Λ,ρ} (a^∗_0a_0N_k) V − v (k) ω^B_{Λ,ρ} ( a^2_0a^∗_ka^∗_{−k} ) V (4.5)

Notice that ω^B_{Λ,ρ} ( a^∗_k [ H^B_Λ ( μ^B_Λ (θ, ρ) ) , a_k ]) ∈ R, then by (4.5) ω^B_{Λ,ρ} ( a^2_0a^∗_ka^∗_{−k} ) ∈ R. Therefore, 2ω^B_{Λ,ρ} ( a^2_0a^∗_ka^∗_{−k} ) = ω^B_{Λ,ρ} ( a^2_0a^∗_ka^∗_{−k} ) + ω^B_{Λ,ρ} ( a_ka_{−k}a^{∗2}_0 ) . (4.6)

Moreover, since the functions ε_k and v (k) are even, we have ω^B_{Λ,ρ} (a^∗_0a_0N_k) = ω^B_{Λ,ρ} (a^∗_0a_0N_{−k}) . (4.7)

Thus (4.5)–(4.7) imply

ω^B_{Λ,ρ} ( a^∗_k [ H^B_Λ ( μ^B_Λ (θ, ρ) ) , a_k ]) = − [ ε_k − μ^B_Λ (θ, ρ) ] ω^B_{Λ,ρ} (a^∗_ka_k) − v (k) 2V ω^B_{Λ,ρ} ( a^2_0a^∗_ka^∗_{−k} + a^{∗2}_0 a_ka_{−k} )

− [v (0) + v (k)] 2V ω^B_{Λ,ρ} (a^∗_0a_0N_k + a^∗_0a_0N_{−k}) . (4.8)

Now applying the identity

a^2_0a^∗_ka^∗_{−k} + a^{∗2}_0 a_ka_{−k} + a^∗_0a_0a^∗_ka_k + a^∗_0a_0a^∗_{−k}a_{−k} = ( a^∗_0a_k + a^∗_{−k}a_0 )_∗ ( a^∗_0a_k + a^∗_{−k}a_0 ) − a^∗_ka_k − a^∗_0a_0, (4.9)

we deduce from (4.8) the estimate:

ω^B_{Λ,ρ} ( a^∗_k [ H^B_Λ ( μ^B_Λ (θ, ρ) ) , a_k ]) ≤ − [ ε_k − μ^B_Λ (θ, ρ) − v (k) 2V ] ω^B_{Λ,ρ} (N_k) + v (k) 2V ω^B_{Λ,ρ} (a^∗_0a_0) . (4.10)

Therefore, combining (4.4) with (4.10) we find that:

B_k ( μ^B_Λ (θ, ρ) ) ω^B_{Λ,ρ} (N_k) − β v (k) 2V ω^B_{Λ,ρ} (a^∗_0a_0) ≤ ω^B_{Λ,ρ} (N_k) ln ω^B_{Λ,ρ} (N_k) + 1 ω^B_{Λ,ρ} (N_k)

, (4.11)

with B_k ( μ^B_Λ (θ, ρ) ) defined by (4.2). Notice that, since

μ^B_Λ (θ, ρ) < ε_{Λ,1} < ^ε_{Λ,1} = inf_{k≠0}ε_k

and ‖k‖ > 2π/L, one has B_k ( μ^B_Λ (θ, ρ) ) > 0. Hence we have to solve the inequality

B_k ( μ^B_Λ (θ, ρ) ) x − β v (k) 2V ω^B_{Λ,ρ} (a^∗_0a_0) ≤ x ln x + 1 x , (4.12)

for x = ω^B_{Λ,ρ} (N_k) ≥ 0. Notice that the solution of (4.12) is the set {0 ≤ x ≤ x_2} where x_2 is a solution of the equation B_k ( μ^B_Λ (θ, ρ) ) x_2 − β v (k) 2V ω^B_{Λ,ρ} (a^∗_0a_0) = x_2 ln x_2 + 1

x_2 . Let x_1 = 1 e^{Bk} (^{μBΛ (θ,ρ)}) − 1 (4.13)

be a nontrivial solution of the equation B_k ( μ^B_Λ (θ, ρ) ) x = x ln x + 1 x . Then the inequality x ≤ x_2 can be rewritten as

x ≤ x_1 + (x_2 − x_1) . (4.14)

Since the function f (x) ≡ x ln^{x+1}_x defined for x ≥ 0 is concave, we get

f (x_2) − f (x_1)

f^′ (x_1)

≤ x_2 − x_1,

from which by (4.13), (4.14) we get (4.1) for ‖k‖ > 2π/L. ■

[1] N. N. Bogoliubov, J. Phys.(USSR) 11, 23 (1947). [2] N. N. Bogoliubov, Lectures on Quantum Statistics Vol. I:

Quantum Statistics (Gordon and Breach, Science Publishers, New York–London–Paris, 1970).

[3] J. Ginibre, Commun. Math. Phys. 8, 26 (1968). [4] J.–B. Bru, V. A. Zagrebnov, Phys. Lett. A 244, 371 (1998).

[5] J.–B. Bru, V. A. Zagrebnov, J. Phys. A 31, 9377 (1998). [6] R. Griffiths, J. Math. Phys. 5, 1215 (1964). [7] K. Hepp, E. H. Lieb, Phys. Rev. A 8, 2517 (1973). [8] D. Ruelle, Statistical Mechanics: Rigorous Results (Benjamin, New–York, 1969).

[9] N. N. Bogoliubov (Jr), J. G. Brankov, V. A. Zagrebnov, A. M. Kurbatov, N. S. Tonchev, Russian Math. Surveys 39(6), 1 (1984).

[10] T. Michoel, A. Verbeure, J. Math. Phys. 40, 1268 (1999). [11] J.–B. Bru, V. A. Zagrebnov, Physica A 268, 309 (1999). [12] M. van den Berg, J. T. Lewis, Physica A 110, 550 (1982). [13] M. van den Berg, J. Math. Phys. 23, 1159 (1982). [14] M. van den Berg, J. T. Lewis, Commun. Math. Phys. 81,

475 (1981).

[15] J. V. Pulè, J. Math. Phys. 24, 138 (1983). [16] M. van den Berg, J. Stat. Phys. 31, 623 (1983). [17] J.–B. Bru, V. A. Zagrebnov, Phys. Lett. A 247, 37 (1998).

[18] Vl. V. Papoyan, V. A. Zagrebnov, Helv. Phys. Acta 63, 557 (1990).

[19] M. Fannes, A. Verbeure, Commun. Math. Phys. 55, 125 (1977).

[20] M. Fannes, A. Verbeure, Commun. Math. Phys. 57, 165 (1977).

[21] N. Angelescu, A. Verbeure, V. A. Zagrebnov, J. Phys. A 25, 3473 (1992).

[22] N. Angelescu, A. Verbeure, Physica A 216, 388 (1995). [23] N. Angelescu, A. Verbeure, V. A. Zagrebnov, J. Phys. A 30, 4895 (1997).

SLABONE�DEAL^NI` BOZE–GAZ BOGOLıBOVA

V. A. Zaİr‚bnov Centr teoretiqnoÝ f˛ziki, Un˛versitet Med˛terane (Eks–Marsel~ II) Lm˛n˛–Kaz 907, Marsel~, F–13288, Sedeks 09, Franc˛ffl E–mail: zagrebnov@cpt.univ–mrs.fr

Pokazano, wo kondensac˛ffl slabone˛deal~nogo boze–gazu Bogolbova moıe mati dv˛ stad˛Ý. kwo vza‚- mod˛ffl ‚ tako, wo tisk slabone˛deal~nogo boze–gazu ne zb˛ga‚t~sffl z tiskom ˛deal~nogo boze–gazu, to slabone˛deal~niȷ boze–gaz moıe vifflvlfflti dva tipi kodensac˛ȷ: nezviqnu kondensac˛ v nul~ov˛ȷ mod˛ zavdfflki vza‚mod˛Ý (u perx˛ȷ stad˛Ý) ˛ zviqnu (u zagal~nomu tipu I) boze–aȷnxtaȷn˛vs~ku kondensac˛ v modah, sum˛ınih ˛z nul~ovo, zavdfflki nasiqenost˛ gustini qastinok (u drug˛ȷ stad˛Ý).