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I. VSTUP

R�vn�nn� L�uv�ll� '

tt

� '

xx

= ke

'

(�k el�ptiqna,

tak � g�perbol�qna vers�Ý) ta �ogo bagatokomponentne

uzagal~nenn� u vigl�d� sistemi r�vn�n~ Todi v�d�gra-

�t~ va�livu rol~ u bagat~oh galuz�h f�ziki | v�d

teor�Ý plazmi do kvantovoÝ �rav�ta�Ý [1{3℄. Klasiqn�

dosl�d�enn� A. Puankare [4℄ wodo �snuvann� rozv'�z-

k�v �z zadanimi osoblivost�mi sklada�t~ osnovu te-

or�Ý un�form�za�Ý r�manovih poverhon~. U nax qas �

rezul~tati zastosovuvav O.Pol�kov do teor�Ý kvanto-

vih bozonnih strun ta dvovim�rnoÝ �rav�ta�Ý [5℄. Os-

tann�mi rokami �nteres do r�vn�nn� L�uv�ll� ta sis-

temi r�vn�n~ Todi po�vavivs� u zv'�zku z usp�hami

2+1 vim�rnih topolog�qnih teor�� Qerna{Sa�monsa.

�k bulo pokazano [6, 7℄ v model�h, wo opisu�t~

vzamod�� kal�bruval~nogo pol� Qerna{Sa�monsa z�

skal�rnim polem, pri pevnih sp�vv�dnoxenn�h m��

konstantami vzamod�Ý statiqn� konf��ura�Ý pol�v z�

sk�nqenno� ener��� otrimu�t~s� �k rozv'�zki r�v-

n�n~ Todi (v na�prost�xomu vipadku abelevogo pol�

Qerna{Sa�monsa| �k rozv'�zki r�vn�nn� L�uv�ll�).

Z matematiqnoÝ toqki zoru, pol� Qerna{Sa�monsa

opisu�t~ plosk� zv'�znost� vektornih rozxaruvan~

nad r�manovimi poverhn�mi. Z ogl�du na e teo-

r�� Qerna{Sa�monsa mo�na rozgl�dati �k rozvitok

problemi un�form�za�Ý (v�d un�form�za�Ý r�manovoÝ

poverhn� do un�form�za�Ý vektornih rozxaruvan~ na

n��). Anal�tiqnim aparatom �Ý teor�Ý  r�vn�nn�

Todi ta r�vn�nn� nul~ovoÝ krivini, �ke z nim aso-

��t~s� [3, 8℄.

�rarh�� r�vn�n~ Todi nale�it~ do odnogo � togo

� klasu kal�bruval~noÝ ekv�valentnosti, wo � r�v-

n�nn� n{KdV [9℄. U ~omu klas�  � �nx� predstav-

niki, zokrema modif�kovane ta qastkovo modif�ko-

van� r�vn�nn� KdV [10℄. Tut p�d r�vn�nn�mi \tipu

KdV" rozum�t~s� �rarh�� �nte�rovnih r�vn�n~, �k�

ma�t~ predstavlenn� u form� Laksa:

�L

��

p

=

h

L;L

p

n

t

i

;

de L = �

n

+W

n�2

(x)�

n�2

+ � � � +W

0

(x) | l�n��ni�

diferen��l~ni� operator por�dku n, � �

�

�x

, L

p

n

t

| diferen��l~na qastina psevdodiferen��l~nogo

simvolu L

p

n

(drobovi� step�n~ operatora L). Oqe-

vidno, netriv��l~n� r�vn�nn� vinika�t~ tod�, koli

�l� qisla p � n vzamno prost�.

U �� pra� mi real�zumo fazov� prostori �rarh�Ý

viwih sta�onarnih r�vn�n~, �k� nale�at~ do klasu

kal�bruval~noÝ ekv�valentnosti r�vn�nn� Todi, na

orb�tah ko-pridnanoÝ d�Ý de�kih p�dal�ebr (faktor-

al�ebr) v al�ebr� petel~ sl(n;R) 
 P (�; �

�1

); sam�

� r�vn�nn� podano u vigl�d� �nte�rovnih r�vn�n~

E�lera-Arnol~da. Ustanovlen� zv'�zki m�� dinam�q-

nimi zm�nnimi r�znih kal�bruval~no-ekv�valentnih

r�vn�n~ uzagal~n��t~ v�dome peretvorenn� M�uri.

Vib�r togo qi �nxogo predstavnika v klas� kal�b-

ruval~noÝ ekv�valentosti oznaqa vib�r v�dpov�dnih

dinam�qnih zm�nnih, a ot�e, � vib�r gam�l~tonovoÝ

strukturi (du�ka Puassona), v�dpov�dno do �koÝ zd��-

sn�t~s� kvantuvann�.

II. ORB�TNA �NTERPRETAC�� FAZOVOGO

PROSTORU VIWIH STAC�ONARNIH

R�VN�N^ TODI

Sistema nel�n��nih r�vn�n~ vigl�du

'

i

tt

� '

i

xx

= exp('

i+1

� '

i

) � exp('

i

� '

i+1

) (1)
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uzagal~n� na dva vim�ri �nte�rovnu dinam�qnu sis-

temu, v�domu p�d nazvo� lan��ka Todi [11, 12℄.

Nas �kavitime vipadok sk�nqennoÝ k�l~kosti pol�v

'

i

(t; x), tobto i = 1; 2; : : : ; n. U ~omu vipadku rozr�z-

n��t~ per�odiqnu (af�nnu) ta neper�odiqnu sistemi

Todi. U per�odiqnomu vipadku poklada�t~ '

n+1

=

'

1

, � tod� r�vn�nn� (1) mo�na perepisati u vigl�d�

u

i

tt

� u

i

xx

=

n

X

j=1

K

ij

exp(�u

j

); (2)

de u

i

= '

i

� '

i+1

, a K

ij

| af�nna matri� Kartana

al�ebri sl(n).

Nadal� mi obme�imos~ vipadkom n = 3. Vipadok

n = 2 dobre vivqeni� [13, 14℄. R�vn�nn� (1) pri n = 2

| e r�vn�nn� sh(sin)-Gordon. Analogom neper�odiq-

noÝ sistemi Todi  r�vn�nn� L�uv�ll�. �nx� predstav-

niki kal�bruval~no-ekv�valentnogo klasu | e r�v-

n�nn� MKdV ta r�vn�nn� KdV.

F�ksumo v al�ebr� g = gl(3) 
 P (�; �

�1

) osnovne

�radu�vann�. Odnor�dn� elementi stosovno takogo

�radu�vann� budut~ vlasnimi vektorami operatora

�radu�vann�

d = 3�

d

d�

+ ad

2

4

1

0

�1

3

5

: (3)

�kwo H

1

= E

11

, H

2

= E

22

, H

3

= E

33

, X

1

= E

12

,

X

2

= E

23

, X

3

= E

13

, Y

i

= X

T

i

, i = 1; 2; 3 | standar-

tni� bazis u gl(3), to bazis u g = gl(3) 
 P (�; �

�1

),

odnor�dni� stosovno operatora (3), matime vigl�d:

X

3m

i

= �

m

H

i

; X

3m+1

1;2

= �

m

X

1;2

; X

3m+2

3

= �X

3

;

Y

3m�1

1;2

= �

m

Y

1;2

; Y

3m�2

3

= �

m

Y

3

; m 2 Z: (4)

Verhn�� �ndeks bazisnih element�v ukazu na stup�n~

Ýhn~oÝ odnor�dnosti.

Roz�b'mo al�ebru g na sumu dvoh p�dal�ebr:

g = g

+

+ g

�

; g

+

=

X

m�0

g

m

; g

�

=

X

m��1

g

m

;

de g

m

| vlasn� p�dprostori operatora d.

Na g oznaqena s�m'� ad-�nvar��ntnih b�l�n��nih

form. �kwo A;B 2 g, to poklademo

hA;Bi

k

= res �

�k�1

TrA�B; (5)

Nas �kavitimut~ b�l�n��n� formi pri k = �1 ta

k = N > 0. Pri k = �1 spr��eni� do p�dal�ebri

g

�

prost�r mo�na real�zuvati u vigl�d�:

(g

�

)

�

= g

+

� g

�1

� g

�2

: (6)

Pri k = N � 0 spr��eni� do p�dal�ebri g

+

p�dpros-

t�r matime vigl�d

(g

+

)

�

= g

�

�

3N

X

m=0

g

m

:

Poznaqimo qerez M

3N

p�dprost�r u g, elementi

�kogo ma�t~ vigl�d:

�(�) =

2

4

�

1

(�) �

1

(�) �

3

(�)



1

(�) �

2

(�) �

2

(�)



3

(�) 

2

(�) �

3

(�)

3

5

;

de

�

i

(�) =

N

X

m=0

�

m

�

3m

i

; i = 1; 2; 3;

�

i

(�) =

N�1

X

m=�1

�

m

�

3m+1

i

; 

i

(�) =

N

X

m=0

�

m



3m�1

i

; i = 1; 2;

�

3

(�) =

N�1

X

m=�1

�

m

�

3m+2

3

; 

3

(�) =

N

X

m=0

�

m



3m�2

3

:

Legko baqiti, wo p�dprost�rM

3N

 �nvar��ntnim p�d-

prostorom ko-pridnanoÝ d�Ý p�dal�ebri g

+

.

Oznaqimo na M

3N

du�ku L�-Puassona:

ff

1

; f

2

g

N

= h�̂(�); [r

+

f

1

;r

+

f

2

℄i

N

; (7)

de r

+

f | �rad�nt funk�Ý f z� znaqenn�mi v al�ebr�

g

+

.

Pri �ogo obqislenn� sl�d mati na uvaz�, wo

�

3m

i

= h�;H

3N�3m

i

i

N

; i = 1; 2; 3;

�

3m+1

i

= h�; Y

3N�3m�1

i

i

N

; 

3m+2

i

= h�;X

3N�3m�2

i

i

N

; i = 1; 2;



3m+1

3

= h�;X

3N�3m�1

i

i

N

; �

3m+2

3

= h�;X

3N�3m�2

i

i

N

:
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Pobudumo nabori funk�� na mnogovid�M

3N

, �k� poparno komutu�t~ stosovno du�ki (7). Takimi funk��mi

budut~ koef��nti rozkladu za stepen�mi � ad-�nvar��ntnih funk�� Kazimira [15℄:

h(�) =

1

2

Tr

�

�(�) + �

N

(a�+ b�

2

)

�

2

;

f(�) =

1

3

Tr

�

�(�) + �

m

(a� + b�

2

)

�

3

;

de

� =

0

�

0 1 0

0 0 1

� 0 0

1

A

; a; b | dov�l~n� konstanti:

Prost� obrahunki da�t~:

h

�1

= 

�1

1

�

�2

1

+ 

�1

2

�

�2

2

+ 

�2

3

�

�1

3

;

h

0

=

1

2

�

(�

0

1

)

2

+ (�

0

2

)

2

+ (�

0

3

)

2

�

+ 

�1

1

�

1

1

+ 

�1

2

�

1

2

+ 

�2

3

�

2

3

;

h

1

= �

0

1

�

3

1

+ �

0

2

�

3

2

+ �

0

3

�

3

3

+ 

�1

1

�

4

1

+ 

2

1

�

1

1

+ 

5

1

�

�2

1

+ 

�1

2

�

4

2

+ 

2

2

�

1

2

+ 

5

2

�

�2

2

+ 

�2

3

�

5

3

+ 

1

3

�

2

3

+ 

4

3

�

�1

3

;

: : :

h

2N

=

1

2

�

(�

3N

1

)

2

+ (�

3N

2

)

2

+ (�

3N

3

)

2

�

+ a(

3N�1

1

+ 

3N�1

2

+ �

3N�1

3

) + b(�

3N�2

1

+ �

3N�2

2

+ 

3N�2

3

); (8)

h

2N+1

= ab;

f

�2

= �

�2

1

�

�2

2



�2

3

;

f

�1

= 

�1

1



�1

2

�

�1

3

+ �

�2

1

�

�2

2

�

1

3

+ �

�2

1

�

1

2



�2

3

+ �

1

1

�

�2

2



�2

3

+ �

0

1

(

�1

1

�

�2

1

+ 

�2

3

�

�1

3

)

+ �

0

2

(

�1

1

�

�2

1

+ 

�1

2

�

�2

2

) + �

0

3

(

�1

2

�

�2

2

+ 

�2

3

�

�1

3

);

: : :

f

3N+1

= a

3

+ b

2

(

3N�1

1

+ 

3N�1

2

+ �

3N�1

3

) + ab(�

3N

1

+ �

3N

2

+ �

3N

3

);

f

3N+2

= b

3

:

U ih formulah pokladeno:

�

3N+1

1

= �

3N+1

2

= 

3N+1

3

= a;



3N+2

1

= 

3N+2

2

= �

3N+2

3

= b:

�k pokazano v [15℄, funk�Ý h

�1

, h

0

; : : :, h

N�1

ta

f

�1

, f

0

; : : :, f

N�1

 anul�torami du�ki (7), a ot�e,

stalimi na orb�tah ko-pridnanoÝ d�Ý p�dal�ebri g

+

.

Rexta funk�� �eneru�t~ netriv��l~n� gam�l~tonov�

potoki na orb�tah.

Poklademo �

�2

1

= �

�2

2

= 

�2

3

= 0, �

3m

1

+�

3m

2

+�

3m

3

=

0, m 2 Z. Z �vnogo vigl�du du�ki (7) oqevidno, wo

� umovi zber�ga bud~-�ki� gam�l~ton�v pot�k.Pokla-

demo tako� a = 1, b = 0. V obme�enomu v taki� spo-

s�b prostor�M

3N

rozgl�nemo orb�tu ko-pridnanoÝ p�-

dal�ebri g

+

, �ka prohodit~ qerez toqku

�̂

0

(�) =

2

4

0 0 �

�1

1 0 0

0 1 0

3

5

(9)

� f�ksut~s� naborom 2N + 1 al�ebriqnih r�vn�n~:

h

0

= 

0

; h

1

= 

1

; : : : ; h

N�1

=

N�1

;

f

�1

= 1; f

0

= d

0

; : : : ; f

N�1

=d

N�1
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(spe��l~ni� vib�r konstanti d

�1

= 1 ne  suttvim

obme�enn�m zagal~nosti, a nasl�dkom viboru poqat-

kovoÝ toqki (9)). Poznaqimo v�dpov�dni� al�ebriq-

ni� mnogovid qerez Or

+

. Osk�l~ki rozm�rn�st~ pros-

toru M

3N

p�sl� zaznaqenih viwe obme�en~ dor�vn�

8N + 5, to, oqevidno,

dimOr

+

= 6N + 4:

Zauva�imo, wo element �̂

0

(�) nale�it~ \osnovn��"

p�dal�ebr� Kartana v g

+

, a tomu v�dpov�dnu orb�tu bu-

demo nazivati re�ul�rno�.

Viberemo funk�� h

2N

na rol~ gam�l~ton��na � roz-

gl�nemo na Or

+

gam�l~tonovu sistemu

d�̂(�)

d�

2N

= f�̂(�); h

2N

g = [r

+

h

2N

; �̂(�)℄; (10)

�ka v koordinatah �

3m

i

, �

3m+1

1;2

, �

3m+2

3

, 

3m+2

1;2

, 

3m+1

3

ma vigl�d

�

�1

1

��

2N

= 

�1

1

(�

3N

2

� �

3N

1

);

�

�1

2

��

2N

= 

�1

2

(�

3N

3

� �

3N

2

);

��

�1

3

��

2N

= �

�1

3

(�

3N

1

� �

3N

3

);

: : :

�

3N�1

1

��

2N

= 

3N�2

3

�

3N+1

2

� 

3N+1

3

�

3N�2

2

+ 

3N�1

1

(�

3N

2

� �

3N

1

);

�

3N�1

2

��

2N

= �

3N�2

3

�

3N+1

1

+ 

3N+1

3

�

3N�2

1

+ 

3N�1

1

(�

3N

3

� �

3N

2

);

��

3N�1

1

��

2N

= �

3N�2

2

�

3N+1

2

� �

3N�2

1

�

3N+1

2

+ �

3N�1

3

(�

3N

1

� �

3N

3

);

��

3N

1

��

2N

= 

3N�1

1

�

3N+1

1

� 

3N+1

3

�

3N�1

3

;

��

3N

2

��

2N

= �

3N�1

1

�

3N+1

1

+ 

3N�1

2

�

3N+1

2

;

��

3N

3

��

2N

= �

3N�1

2

�

3N+1

2

+ 

3N+1

3

�

3N�1

3

:

Gam�l~tonova sistema (10) �nte�rovna za L�uv�llem.

Spravd�, vona oznaqena na mnogovid� rozm�rnosti

6N + 4 � ÝÝ �nte�rovn�st~ zabezpequ�t~ �nte�rali h

N

,

h

N+1

; : : :, h

2N

, f

N

, f

N+1

; : : :, f

3N

.

\Od�gann�" toqki �̂

0

(�) z elementom exp('

1

H

0

1

+

'

2

H

0

2

+ '

3

H

0

3

) parametrizu zm�nn� 

�1

1

, 

�1

2

, �

�1

3

, a

same:



�1

1

= e

'

2

�'

1

; 

�1

2

= e

'

3

�'

2

; �

�1

3

= e

'

1

�'

3

: (11)

Za ih umov z perxih tr~oh r�vn�n~ vipliva:

�

3N

i

=

�'

i

��

2N

: (12)

Struktura r�vn�n~ (10) v�dobra�a geometr�� or-

b�ti �k vektornogo rozxaruvann� nad grupovim to-

rom. Zm�nn� '

1

, '

2

, '

3

 parametrami bazi; rexta

zm�nnih | diferen��l~nimi pol�nomami v�d nih.

R�vn�nn� (10) perepisan� �k r�vn�nn� z viwimi po-

h�dnimi v�d zm�nnih '

1

, '

2

, '

3

zb�ga�t~s� z viwimi

sta�onarnimi r�vn�nn�mi Todi.

Na traktor��h sistemi (10) oznaqimo gam�l~ton�v

pot�k z gam�l~ton��nom h

N

:

��̂(�)

��

N

= f�̂(�); h

N

g

N

:

V�dpov�dn� evol���n� r�vn�nn� budut~ mati vigl�d

��

3N

1

��

N

= �

�1

1

+ �

�1

3

;

��

3N

2

��

N

= �

�1

2

+ 

�1

1

; (13)

��

3N

3

��

N

= ��

�1

3

+ 

�1

2

:

�kwo vrahuvati parametriza�� (11) ta sp�vv�dno-

xenn� (12), to sistema (13) zb��it~s� z dvomirizova-

nimi r�vn�nn�mi Todi, zapisanimi v konusnih zm�n-

nih �

2N

=

1

2

(x+ t), �

N

=

1

2

(x� t):

�

2

'

1

��

N

��

2N

= e

'

2

�'

1

� e

'

1

�'

3

;

�

2

'

2

��

N

��

2N

= e

'

1

�'

2

� e

'

2

�'

1

; (14)

�

2

'

3

��

N

��

2N

= e

'

1

�'

3

� e

'

3

�'

2

:

�k pokazano v pra�h [13, 15℄, sistemi r�vn�n~ po-

rod�en� gam�l~ton��nami h

�

, � � N (8) ta du�ko�

(7), t�l~ki zapisom v�dr�zn��t~s� v�d gam�l~tonovih

r�vn�n~, porod�enih gam�l~ton��nami h

��N�1

. Tomu

r�vn�nn� (13) mo�na zapisati u vigl�d�
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d�̂

d�

= [r

�

h

�1

; �℄: (15)

Sum�sn�st~ r�vn�n~ (10) ta (15) oznaqa, wo

�r

+

h

2N

��

�

�r

�

h

�1

�x

+ [r

+

h

2N

;r

�

h

�1

℄ = 0: (16)

Osk�l~ki

r

+

h

2N

=

0

�

�

3N

1

1 0

0 �

3N

2

1

� 0 �

3N

3

1

A

;

r

�

h

�1

=

0

�

0 0 �

�1

�

�1

3



�1

1

0 0

0 

�1

2

0

1

A

;

to baqimo, wo umova sum�snosti (16)  predstavlen-

n�m nul~ovoÝ krivini dl� sistemi Todi.

Sin�ul�rn� orb�ti ta neper�odiqna sistema Todi.

Rozgl�nemo orb�tu p�dal�ebri g

+

, �ka prohodit~ qe-

rez toqku

�̂

0

0

=

2

4

0 0 0

1 0 0

0 1 0

3

5

:

Dl� takoÝ orb�ti f

�1

= 0. Gam�l~tonova sistema

(10), zvu�ena na � orb�tu, zb��it~s� z viwimi sta-

�onarnimi r�vn�nn�mi neper�odiqnoÝ sistemi Todi,

a evol���ne r�vn�nn� (13) na traktor��h sta�onar-

noÝ sistemi | z r�vn�nn�mi dvomirizovanoÝ neper�-

odiqnoÝ sistemi Todi. U ~omu legko perekonatis�

bezposeredn�mi obqislenn�mi.

III. N�L^POTENTN� ORB�TI TA

MODIF�KOVAN� R�VN�NN� TIPU KdV

F�ksumo p�dal�ebru g

�

� rozgl�nemo ÝÝ ko-

pridnanu d�� v prostor� (g

�

)

�

= g

+

�g

�1

�g

�2

. P�d-

prost�r M

3N+2

zalixat~s� �nvar��ntnim wodo ko-

pridnanoÝ d�Ý p�dalgebri g

�

= M

3N

�g

3N+1

�g

3N+2

.

Oznaqimo na M

3N+2

du�ku L�-Puassona, pro �ku

v�e �xla mova

ff

1

; f

2

g

�1

= h�̂(�); [r

�

f

1

;r

�

f

2

℄i

�1

; (17)

der

�

f | �rad�nt funk�Ý f z� znaqenn�mi v g

�

.Pri

�ogo obqislenn� sl�d urahovuvati spr��en�st~ m��

koordinatami prostoruM

3N+2

ta bazisnimi elemen-

tami al�ebri g

�

:

�

3m

i

= h�̂;H

�3(m+1)

i

i

�1

; i = 1; 2; 3;

�

3m+1

i

= h�; Y

�3m�4

i

i

�1

; 

3m+2

i

= h�;X

�3m�5

i

i

�1

; i = 1; 2; (18)



3m+1

3

= h�;X

�3m�4

3

i

�1

; �

3m+2

3

= h�; Y

�3m�5

3

i

�1

:

Rozgl�nemo orb�tu al�ebri g

�

, wo prohodit~ qerez toqku

�̂

0

(�) = �

N

2

4

0 1 0

0 0 1

� 0 0

3

5

a: (19)

Taka orb�ta (poznaqimo ÝÝ qerez Or

�

) faktiqno le�it~ u p�dprostor� M

3N

� M

3N+2

, �ki� f�ksut~s� umo-

vami:



3m+2

1

= 

3m+2

2

= �

3m+2

3

= 0;

�

3m+1

1

= �

3m+1

2

= 

3m+1

3

= a:

Osk�l~ki al�ebra g

�

 n�l~potentno�, ÝÝ orb�ti nazivatimemo n�l~potentnimi.

Funk�Ý h

N

, h

N+1

; : : :, h

2N

, f

2N

, f

2N+1

; : : :, f

3N

 anul�torami du�ki (17), a ot�e, stalimi na orb�tah. Oqe-

vidno tako�, wo f

3N+1

= a

3

. Rexta funk�� h

�1

, h

0

; : : :, h

N�1

, f

�2

, f

�1

; : : :, f

2N�1

porod�u�t~ netriv��l~n�

gam�l~tonov� potoki, �k�, zg�dno z teoremo� L�uv�ll�,  �nte�rovnimi na Or

�

. Spravd�, rozm�rn�st~ orb�ti Or

�

dor�vn� 8(N + 1)� 2(N + 1) = 6(N + 1), a k�l~k�st~ nezale�nih �nte�ral�v, �k� poparno komutu�t~ stosovno

du�ki (17) | 3(N + 1), tobto dor�vn� polovin� rozm�rnosti fazovogo prostoru.

Viberemo funk�� h

N�1

na rol~ gam�l~ton��na � rozgl�nemo na Or

�

gam�l~tonovu sistemu:
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d�̂(�)

d�

N�1

= f�̂(�); h

N�1

g

�1

:

U koordinatah (18) � sistema ma vigl�d:

��

3m�2

1

�x

= (�

3N

1

� �

3N

2

)�

3m�2

1

� a(�

3(m�1)

1

� �

3(m�1)

2

);

��

3m�2

2

�x

= (�

3N

2

� �

3N

3

)�

3m�2

2

� a(�

3(m�1)

2

� �

3(m�1)

3

);

�

3m�2

3

�x

= (�

3N

3

� �

3N

3

)

3m�2

3

� a(�

3(m�1)

3

� �

3(m�1)

1

);

�

3m�1

1

�x

= (�

3N

2

� �

3N

1

)

3m�1

1

� a(�

3m�2)

2

� 

3m�2

3

);

�

3m�1

2

�x

= (�

3N

3

� �

3N

2

)

3m�1

2

� a(

3m�2)

3

� �

3m�2

1

); (20)

��

3m�1

3

�x

= (�

3N

1

� �

3N

3

)�

3m�1

3

� a(�

3m�2)

1

� �

3m�2

2

);

��

3m

1

�x

= a(

3m�1)

1

� �

3m�1

3

);

��

3m

2

�x

= a(

3m�1)

2

� 

3m�1)

1

);

��

3m

3

�x

= a(�

3m�1)

3

� 

3m�1)

2

);

Tut m = 0; 1; : : : ; N , x = �

N�1

. Legko baqiti, wo sistema (20) zb��it~s� z sistemo� (10), �kwo poklasti

�

�2

1

= �

�2

2

= 

�3

3

= 0.

�z tr~oh ostann�h r�vn�n~ ta al�ebriqnogo sp�vv�dnoxenn�

h

2N

=

1

2

h

�

�

3N

1

�

2

+

�

�

3N

2

�

2

+

�

�

3N

3

�

2

i

+

�



3N�1

1

+ 

3N�1

2

+ �

3N�1

3

�

;

de pokladeno a = 1, zna�demo:



3N�1

1

=

1

3

�

h

2N

�

1

2

h

�

�

3N

1

�

2

+

�

�

3N

2

�

2

+

�

�

3N

3

�

2

i

+

��

3N

1

�x

�

��

3N

2

�x

�

;



3N�1

2

=

1

3

�

h

2N

�

1

2

h

�

�

3N

1

�

2

+

�

�

3N

2

�

2

+

�

�

3N

3

�

2

i

+

��

3N

2

�x

�

��

3N

3

�x

�

; (21)

�

3N�1

3

=

1

3

�

h

2N

�

1

2

h

�

�

3N

1

�

2

+

�

�

3N

2

�

2

+

�

�

3N

3

�

2

i

+

��

3N

3

�x

�

��

3N

1

�x

�

:

Vikoristovu�qi nastupn� tri r�vn�nn� ta al�ebriqne sp�vv�dnoxenn�

f

3N

=

1

3

h

�

�

3N

1

�

3

+

�

�

3N

2

�

3

+

�

�

3N

3

�

3

i

+ �

3N

1

�



3N�1

1

+ 

3N�1

3

�

+ �

3N

2

�



3N�1

2

+

3N�1

1

�

+�

3N

3

�

�

3N�1

3

+

3N�1

2

�

+

�

�

3N�2

1

+�

3N�2

2

+

3N�2

3

�

;

virazimo zm�nn� �

3N�2

1

, �

3N�2

2

, 

3N�2

3

qerez zm�nn� �

3N

1

, �

3N

2

, �

3N

3

ta poh�dn� v�d nih:
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�

3N�2

1

=

1

3

�

f

3N

�

1

3

�

�

3

1

+�

3

2

+�

3

3

�

+�

1

(�

0

2

��

0

3

)+�

2

(�

0

3

��

0

1

)+

+�

3

(�

0

1

��

0

2

)+2

0

2

+2

2

(�

2

��

3

)+

0

1

+

1

(�

1

��

2

)

�

;

�

3N�2

2

=

1

3

�

f

3N

�

1

3

�

�

3

1

+�

3

2

+�

3

3

�

+�

1

(�

0

2

��

0

3

)+�

2

(�

0

3

��

0

1

)+ (22)

+�

3

(�

0

1

��

0

2

)�

0

2

�

2

(�

2

��

3

)�2

0

1

�2

1

(�

1

��

2

)

�

;



3N�2

3

=

1

3

�

f

3N

�

1

3

�

�

3

1

+�

3

2

+�

3

3

�

�

1

(�

0

2

��

0

3

)+�

2

(�

0

3

��

0

1

)+

+�

3

(�

0

1

��

0

2

)�

0

2

�

2

(�

2

��

3

)+

0

1

+

1

(�

1

��

2

)

�

; (23)

Tut � nadal� mi opuskamo verhn�� �ndeks u zm�n-

nih, tobto pokladamo �

3N

i

= �

i

, 

3N

i

= 

i

. Okr�m

togo, poh�dnu

�

�x

poznaqamo qerez (

0

).

Prodov�ivxi � �nduktivnu proeduru, tobto vi-

razivxi us� zm�nn� qerez �

i

, �

0

i

, �

00

i

; : : :, mi otrimamo,

zam�st~ r�vn�n~ perxogo por�dku (20), tri (a toq-

n�xe dva nezale�n�) r�vn�nn� por�dku 3(N + 1). C�

r�vn�nn� �nterpretumo �k viw� sta�onarn� r�vn�nn�

tipu MKdV. Formuli (22), de zm�nn� 

i

, 

0

i

vira�en�

qerez �

i

ta �

0

i

, zg�dno z (21), uzagal~n��t~ v�dome pe-

retvorenn� M�uri.

Evol���ne r�vn�nn� MKdV. Na traktor��h sis-

temi (20) oznaqimo gam�l~ton�v pot�k z gam�l~ton��-

nom h

N�2

:

��̂(�)

��

= �f�̂(�); h

N�2

g

�1

: (24)

R�vn�nn� (23) dostatn~o zapisati lixe dl� zm�n-

nih �

3N

i

= �

i

, osk�l~ki rexta zm�nnih vira�a�t~s�

qerez nih ta Ýhn� poh�dn�:

��

1

��

= a(

3N�4

1

� �

3N�4

3

);

��

2

��

= a(

3N�4

2

� 

3N�4

1

); (25)

��

3

��

= a(�

3N�4

3

� 

3N�4

2

):

Por�vn�vxi z formulami (20), baqimo, wo sistemu

(24) mo�na zapisati u vigl�d�:

��

i

��

=

�

�x

�

3N�3

i

; i = 1; 2; 3: (26)

R�vn�nn� (25) uzagal~n� r�vn�nn� MKdV na vipa-

dok al�ebr ran�u 2. Tut mat~s� na uvaz�, wo �

3N�3

i

 diferen��l~nim pol�nomom v�d �

i

ta poh�dnih do

tret~ogo por�dku vkl�qno. Oqevidno, �k zapisati

analog�qne r�vn�nn� dl� al�ebr sl(n;R), tobto dl�

al�ebr ser�Ý A

n�1

dov�l~nogo ran�u, a tako� dl� �n-

xih ser��.

IV. VISNOVKI

Ot�e, mi vstanovili, wo sk�nqennozonni� sektor

sistemi r�vn�n~ Todi  orb�to� ko{pridnanoÝ d�Ý p�-

dal�ebri g

+

algebri petel~. V�dpov�dni� sk�nqenno-

zonni� sektor r�vn�n~ MKdV  orb�to� p�dal�ebri

g

�

, �ka utvor� dual~nu paru z p�dal�ebro� g

+

.

Peretin orb�t  sp�l~nim torom L�uv�ll� dl� ih

r�vn�n~, na �komu voni l�nearizu�t~s�. Na spe�-

�l~nih (virod�enih) orb�tah real�zu�t~s� sk�nqen-

nozonn� fazov� prostori neper�odiqnoÝ (roz�mknutoÝ)

sistemi Todi. Zvu�enn� na virod�en� orb�ti gam�l~-

tonovih potok�v, �k� pov'�zan� z ko{pridnano� d��

g

�

, oznaqa gam�l~tonovu reduk�� dl� nih. Z �Ý

toqki zoru nax� rezul~tati mo�na �nterpretuvati �k

reduk�� Dr�nfel~da{Sokolova u sk�nqennozonnomu

sektor� nel�n��nih �nte�rovnih r�vn�n~.
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Phase spaes of higher stationary equations hierarhy whih belong to gauge equivalene Toda equation lass

are realized on o{joining ation orbits of some sub{algebras in loop{algebra sl(n;R) 
 P (�; �

�1

). The equa-

tions themselves are represented in the form of integrable Eyler{Arnold equations. Established relations between

dynami variables of di�erent gauge{equivalent equations generalize the known Miura transformation.
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