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We performed experimental investigations of deuteration and uniaxial p = ��

0

i

pressure in
uen
e

on temperature dependen
e of the birefringen
es and transition temperature of K(H

1�x

D

x

)

2

PO

4


rystals. On the basis of the previously proposed model for a strained KD

2

PO

4


rystal, we study

the e�e
ts of uniaxial p = ��

3

pressure on the phase transition and stati
 diele
tri
 properties of

highly deuterated K(H

1�x

D

x

)

2

PO

4


rystals. The obtained theoreti
al results are 
ompared with the

available experimental data and earlier theoreti
al 
al
ulations, 
on
erning the hydrostati
 pressure

e�e
ts. The role of D{site distan
e in the phase transition and diele
tri
 response of the 
rystals is

dis
ussed.

Key words: uniaxial pressure, ferroele
tri
s, KDP, birefringen
e, phase transition.

PACS number(s): 77.84.Fa, 77.80.Bh, 78.20.Fm

I. INTRODUCTION

Re
ently, a great attention has been paid to the in-

vestigation of the e�e
ts 
aused by hydrostati
 pres-

sure in ferroele
tri
 
rystals with hydrogen bonds of the

KH

2

PO

4

family. Hydrostati
 pressure is known to lower

down the transition temperature, spontaneous polariza-

tion and Curie 
onstant of these 
rystals. However, the

in
uen
e of uniaxial stresses on these 
rystals 
an be

even more essential. Relative ions displa
ements in uni-

axially strained 
rystals are several times larger. In 
on-

trast to hydrostati
 pressure, uniaxial pressure 
an lower

the 
rystal symmetry and indu
e new phase transitions,

in addition to the well studied ferroele
tri
 one.

In [1,2℄ the model of a strained KD

2

PO

4


rystal

was proposed. This model takes into a

ount not only

the deuteron{deuteron intera
tion but also 
oupling of

deuterons with opti
 and a
ousti
 vibrations of heavy

atoms and with orientational vibrations of PO

4

groups.

Resulting from the latti
e strains �elds whi
h a
t on

deuterons are 
al
ulated. In [3℄ within this model we

studied the hydrostati
 pressure in
uen
e on the physi
al

properties of highly deuterated K(H

1�x

D

x

)

2

PO

4

type

ferroele
tri
s and ND

4

D

2

PO

4

type antiferroele
tri
s. It

has been shown that under the proper 
hoi
e of the the-

ory parameters, a satisfa
tory des
ription of the available

experimental data for the pressure dependen
es of spon-

taneous polarization, longitudinal stati
 diele
tri
 per-

mittivity, and the transition temperature is possible.

In this paper, we present the results of experimental

studies of deuteration and uniaxial pressures in
uen
e

on the temperature dependen
e of the birefringen
es and

transition temperature of K(H

1�x

D

x

)

2

PO

4


rystals. On

the basis of the model [1,2℄, we study the e�e
ts of uni-

axial p = ��

3

pressure on the phase transition and di-

ele
tri
 properties of highly deuterated K(H

1�x

D

x

)

2

PO

4


rystals. We perform a numeri
al analysis of the obtained

theoreti
al results and 
ompare them with the available

experimental data and earlier theoreti
al 
al
ulations [3℄

of the hydrostati
 pressure e�e
ts.

II. EXPERIMENTAL RESULTS

In this se
tion we present the results of experimen-

tal study of the in
uen
e of uniaxial pressures p = ��

0

i

applied along the axes of the Fdd2 (in the ferroele
tri


phase) or F

�

42d (in the paraele
tri
 phase) unit 
ell on the

temperature dependen
es of the birefringen
e in KDP

and DKDP 
rystals. The x

0

and y

0

axes of the F

�

42d 
ell

(fa
e 
entered with 8 formula units) are 45

0

rotated with

respe
t to the x and y axes of the standard body 
en-

tered I

�

42d unit 
ell 
ontaining 4 formula units. Pressures

re�ered to the F

�

42d and I

�

42d 
ells are related by

�

0

1

=

�

1

+ �

2

� 2�

6

4

; �

0

2

=

�

1

+ �

2

+ 2�

6

4

; �

0

3

= �

3

:

Transition temperature of the DKDP 
rystal at ambi-

ent pressure is 210 K, whi
h 
orresponds to a nominal

value of deuteration of x = 0:87.

The birefringen
e at given wavelength �, temperature

T and pressure p is

�n(�; T; p) =

k�

d(T; p)

; (1)

where k is the interferen
e minimum number; d(T; p) is

the sample thi
kness, being a fun
tion of temperature

(owing to thermal expansion) and pressure.
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We use the photographi
 method to re
ord the inter-

feren
e pattern in the fo
al plane of the DFS{8 spe
tro-

graph. The pattern arises on
e white light passes through

the studied sample pla
ed on the spe
trograph axis in

a diagonal position between two 
rossed ni
ols. Uniax-

ial pressure was produ
ed by a purpose atta
hment to

a nitrogen 
ryostat. The devi
e allowed one to 
arry

out measurements in wide temperature (77{300 K) and

wavelength (250{800 nm) ranges under pressures up to

1 kbar depending on the sample stability.

Fig. 1. The pressure dependen
e of the transition temper-

ature of KDP (a) and DKDP (b) 
rystals; � | p = ��

0

1

, �

| p = ��

0

2

, and Æ | p = ��

3

.

Variation of the birefringen
e with temperature and

pressure was measured by re
ording the 
hanges in the

interferen
e pattern minima with pressure at 
onstant

temperature. Orientation of 
rystals was performed judg-

ing from the view of 
onos
opi
 patterns as well as using

a polarizing mi
ros
ope. This method allowed one to de-

termine a 
rystallographi
 dire
tion to within 30

0

.

The transition temperature as a fun
tion of exter-

nal pressure was determined by examining the variation

of the birefringen
e magnitude with pressure. Sin
e the

phase transitions in KDP and DKDP 
rystals are of the

�rst order, pronoun
ed 
hanges in the interferen
e pat-

tern are observed at T = T

C

; the transition tempera-

ture was determined with the a

ura
y of 0.05 K. Crys-

tals were 
ooled down to the ferroele
tri
 phase, then

pressure was applied, and the birefrinegen
es were mea-

sured at slow heating of the sample up to the paraele
tri


phase.

A separate question is whether there is a phase tran-

sition in these 
rystals under pressures p = ��

0

1

or

p = ��

0

2

at all. These pressures in
lude the shear stress

�

6

. When the signs of spontaneous and indu
ed by the

shear stress �

6

strains "

6

are opposite, the system ap-

pears in a metastable state [4℄; therefore, in the 
ase of

the pressure p = ��

0

1

(why not �

0

2

is explained in Se
tion

IV) we are possibly dealing not with a true phase tran-

sition but with a 
ertain transition from a metastable

to a stable state. Hen
eforth, for the 
ases of pressures

p = ��

0

1

and p = ��

0

2

we use the term \transition

temperature" meaning the temperature of the abrupt


hanges in the studied 
hara
teristi
s.

In Fig. 1 we plot the experimental points of transition

temperature vs uniaxial pressures p = ��

0

1

, p = ��

0

2

,

p = ��

3

in KDP and DKDP 
rystals. As one 
an see,

the transition temperature is lowered down by p = ��

0

1

and p = ��

3

pressures and raised up by p = ��

0

2

. Un-

like hydrostati
 pressure, variation of the transition tem-

perature with uniaxial pressures in more pronoun
ed in

deuterated DKDP rather than in KDP (see Table 1).

p = ��

0

1

p = ��

0

2

p = ��

3

hydrostati


KDP �3:0 8.0 �7:0 �4:6

DKDP �7:0 11.0 �12:0 �3:0

Table 1. Experimental pressure derivatives of the transition

temperature dT

C

/dp for two 
rystals (units of K/kbar). The

data in the last 
olumn were taken from Samara's work [5℄.

In Fig. 2 we present the experimental 
urves of the

temperature dependen
e of birefringen
es �n

x

and �n

y

in KDP and DKDP 
rystals at � = 500 nm and at di�er-

ent values of uniaxial pressures. The birefringen
es de-


rease with temperature in the ferroele
tri
 phase, jump

up at the transition point, and, again de
rease in the

paraele
tri
 phase. In deuterated DKDP variation of

�n

x

and �n

y

with temperature is essentially non{linear.

Above T

C

, �n

x

=�n

y

, that is, the 
rystals are opti
ally

uniaxial.

The uniaxial pressure p = ��

3

in
reases �n

x

and �n

y

both in KDP and DKDP 
rystals, whereas the in
uen
e

of p = ��

0

1

and p = ��

0

2

pressures is reverse: p = ��

0

1

de
reases �n

y

and so does p = ��

0

2

to �n

x

(remember

that p = ��

0

1

and p = ��

3

de
rease the transition tem-

perature, whereas p = ��

0

2

in
reases). External pressure

may either weaken or enhan
e variation of the birefrin-

gen
es with temperature (see the values of d�n

i

/dT in

Table 2).
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KDP DKDP

atmosph. p = ��

0

1

p = ��

0

2

p = ��

3

atmosph. p = ��

0

1

p = ��

0

2

p = ��

3

Æ�n

x

1.25 2.1 1.3 0.8 0.75 1.1

Æ�n

y

8.1 10.4 6.4 2.66 2.92 2.61

Æ�n

z

5.25 5.2 4.8 1.8 1.84 1.78

d�n

x

/dT -1.29 �1:6 �1:09 �0:28 �0:25 �0:52

d�n

y

/dT -2.26 �2:49 �2:01 �0:23 �0:19 �0:39

d�n

z

/dT 0.75 0.83 0.6 0.58 0.75 0.36

Table 2. Jumps of birefringen
es Æ�n

i

(units of 10

�4

) at the transition points and the temperature derivatives d�n

i

/dT (units

of 10

�5

K

�1

) of the two 
rystals at di�erent pressures (p = ��

i

= 200 bar). The values of the slopes d�n

1

/dT and d�n

2

/dT

are given for the temperatures just above the transition points.

Fig. 2. The temperature dependen
e of the birefringen
es �n

x

(upper groups of 
urves) and �n

y

(lower groups of 
urves) of

KDP (a) and DKDP (b) 
rystals at � = 500 nm and at di�erent pressures: � | p = ��

0

2

= 200 bar; 2 and N | atmospheri


pressure; 4 and Æ | p = ��

3

= 200 bar; � | p = ��

0

1

= 200 bar.

Fig. 3. The temperature dependen
e of the birefringen
e �n

z

of KDP (a) and DKDP (b) 
rystals at � = 500 nm and at

di�erent pressures: � | p = ��

0

2

= 200 bar; � | p = ��

0

1

= 200 bar, and 2 | atmospheri
 pressure.
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The temperature dependen
e of the birefringen
e �n

z

at ambient pressure and at p = ��

0

1

= 200 bar and

p = ��

0

2

= 200 bar in KDP and DKDP 
rystals is given in Fig. 3. In the paraele
tri
 phase at atmospheri
 pressure,

where the 
rystals are opti
ally uniaxial, �n

z

=0. However, under pressure p = ��

0

1

the small non{zero values of the

birefringen
e �n

z

persist in a narrow temperature range after its jump at the \transition point".

Below T

C

, �n

z

de
reases with temperature in KDP and in
reases in DKDP. In both 
rystals �n

z

is raised up by

p = ��

0

1

and lowered down by p = ��

0

2

. The values of jumps in �n

z

at the transition points and the slopes d�n

z

/dT

at di�erent pressures are given in Table 2.

On the basis of the obtained data and using the relations

Æ(�n

y

)

�

0

1

=

1

2

[n

3

x

�

11

� n

3

z

�

31

℄�

21

+ s

12

[n

z

� n

x

℄�

21

= �

0

21

�

0

1

;

Æ(�n

y

)

�

3

=

1

2

[n

3

z

�

33

� n

3

x

�

13

℄�

23

+ s

23

[n

x

� n

z

℄�

23

= �

0

23

�

3

;

Æ(�n

x

)

�

0

2

=

1

2

[n

3

y

�

22

� n

3

z

�

32

℄�

12

+ s

12

[n

y

� n

z

℄�

12

= �

0

12

�

0

2

;

Æ(�n

x

)

�

3

=

1

2

[n

3

y

�

23

� n

3

z

�

33

℄�

13

+ s

13

[n

y

� n

z

℄�

13

= �

0

13

�

3

;

Æ(�n

z

)

�

0

1

=

1

2

[n

3

x

�

11

� n

3

y

�

21

℄�

31

+ s

31

[n

x

� n

y

℄�

31

= �

0

31

�

0

1

;

Æ(�n

z

)

�

0

2

=

1

2

[n

3

x

�

12

� n

3

y

�

22

℄�

32

+ s

32

[n

x

� n

y

℄�

32

= �

0

32

�

0

2

we 
al
ulated the 
ombined piezoopti
 
onstants �

0

ij

of

KDP and DKDP 
rystals (see Table 3). The 
oeÆ
ients

of KDP in
rease and those of DKDP de
rease as tem-

perature tends to T

C

in the ferroele
tri
 phase.

T (K) �

0

12

�

0

13

�

0

31

�

0

32

�

0

21

�

0

23

KDP 85 �3:7 4.5 4.0 �2:4 �3:4 3.1

120 �9:0 13.5 6.0 �4:6 �27:1 21.2

DKDP 100 6:5 18.0 12:5 �9:8 �11:5 15:1

200 �1:5 2:8 3:0 �1:6 -3.5 5.5

Table 3. The 
ombined piezoopti
 
onstants of KDP and

DKDP 
rystals at di�erent temperatures.

III. THEORY

We restri
t our theoreti
al 
onsideration to the pres-

sures whi
h do not lower the 
rystal symmetry: hydro-

stati
 and uniaxial p = ��

3

.

Cal
ulations are performed within the proton ordering

model in the four{parti
le 
luster approximation. It al-

lows us to take into a

ount the short{range 
orrelations

between deuterons adequately. The 
luster Hamiltonian

reads

^

H

i

q4

= V

h

�

q1

2

�

q2

2

+

�

q2

2

�

q3

2

+

�

q3

2

�

q4

2

+

�

q4

2

�

q1

2

i

+ U

h

�

q1

2

�

q3

2

+

�

q2

2

�

q4

2

i

(2)

+ �

�

q1

2

�

q2

2

�

q3

2

�

q4

2

�

X

f

z

i

qf

�

�

qf

2

;

two eigenvalues of Ising spin �

qf

= �1 are assigned to

two equilibrium positions of a deuteron on the f{th bond

in the q{th 
ell.

In Hamiltonian (2), z

i

qf

are the e�e
tive �elds whi
h

in
lude the long range intera
tions taken into a

ount in

the mean �eld approximation, external ele
tri
 �eld E

i

and e�e
tive 
luster �elds �

i

qf


reated by sites neigh-

boring to the qf{th one but not belonging to the q{th


luster:

z

i

qf

= �

�

��

i

qf

+

X

q

0

f

0

J

ff

0

(qq

0

)

h�

q

0

f

0

i

2

+ �

i

qf

E

i

�

: (3)

The long range intera
tions J

ff

0

(qq

0

) in
lude the

dipole{dipole and latti
e mediated deuteron{deuteron

intera
tions. To determine how pressure in
uen
es the

parameters of the long range intera
tions, one should

take into a

ount two possible me
hanisms of this in-


uen
e: i) via the 
hanges in the interparti
le distan
es,

and ii) via the 
hanges in the D{site distan
e Æ. In the

mean �eld approximation, the latti
e strains 
ounterpart

is �elds linear in strains and mean values of quasispins.

Their form has been found in [1,2℄. It should be men-

tioned that this form is exa
tly the same as that if one
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formally expands the 
omponents of the long{range in-

tera
tion matrix in diagonal 
omponents of the strain

tensor up to the linear terms. The 
ounterpart whi
h de-

s
ribes the in
uen
e of the pressure indu
ed 
hanges in

the D{site distan
e Æ is obtained by taking into a

ount

the fa
t that parameters of the long range intera
tions

J

ff

0

are proportional to �

2

; � � Æ is a dipole moment of a

hydrogen bond. A

ording to [6,7℄, in KDP and DKDP Æ

is a linear fun
tion of hydrostati
 pressure. Assuming the

same 
hara
ter of its dependen
e on pressure p = ��

3

Æ = Æ

0

+ Æ

1

p;

we obtain

J

ff

0

(qq

0

) = J

(0)

ff

0

(qq

0

)

h

1�

2

S

Æ

1

Æ

0

3

X

j=1

"

j

i

+

3

X

j=1

 

j

ff

0

(qq

0

)"

j

: (4)

We take into a

ount only the diagonal 
omponents of

the strain tensor, To avoid expli
it dependen
e of the

Hamiltonian on pressure, we expressed pressure in terms

of the resulting strain "

1

+ "

2

+ "

3

. Here S =

P

ij

S

ij

for hydrostati
 pressure and S =

P

j

S

3j

for the uniax-

ial p = ��

3

pressure; S

ij

is the matrix of elasti
 
om-

plian
es. The parameters  

j

ff

0

(qq

0

) are the same for all

non{lowering the system symmetry pressures applied to

a given 
rystal, whereas the ratio Æ

1

=Æ

0

is di�erent for

hydrostati
 and uniaxial pressures.

Parameters

V = �

w

1

2

; U = �" +

w

1

2

; � = 4" � 8w + 2w

1

in the Hamiltonian (2), being the fun
tions of the Slater

energies ", w, and w

1

, des
ribe the short range 
orre-

lations between the quasispins. The Slater energies are

de�ned as di�eren
es between energies of the so{
alled

\up/down" (with deuterons in positions 
lose to up-

per/lower oxygens of a given PO

4

group) "

s

, \lateral"

"

a

, single ionized "

1

and double ionized "

0

deuteron 
on-

�gurations

" = "

a

� "

s

; w = "

1

� "

s

; w

1

= "

0

� "

s

:

At Æ = 0 "

a

= "

s

= "

0

= "

1

, sin
e with deuterons

in the 
enters of hydrogen bonds, there is no sense to

distinguish between di�erent 
on�gurations. Besides, the

transformation Æ !�Æ transforms all deuteron 
on�gu-

rations to the ones with the same energies: \up" 
on�gu-

rations to \down" 
on�gurations, \right lateral" to \left

lateral", positive ionized (with three or four deuterons)

to negative ionized (with one deuteron or without any).

Hen
e, ", w, and w

1

are even fun
tions of Æ and turn

to zero at Æ = 0. Taking into a

ount only the quadrati


terms of the "(Æ), w(Æ), and w

1

(Æ) dependen
es, we model

variation of the Slater energies with pressure similarly to

(4)

" = "

0

h

1�

2

S

Æ

1

Æ

0

3

X

j=1

"

j

i

+

3

X

i=1

Æ

1i

"

i

;

w = w

0

h

1�

2

S

Æ

1

Æ

0

3

X

j=1

"

j

i

+

3

X

i=1

Æ

2i

"

i

;

w

1

= w

0

1

h

1�

2

S

Æ

1

Æ

0

3

X

j=1

"

j

i

+

3

X

i=1

Æ

3i

"

i

;

(5)

where via the terms

P

i

Æ

ji

"

i

we des
ribe the in
uen
e

of fa
tors other than variation of D{site distan
e Æ with

pressure. Amongst them there are pressure dependen
es

of the the hydrogen bond length, and of the in
lination

� of the line 
onne
ting D{sites to the ab plane, rotation

of PO

4

groups around the 
{axis, et
.

The mean values of quasispins �

i

f

= h�

qf

i

E

i

are

�

z

=

1

D

z

[sinh 2z

z

+ 2b sinh z

z

℄ ;

�

x

1;3

=

1

D

x

[sinhA

1

+ d sinhA

2

� 2a sinhA

3

+ b(2 sinhA

4

� sinhA

5

� sinhA

6

)℄ ;

�

x

24

=

1

D

x

[sinhA

1

� d sinhA

2

+ b(sinhA

5

� sinhA

6

)℄ ; (6)

�

y

13

=

1

D

y

[sinhB

1

� d sinhB

2

+ b(sinhB

4

� sinhB

6

)℄ ;

�

y

2;4

=

1

D

y

[sinhB

1

+ d sinhB

2

� 2a sinhB

3

+ b(2 sinhB

4

� sinhB

5

� sinhB

6

)℄ ;

where
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D

z

= 
osh 2z

z

+ 4b 
osh z

z

+ 2a + d;

D

x

= 
oshA

1

+ d 
oshA

2

+ 2a 
oshA

3

+ b(2 
oshA

4

+ 
oshA

5

+ 
oshA

6

);

D

y

= 
oshB

1

+ d 
oshB

2

+ 2a 
oshB

3

+ b(2 
oshB

4

+ 
oshB

5

+ 
oshB

6

);

A

1;2

=

z

x

1

+ z

x

3

2

� z

x

24

; A

3;4

=

z

x

1

� z

x

3

2

; A

5;6

=

z

x

1

� z

x

3

2

� z

x

24

;

B

1;2

= �z

y

13

+

z

y

2

+ z

y

4

2

; B

3;4

=

z

y

2

� z

y

4

2

; B

5;6

= �z

y

13

+

z

y

2

+ z

y

4

2

;

a, b, and d are Gibbs' fa
tors

a = exp (��"); b = exp (��w); d = exp (��w

1

):

Here we took into a

ount the fa
t that under the 
on-

sidered pressures and in ele
tri
 �elds E

i

, the following

relations are obeyed:

�

z

= �

z

1

= �

z

2

= �

z

3

= �

z

4

; �

x

24

= �

x

2

= �

x

4

; �

y

13

= �

y

1

= �

y

3

;

z

z

= z

z

1

= z

z

2

= z

z

3

= z

z

4

; z

x

24

= z

x

2

= z

x

4

; z

y

13

= z

y

1

= z

y

3

;

�

3

= �

13

= �

23

= �

33

= �

43

;

�

1

= �

11

= ��

31

; �

21

= �

41

= 0;

�

2

= �

22

= ��

42

; �

12

= �

32

= 0:

Within the 
luster approximation, the �elds �

i

qf

are de-

termined from the 
ondition of equality of the mean

values h�

qf

i 
al
ulated with four{ and single{parti
le

Gibbs' distributions, i.e. with the Hamiltonian (2) and

with the one{parti
le deuteron Hamiltonians

H

i

qf

= �

z

i

qf

� ��

i

qf

�

�

qf

2

: (7)

Ex
luding �

i

qf

from z

i

qf

given by (3), we get

z

z

=

1

2

ln

1 + �

z

1� �

z

+ ���

z

+

��

3

E

3

2

;

z

x

1;3

=

1

2

ln

1 + �

x

1;3

1� �

x

1;3

+ �

�

�

1

�

x

1

+ �

3

�

x

3

+ 2�

2

�

x

24

�

�

1

E

1

2

�

;

z

x

24

=

1

2

ln

1 + �

x

24

1� �

x

24

+ � [�

2

[�

x

1

+ �

x

3

℄ + [�

1

+ �

3

℄�

x

24

℄ ;

z

y

13

=

1

2

ln

1 + �

y

13

1� �

y

13

+ � [�

2

[�

y

2

+ �

y

4

℄ + [�

1

+ �

3

℄�

y

13

℄ ;

z

y

2;4

=

1

2

ln

1 + �

y

2;4

1� �

y

2;4

+ �

�

2�

2

�

y

13

+ �

1

�

y

2

+ �

3

�

y

4

�

�

2

E

2

2

�

;

where �

j

= [J

1j

(0)℄=4, and � is the eigenvalue of the long

range intera
tions matrix Fourier transform

� = �

(0)




(0)[1�

2

S

Æ

1

Æ

0

3

X

i=1

"

i

℄ +

3

X

i=1

 


i

(0)"

i

;

�

(0)




(0) =

1

4

h

J

(0)

11

(0) + 2J

(0)

12

(0) + J

(0)

13

(0)

i

;

 


i

=

1

4

[ 

1i

(0) + 2 

2i

(0) +  

3i

(0)℄ :

The free energy of the 
rystal in the four{parti
le 
lus-

ter approximation 
an be written as (here E

i

= 0; in this


ase the symmetry of the quasispin mean values is as that

in the �eld E

3

)

f =

�v

2

X

ij




(0)

ij

"

i

"

j

� 2

X

i

Æ

2i

"

i

+ 2��

2

+ 2T ln

2

(1� �

2

)D

; (8)

here D = lim

E

3

!0

D

z

, z = lim

E

3

!0

z

z

, � = lim

E

3

!0

�

z

;




(0)

ij

are the \seed" elasti
 
onstants 
orresponding to a

�
titious latti
e without deuterons; "

i

are the 
ompo-

nents of the strain tensor; �v = v=k

B

; v is the unit 
ell

volume; k

B

is the Boltzmann 
onstant.

Equation for the order parameter � we obtain mini-

mizing the free energy with respe
t to �

� =

1

D

(sinh 2z + 2b sinh z); (9)

whereas to �nd the latti
e strains we use obvious rela-

tions
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�p

i

=

X

j




ij

"

j

; (10)

where 


ij

are the elasti
 
onstants of the 
rystal deter-

mined from an experiment; p

i

= (p; p; p) for the hydro-

stati
 pressure, and p

i

= (0; 0; p) for the uniaxial pressure

p = ��

3

. The thermodynami
 potential is

g = f + �v

X

i

"

i

p

i

; (11)

The temperature of the �rst order phase transition T

C

is

determined from the 
riterion that:

g(�; T

C

; p) = g(0; T

C

; p): (12)

Polarization of the 
rystal, resulting from the deuteron

ordering, is proportional the the mean values of qua-

sispins

P

1

=

�

1

v

[�

x

1

� �

x

3

℄; P

2

=

�

2

v

[�

y

2

� �

y

4

℄; P

3

= 2

�

3

v

�

z

:

(13)

Variation of e�e
tive dipole moments �

1

and �

3

with

pressure governs the pressure dependen
e of stati
 di-

ele
tri
 
hara
teristi
s of the 
rystals.

Let us determine the stati
 diele
tri
 permittivities of

a K(H

1�x

D

x

)

2

PO

4

{type 
rystal in the presen
e of exter-

nal pressure. For a 
lamped 
rystal ("

i

=
onst) we have

"

"

1;2

(0; T; p) = "

1;21

+ 4�

�

�P

1;2

�E

1;2

�

"

�

�

�

�

E

1;2

=0

= "

1;21

+ 4�

��

2

1;2

v

2�

1

D � 2�

1

'

a

;

"

"

3

(0; T; p) = "

31

+ 4�

�

�P

3

�E

3

�

"

�

�

�

�

E

3

=0

= "

31

+ 4�

��

2

3

v

2�

3

D � 2'�

3

; (14)

where

�

1

= a+ b 
osh z; �

3

= 
osh 2z + b 
osh z � �

2

D;

' =

1

1� �

2

+ ��; '

a

=

1

1� �

2

+ �[�

1

� �

3

℄

In the 
ase of a free 
rystal (p=
onst),

"

p

1

(0; T; p) = "

"

1

(0; T; p) + 4�e

14

d

14

;

"

p

3

(0; T; p) = "

"

3

(0; T; p) + 4�

 

3

X

i=1

e

3i

d

3i

+ e

36

d

36

!

;

e

ij

and d

ij

are 
rystal piezomodules.

IV. DISCUSSION

The only available experimental data 
on
erning the

uniaxial pressure p = ��

3

e�e
ts on the studied 
rystals

is on the dependen
e of the transition temperature pre-

sented in the previous se
tion. Thus we 
an only estimate

the theory parameters and the 
orresponding 
hanges in

the responses of the uniaxially strained 
rystals. The ex-

perimental studies of these e�e
ts are of great impor-

tan
e. It would be very interesting to explore the stru
-

ture 
hanges in KDP 
rystals with uniaxial pressure and


ompare them with the 
hanges 
aused by hydrostati


pressure. There is no experimental information about the

dependen
e of the hydrogen bond geometry on the uni-

axial pressure; the a
tual pe
uliarities of this dependen
e

are quite diÆ
ult to predi
t theoreti
ally. Nevertheless,

we thought it ne
essary to des
ribe the possible 
hanges

in 
hara
teristi
s of these 
rystals indu
ed by uniaxial

pressure, 
onsidering the variation of the D{site distan
e

Æ with pressure (Æ

1

=Æ

0

) as a free parameter. Our goal was

to draw attention to this problem and stimulate a fur-

ther experimental investigation of hydrostati
 and uni-

axial pressure e�e
ts on physi
al properties of H{bonded

ferroele
tri
s.

In order to des
ribe an unstrained state of a

K(H

0:13

D

0:87

)

2

PO

4


rystal, we need to set the values of

the 
luster parameters "

0

, w

0

, w

0

1

, long{range intera
-

tion parameters �

(0)




(0), and the e�e
tive dipole moment

per unit 
ell �

(0)

3

. To des
ribe the pressure dependen
e

of transition temperature, we also need the values of the

deformation potentials Æ

ij

,  


i

(0), the ratio Æ

1

=Æ

0

, and

the elasti
 
onstants 


ij

. Variation with pressure of the

diele
tri
 
hara
teristi
s of the 
rystal is governed by the

derivative ��

3

=�p.

The values of "

0

, w

0

, w

0

1

, �

(0)




(0), �

(0)

3

, providing a sat-

isfa
tory des
ription of a number of 
hara
teristi
s of a

K(H

1�x

D

x

)

2

PO

4


rystal at ambient pressure in a wide

range of deuterations, have been found in [8,9℄.

The ratio Æ

1

=Æ

0

whi
h is the rate of the pressure{

indu
ed 
hanges in the D{site distan
e is the most impor-

tant parameter in determining the pressure dependen
e

of the transition temperature. The deformation poten-

tials  


i

(0), being the same in the 
ases of hydrostati


and uniaxial pressures applied, des
ribe the 
ontribu-

tions of latti
e strains into the pressure dependen
e of the

eigenvalue of the long range intera
tion matrix Fourier

transform �. The values of Æ

1

=Æ

0

, Æ

ij

and  


i

(0) are 
ho-

sen su
h that the dependen
es best �t to the experimen-

tally found T

C

(p) were obtained. We put the parameters

Æ

ij

equal to zero, that is, take into a

ount only the in-


uen
e on the Slater energies of 
hanges in the D{site

distan
e and negle
t all other possible fa
tors. That a
-


ords also with the results of the previous studies [10,11℄
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where no me
hanism of pressure in
uen
e the Slater en-

ergies but via pressure the dependen
e of Æ was taken

into a

ount.

An unexpe
ted out
ome of the �tting is that we should

assume the negative value of Æ

1

=Æ

0

for the uniaxial pres-

sure p = ��

3

. It means that this pressure shortens the

D{site distan
e, although, being applied along the axis

perpendi
ular to the plane in whi
h the hydrogen bonds

lie, it is expe
ted to expand the bonds. We may assume

that p = ��

3

pressure 
attens PO

4

tetrahedra along

the 
{axis, thereby enlarging their proje
tion on the ab{

plane and redu
ing the distan
es between oxygens of dif-

ferent PO

4

groups, but this assumption should await its

experimental veri�
ation. We treated Æ

1

=Æ

0

as a free pa-

rameter in the 
ase of hydrostati
 pressure too, be
ause

the available experimental data by Nelmes [6,7℄ for the

Æ(p) dependen
e 
orrespond to a 
rystal with a di�er-

ent deuteration level (T

C0

= 222 K and di�erent slope

�T

C

=�p = �3 K/kbar.

Fig. 4. Variation of the transition temperature of KD

2

PO

4


rystal with hydrostati
 and uniaxial p = ��

3

pressures.

Fig. 5. Spontaneous polarization of K(H

1�x

D

x

)

2

PO

4


rystals as a fun
tion of temperature at di�erent values of hydrostati


(a) and uniaxial p = ��

3

(b) pressures p(kbar): a) (x = 0:98) 1 | 0.001; 2 | 2.07; 3 | 4.14; 4 | 7.6; 5 | 15.0; 6 | 20.0.

b) (x = 0:87) 1 | 0.001; 2 | 0.2; 3 | 0.5. Experimental points are taken from [5℄ | � and [14℄ | Æ (for x = 0:84).

Fig. 6. The temperature dependen
e of the inverse longitudinal stati
 diele
tri
 permittivity "

�1

3

(0; T; p), of

K(H

0:13

D

0:87

)

2

PO

4

at di�erent pressures p(kbar): 1 | 0.001; 2 | 1.8; 3 | 4.14; 4 | 5.0; 5 | 10.0; 6 | 15.0; b) 1 |

0.001; 2,4 | 1; 3 | 0.5. Experimental points are taken from [5℄ | 2 and [15℄ | 4. Points of [15℄ 
orrespond to x = 0:86.
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T

C0

�T

C

=�p Æ

1

=Æ

0

"

0

w

0

�

0




(0)  

�


1

 

�


2

 

�


3

 

+


1

 

+


3

(K) (K/kbar) (kbar

�1

) (K)

210 �12.5 �33.5 87.6 785 37.05 120 100 �545 110 �545

208 �3.0 �9.8 87.6 785 36.0 110 90 �545 100 �545

Table 4. The theory parameters for two 
rystals. The values of �T

C

=�p and Æ

1

=Æ

0

for the 
rystals with T

C0

= 210 K and

T

C0

= 208 K 
orrespond to the uniaxial p = ��

3

and hydrostati
 pressures, respe
tively.




+

11




+

12




+

13




+

33




�

11




�

12




�

13




�

22




�

23




�

33

6.93 �0.78 1.22 5.45 6.8 �0.78 1.0 6.99 1.0 5.3

Table 5. The elasti
 
onstants (units of 10

11

dyn/
m

2

). The di�eren
e between the elasti
 
onstants of 
rystals with T

C0

= 210 K

and T

C0

= 208 K is negle
ted.

Experimental values of the elasti
 
onstants of a

K(H

1�x

D

x

)

2

PO

4


rystal for x = 0:89 at temperatures

above the transition point are reported in [12℄. Sin
e the

values of elasti
 
onstants of ferroele
tri
 DKDP are not

available at all, we 
arried out the 
al
ulations of T

C

, "

i

and other 
hara
teristi
s at di�erent pressures and di�er-

ent trial values of 


�

ij


lose to 


+

ij

. The set of 


�

ij

, providing

the best �t to experimental data is given in Table 4.

Results of numeri
al 
al
ulations are presented in

Figs. 4{6. The solid and dashed lines 
orrespond to

the 
hara
teristi
s of a 
rystal under hydrostati
 and

p = ��

3

pressures, respe
tively.

Transition temperature vs. uniaxial pressure p = ��

3

line is presented in Fig. 4 along with the experimental

points of Se
tion II and a theoreti
al line for hydrostati


pressure. The linear dependen
es of the transition tem-

perature on both pressures are obtained. Variation of T

C

with uniaxial pressure is more pronoun
ed than with hy-

drostati
, and this is understandable sin
e the uniaxial

pressure deforms the 
rystal more strongly than so hy-

drostati
 pressure does. As has been mentioned above,

in order to des
ribe a de
rease in transition temperature

with the uniaxial pressure p = ��

3

, the negative value

of Æ

1

=Æ

0

was used in 
al
ulations. It should be noted that

the a

epted values of Æ

1

=Æ

0

for hydrostati
 and uniaxial

p = ��

3

pressures yield the universal transition temper-

ature vs D{site distan
e Æ dependen
e for the two pres-

sures. Cal
ulations performed for other 
rystals of this

family MeD

2

XO

4

, where Me = K, Rb, ND

4

, X = P,

As, revealed that universality holds for these 
rystals

too [13℄.

It is interesting to dis
uss also the e�e
ts of pressures

p = ��

0

1

and p = ��

0

2

whi
h do lower the 
rystal symme-

try. As we have already mentioned, these pressures were

applied along the axes of the Fdd2 unit 
ell, that is,

not along the hydrogen bonds. S
hemati
ally, the exper-

iment geometry is presented in the �gure below. Here a

and b are the latti
e 
onstants; hydrogen bonds go along

the rhomb sides. By dotted lines we denoted a square{

shaped proje
tion of the paraele
tri
 tetragonal unit 
ell

on the ab plane.

The signs of spontaneous and indu
ed by pressure

p = ��

0

2

strain "

6


oin
ide, whi
h is re
e
ted by in
rease

in the transition temperature. In this 
ase, the observed

transition is a true phase transition, sin
e in the presen
e

of the stress �

6

the minimum of the thermodynami
 po-

tential at � of the same sign as that of �

6

is deeper than

the opposite minimum[4℄. The same behavior one should

�nd if pressure is applied to a paraele
tri
 sample, whi
h

is then 
ooled down. On the 
ontrast, the signs of these

strains in the 
ase of pressure p = ��

0

1

must be opposite,

and the observed experimentally de
rease in the temper-

ature of jumps of birefringen
e 
orresponds to a de
rease

in temperature of a 
ertain transition between the in-

du
ed by stress �

6

metastable state and stable state. Of


ourse, this transition is biased by stresses �

1

and �

2

.

	

p = ��

0

1

p = ��

0

2

a

b

R

The slopes ��

3

=�p and �f

3

=�p 
an be determined

without introdu
ing into the theory any extra �tting pa-

rameter on the basis of the following spe
ulations. It is

believed that the deuteron ordering in the system results

in the displa
ements of heavy ions and ele
tron density

whi
h 
ontribute to 
rystal polarization. Sin
e, when or-

dered, deuteron shifts from its 
entral position on a hy-

drogen bond to the o�{
entral one by the distan
e Æ=2, it

seems reasonable to suppose that the heavy ions displa
e-

ments are also proportional to Æ. This idea was used in

the previous theories [10,11℄. Here, we also assume that

�

3

is proportional to the 
orresponding latti
e 
onstant


. This yields
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2

PO

4

{TYPE FERROELECTRICS

1

�

0

3

��

3

�p

=

Æ

1

Æ

0

+

"

3

p

;

1

f

0

3

�f

3

�p

= 2

Æ

1

Æ

0

+

"

3

� "

1

� "

2

p

:

(15)

In Fig. 5b we plot the temperature 
urves of sponta-

neous polarization of a K(H

0:13

D

0:87

)

2

PO

4


rystal at dif-

ferent values of uniaxial p = ��

3

pressures. At ambient

pressure, the 
al
ulated P

s

(T ) dependen
e is an agree-

ment with the experimental results of [14℄ (x = 0:84).

The 
urves presented in Fig. 5a illustrate that model de-

penden
e (15) of the e�e
tive dipole moment �

3

provides

a satisfa
tory des
ription of a de
rease in saturation po-

larization of a 
ompletely deuterated 
rystal KD

2

PO

4

with hydrostati
 pressure. Sin
e we a

epted a negative

value of Æ

1

=Æ

0

for a uniaxial pressure p = ��

3

, then,

a

ording to (15), the e�e
tive dipole moment �

3

and

thereby the spontaneous polarization are expe
ted to de-


rease with this pressure. Unfortunately, no dire
t exper-

imental data for the uniaxial pressure p = ��

3

on the

spontaneous polarization of KD

2

PO

4

is available to ver-

ify our predi
tions.

The temperature dependen
e of the inverse lon-

gitudinal diele
tri
 permittivity "

�1

3

(0; T; p) of a

K(H

0:13

D

0:87

)

2

PO

4


rystal at di�erent pressures p =

��

3

is plotted in �gure 6a. At ambient pressure, the 
al-


ulated dependen
e "

�1

3

(0; T; p) is in agreement with the

experimental data of [14℄ for x = 0:84. The theory pre-

di
ts that the magnitude of "

3

(0; T; p) should de
rease

with pressure, but the main pressure e�e
t here is the

shift of the transition point and, thereby, of the "

3

(T )


urves to lower temperatures. Fig. 6b illustrate the varia-

tion of "

�1

3

(0; T; p) with hydrostati
 pressure. As one 
an

see, the model dependen
e (15) equally well des
ribes a

de
rease in the Curie 
onstant with hydrostati
 pressure.

V. CONCLUDING REMARKS

In our previous work [3℄ within the earlier proposed

model we studied the in
uen
e of hydrostati
 pressure

on the physi
al properties of K(H

1�x

D

x

)

2

PO

4


rystals.

In the present paper within the same model we 
onsider

the uniaxial p = ��

3

pressure e�e
ts on the phase tran-

sition and diele
tri
 properties of these 
rystals. A de-

tailed theory of the other pressure e�e
ts will be given

elsewhere.

We performed experimental measurements of uniax-

ial p = ��

0

i

pressures in
uen
e on the temperature de-

penden
e of the birefringen
e in KH

2

PO

4

and KD

2

PO

4


rystals. It has been revealed that the transition temper-

ature de
reases with p = ��

3

and p = ��

0

1

pressures but

in
reases with p = ��

0

2

.

Sin
e the only available experimental data are for the

pressure dependen
e of the transition temperature and

some opti
al 
hara
teristi
s, we 
an only estimate the

theory parameters. To 
ompare the present results with

the relevant data in the hydrostati
 pressure 
ase is of

great interest.

In this paper we state the possible 
hanges in the phys-

i
al properties of DKDP 
rystals with the uniaxial pres-

sure, 
onsidering the variation of the D{site distan
e Æ

with the pressure Æ

1

=Æ

0

as a free parameter.

Further experimental studies of the uniaxial pressure

e�e
ts on these 
rystals, espe
ially on their stru
ture will

allow us to de�ne the theory parameters more pre
isely

and 
he
k our predi
tions.

In [3℄ as well as here it was shown that in the frame-

work of the proton ordering model within the 
luster

approximation it is possible to obtain a good des
ription

of experimental data for the pressure dependen
e of ther-

modynami
 and diele
tri
 
hara
teristi
s of ferroele
tri



rystals of the KDP family. We hope that experimen-

tal measurements of the hydrostati
 and uniaxial pres-

sure e�e
ts on the hydrogen{bonded 
rystals (on KDP in

parti
ular) will allow us to 
larify the mi
ros
opi
 me
ha-

nism of the phase transition in these 
rystals, 
orre
t the

theory parameters and possibly the mi
ros
opi
 model

itself.
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Provedeno eksperimental~n� dosl�d�enn� vplivu de�teruvann� � odnov�snih tisk�v na temperaturn�

zale�nost� dvozalomlen~ � temperaturi perehodu kristal�v tipu K(H

1�x

D

x

)

2

PO

4

. Na osnov� zaproponova-

noÝ ran�xe model� deformovanogo kristala tipu KD

2

PO

4

dosl�d�eno vpliv odnov�snogo tisku p = ��

3

na

fazovi� pereh�d � statiqn� d�elektriqn� vlastivost� visokode�terovanih kristal�v K(H

1�x

D

x

)

2

PO

4

. Otri-

man� teoretiqn� rezul~tati por�vn�no z na�vnimi eksperimental~nimi danimi � poperedn�mi teoretiqnimi

rozrahunkami dl� vipadku g�drostatiqnogo tisku. Obgovoreno rol~ v�ddal� m�� polo�enn�mi r�vnovagi

de�trona na zv'�zku u fazovomu perehod� ta d�elektriqnomu v�dguku kristal�v.
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