ȷURNAL FIZIQNIH DOSLIDȷEN^ t. 3, ˝ 4 (1999) s. 391–398

JOURNAL OF PHYSICAL STUDIES v. 3, No. 4 (1999) p. 391–398

ORB�TNA STRUKTURA SK�NQENNOZONNOGO SEKTORA SISTEMI R�VN˚NN˚ TODI TA R�VN˚N^ TIPU KdV (MKdV)

P. ¨. Golod^{1,2}, O. V. K˛s˛leviq^3 1¨nstitut teoretiqnoÝ f˛ziki ˛m. M. M. Bogolbova NAN UkraÝni, v˛dd˛l matematiqnih metod˛v u teoretiqn˛ȷ f˛zic˛, vul. Metrolog˛qna, 14b, KiÝv, 03143, UkraÝna 2Nac˛onal~niȷ un˛versitet “Ki‚vo–Mogilfflns~ka Akadem˛ffl”, kafedra f˛ziko–matematiqnih nauk vul. G. Skovorodi, 2, KiÝv, 04070, UkraÝna 3L~v˛vs~ka komerc˛ȷna akadem˛ffl, kafedra viwoÝ matematiki ˛ statistiki, vul. U. Samquka, 11, L~v˛v, 79011, UkraÝna (Otrimano 29 kv˛tnffl 1999 r.; v ostatoqnomu viglffld˛ — 27 grudnffl 1999 r.)

Real˛zovano fazov˛ prostori ˛‚rarh˛Ý viwih stac˛onarnih r˛vnffln~, fflk˛ naleıat~ do klasu kal˛bruval~noÝ ekv˛valentnosti r˛vnfflnnffl Todi, na orb˛tah ko–pri‚dnanoÝ d˛Ý defflkih p˛dalİebr v alİebr˛ petel~ sl(n, R) ⊗ P (λ, λ^{−1} ). Sam˛ ı r˛vnfflnnffl podano u viglffld˛ ˛nteİrovnih r˛vnffln~ Eȷlera–Arnol~da. Ustanovlen˛ zv’fflzki m˛ı dinam˛qnimi zm˛nnimi r˛znih kal˛bruval~no– ekv˛valentnih r˛vnffln~ uzagal~nt~ v˛dome peretvorennffl M˛uri.

Kl¸qovfi slova: r˛vnfflnnffl Todi, ˛nteİrovn˛ gam˛l~tonov˛ sistemi, alİebra petel~.

PACS number(s): 02.30.Jr

I. VSTUP

R˛vnfflnnffl L˛uv˛llffl φ_{tt} ± φ_{xx} = ke^φ (fflk el˛ptiqna, tak ˛ g˛perbol˛qna vers˛Ý) ta ȷogo bagatokomponentne uzagal~nennffl u viglffld˛ sistemi r˛vnffln~ Todi v˛d˛grat~ vaılivu rol~ u bagat~oh galuzfflh f˛ziki — v˛d teor˛Ý plazmi do kvantovoÝ İrav˛tac˛Ý [1–3]. Klasiqn˛ dosl˛dıennffl A. Puankare [4] wodo ˛snuvannffl rozv’fflzk˛v ˛z zadanimi osoblivostfflmi skladat~ osnovu teor˛Ý un˛form˛zac˛Ý r˛manovih poverhon~. U nax qas c˛ rezul~tati zastosovuvav O. Polfflkov do teor˛Ý kvantovih bozonnih strun ta dvovim˛rnoÝ İrav˛tac˛Ý [5]. Ostann˛mi rokami ˛nteres do r˛vnfflnnffl L˛uv˛llffl ta sistemi r˛vnffln~ Todi poıvavivsffl u zv’fflzku z usp˛hami 2+1 vim˛rnih topolog˛qnih teor˛ȷ Qerna–Saȷmonsa. k bulo pokazano [6, 7] v modelfflh, wo opisut~ vza‚mod˛ kal˛bruval~nogo polffl Qerna–Saȷmonsa z˛ skalfflrnim polem, pri pevnih sp˛vv˛dnoxennfflh m˛ı konstantami vza‚mod˛Ý statiqn˛ konf˛İurac˛Ý pol˛v z˛ sk˛nqenno enerİ˛‚ otrimut~sffl fflk rozv’fflzki r˛vnffln~ Todi (v naȷprost˛xomu vipadku abelevogo polffl Qerna–Saȷmonsa — fflk rozv’fflzki r˛vnfflnnffl L˛uv˛llffl). Z matematiqnoÝ toqki zoru, polffl Qerna–Saȷmonsa opisut~ plosk˛ zv’fflznost˛ vektornih rozxaruvan~ nad r˛manovimi poverhnfflmi. Z oglffldu na ce teor˛ Qerna–Saȷmonsa moına rozglffldati fflk rozvitok problemi un˛form˛zac˛Ý (v˛d un˛form˛zac˛Ý r˛manovoÝ poverhn˛ do un˛form˛zac˛Ý vektornih rozxaruvan~ na n˛ȷ). Anal˛tiqnim aparatom c˛‚Ý teor˛Ý ‚ r˛vnfflnnffl Todi ta r˛vnfflnnffl nul~ovoÝ krivini, fflke z nim asoc˛‚t~sffl [3, 8].

¨‚rarh˛ffl r˛vnffln~ Todi naleıit~ do odnogo ȷ togo ı klasu kal˛bruval~noÝ ekv˛valentnosti, wo ȷ r˛vnfflnnffl n–KdV [9]. U c~omu klas˛ ‚ ȷ ˛nx˛ predstavniki, zokrema modif˛kovane ta qastkovo modif˛kovan˛ r˛vnfflnnffl KdV [10]. Tut p˛d r˛vnfflnnfflmi “tipu KdV” rozum˛‚t~sffl ˛‚rarh˛ffl ˛nteİrovnih r˛vnffln~, fflk˛ mat~ predstavlennffl u form˛ Laksa: ∂L ∂τ_p = [ L, L^{pn}_t ] ,

de L = ∂^n + W_{n−2}(x)∂^{n−2} + · · · + W_0(x) — l˛n˛ȷniȷ

diferenc˛ffll~niȷ operator porffldku n, ∂ ≡ ∂ ∂x , L^{pn}_t — diferenc˛ffll~na qastina psevdodiferenc˛ffll~nogo simvolu L^{pn} (droboviȷ step˛n~ operatora L). Oqevidno, netriv˛ffll~n˛ r˛vnfflnnffl vinikat~ tod˛, koli c˛l˛ qisla p ˛ n vza‚mno prost˛.

U c˛ȷ prac˛ mi real˛zu‚mo fazov˛ prostori ˛‚rarh˛Ý viwih stac˛onarnih r˛vnffln~, fflk˛ naleıat~ do klasu kal˛bruval~noÝ ekv˛valentnosti r˛vnfflnnffl Todi, na orb˛tah ko-pri‚dnanoÝ d˛Ý defflkih p˛dalİebr (faktoralİebr) v alİebr˛ petel~ sl(n, R) ⊗ P (λ, λ^{−1}); sam˛ ı r˛vnfflnnffl podano u viglffld˛ ˛nteİrovnih r˛vnffln~ Eȷlera-Arnol~da. Ustanovlen˛ zv’fflzki m˛ı dinam˛qnimi zm˛nnimi r˛znih kal˛bruval~no-ekv˛valentnih r˛vnffln~ uzagal~nt~ v˛dome peretvorennffl M˛uri.

Vib˛r togo qi ˛nxogo predstavnika v klas˛ kal˛bruval~noÝ ekv˛valentosti oznaqa‚ vib˛r v˛dpov˛dnih dinam˛qnih zm˛nnih, a otıe, ˛ vib˛r gam˛l~tonovoÝ strukturi (duıka Puassona), v˛dpov˛dno do fflkoÝ zd˛ȷsn‚t~sffl kvantuvannffl.

II. ORB�TNA �NTERPRETAC�˚ FAZOVOGO PROSTORU VIWIH STAC�ONARNIH R�VN˚N^ TODI

Sistema nel˛n˛ȷnih r˛vnffln~ viglffldu

φ^i_{tt} − φ^i_{xx} = exp(φ^{i+1} − φ^i) − exp(φ^i − φ^{i+1}) (1) uzagal~n‚ na dva vim˛ri ˛nteİrovnu dinam˛qnu sistemu, v˛domu p˛d nazvo lancıka Todi [11, 12]. Nas c˛kavitime vipadok sk˛nqennoÝ k˛l~kosti pol˛v φ^i(t, x), tobto i = 1, 2, . . ., n. U c~omu vipadku rozr˛znfflt~ per˛odiqnu (af˛nnu) ta neper˛odiqnu sistemi Todi. U per˛odiqnomu vipadku pokladat~ φ^{n+1} = φ^1, ˛ tod˛ r˛vnfflnnffl (1) moına perepisati u viglffld˛

u^i_{tt} − u^i_{xx} = n∑ j=1 K_{ij} exp(−u^j ), (2)

de u^i = φ^i − φ^{i+1}, a K_{ij} — af˛nna matricffl Kartana alİebri sl(n).

Nadal˛ mi obmeıimos~ vipadkom n = 3. Vipadok n = 2 dobre vivqeniȷ [13, 14]. R˛vnfflnnffl (1) pri n = 2 — ce r˛vnfflnnffl sh(sin)-Gordon. Analogom neper˛odiqnoÝ sistemi Todi ‚ r˛vnfflnnffl L˛uv˛llffl. ¨nx˛ predstavniki kal˛bruval~no-ekv˛valentnogo klasu — ce r˛vnfflnnffl MKdV ta r˛vnfflnnffl KdV.

F˛ksu‚mo v alİebr˛ g = gl(3) ⊗ P (λ, λ^{−1}) osnovne İraduvannffl. Odnor˛dn˛ elementi stosovno takogo İraduvannffl budut~ vlasnimi vektorami operatora İraduvannffl

d = 3λ d dλ + ad 1 0 −1 . (3)

kwo H_1 = E_{11}, H_2 = E_{22}, H_3 = E_{33}, X_1 = E_{12}, X_2 = E_{23}, X_3 = E_{13}, Y_i = X^T_i , i = 1, 2, 3 — standartniȷ bazis u gl(3), to bazis u g = gl(3) ⊗ P (λ, λ^{−1}), odnor˛dniȷ stosovno operatora (3), matime viglffld:

X^{3m}_i = λ^mH_i, X^{3m+1}_{1,2} = λ^mX_{1,2}, X^{3m+2}_3 = λX_3, Y^{3m−1} 1,2 = λ^mY_{1,2}, Y^{3m−2}_3 = λ^mY_3, m ∈ Z. (4)

Verhn˛ȷ ˛ndeks bazisnih element˛v ukazu‚ na stup˛n~ Ýhn~oÝ odnor˛dnosti.

Roz˛b’‚mo alİebru g na sumu dvoh p˛dalİebr:

g = g_+ + g_−, g_+ = ∑ m≥0 g_m, g_− = ∑ m≤−1 g_m,

de g_m — vlasn˛ p˛dprostori operatora d.

Na g oznaqena s˛m’ffl ad-˛nvar˛fflntnih b˛l˛n˛ȷnih form. kwo A, B ∈ g, to poklademo ⟨A, B⟩_k = res λ^{−k−1}Tr A·B, (5) Nas c˛kavitimut~ b˛l˛n˛ȷn˛ formi pri k = −1 ta k = N > 0. Pri k = −1 sprfflıeniȷ do p˛dalİebri g_− prost˛r moına real˛zuvati u viglffld˛:

(g_−)^∗ = g_+ ⊕ g_{−1} ⊕ g_{−2}. (6)

Pri k = N ≥ 0 sprfflıeniȷ do p˛dalİebri g_+ p˛dprost˛r matime viglffld

(g_+)^∗ = g_− ⊕ 3N∑ m=0 g_m.

Poznaqimo qerez M^{3N} p˛dprost˛r u g, elementi fflkogo mat~ viglffld:

μ(λ) = α_1(λ) β_1(λ) β_3(λ) γ_1(λ) α_2(λ) β_2(λ) γ_3(λ) γ_2(λ) α_3(λ) ,

de

α_i(λ) = N∑ m=0 λ^mα^{3m}_i , i = 1, 2, 3,

β_i(λ) = N−1∑ m=−1 λ^mβ^{3m+1}_i , γ_i(λ) = N∑ m=0 λ^mγ^{3m−1}_i , i = 1, 2,

β_3(λ) = N−1∑ m=−1 λ^mβ^{3m+2}_3 , γ_3(λ) = N∑ m=0 λ^mγ^{3m−2}_3 .

Legko baqiti, wo p˛dprost˛r M^{3N} ‚ ˛nvar˛fflntnim p˛dprostorom ko-pri‚dnanoÝ d˛Ý p˛dalİebri g_+.

Oznaqimo na M^{3N} duıku L˛-Puassona:

{f_1, f_2}_N = ⟨μ̂(λ), [∇_+f_1, ∇_+f_2]⟩_N , (7)

de ∇_+f — İrad˛‚nt funkc˛Ý f z˛ znaqennfflmi v alİebr˛ g_+.

Pri ȷogo obqislenn˛ sl˛d mati na uvaz˛, wo α^{3m}_i = ⟨μ, H^{3N−3m} i ⟩_N , i = 1, 2, 3, β^{3m+1} i = ⟨μ, Y^{3N−3m−1} i ⟩_N , γ^{3m+2}_i = ⟨μ, X^{3N−3m−2}_i ⟩_N , i = 1, 2, γ^{3m+1} 3 = ⟨μ, X^{3N−3m−1} i ⟩_N , β^{3m+2}_3 = ⟨μ, X^{3N−3m−2}_i ⟩_N .

ORB¨TNA STRUKTURA SK¨NQENNOZONNOGO SEKTORA . . .

Pobudu‚mo nabori funkc˛ȷ na mnogovid˛ M^{3N} , fflk˛ poparno komutut~ stosovno duıki (7). Takimi funkc˛fflmi budut~ koef˛c˛‚nti rozkladu za stepenfflmi λ ad-˛nvar˛fflntnih funkc˛ȷ Kazimira [15]: h(λ) = 1 2 T r ( μ(λ) + λ^N (aΛ + bΛ^2)

)_2 , f(λ) = 1 3 T r ( μ(λ) + λ^m(aΛ + bΛ^2)

)_3 , de

Λ = 0 1 0 0 0 1 λ 0 0

, a, b — dov˛l~n˛ konstanti.

Prost˛ obrahunki dat~:

h_{−1} = γ^{−1}_1 β^{−2}_1 + γ^{−1}_2 β^{−2}_2 + γ^{−2}_3 β^{−1}_3 ,

h_0 = 1 2 [ (α^0_1)^2 + (α^0_2)^2 + (α^0_3)^2 ] + γ^{−1}_1 β^1 + γ^{−1}_2 β^1_2 + γ^{−2}_3 β^2_3 ,

h_1 = α^0_1α^3_1 + α^0_2α^3_2 + α^0_3α^3 + γ^{−1}_1 β^4_1 + γ^2_1 β^1 + γ^5_1 β^{−2}_1 + γ^{−1}_2 β^4_2 + γ^2 β^1_2 + γ^5_2 β^{−2}_2 + γ^{−2}_3 β^5_3 + γ^1_3 β^2_3 + γ^4_3 β^{−1}_3 , . . . h_{2N} = 1 2 [ (α^{3N}_1 )^2 + (α^{3N}_2 )^2 + (α^{3N}_3 )^2 ] + a(γ^{3N−1}_1 + γ^{3N−1}_2 + β^{3N−1}_3 ) + b(β^{3N−2}_1 + β^{3N−2}_2 + γ^{3N−2}_3 ), (8)

h_{2N+1} = ab;

f_{−2} = β^{−2}_1 β^{−2}_2 γ^{−2}_3 ,

f_{−1} = γ^{−1}_1 γ^{−1}_2 β^{−1}_3 + β^{−2}_1 β^{−2}_2 β^1_3 + β^{−2}_1 β^1_2 γ^{−2}_3 + β^1 β^{−2}_2 γ^{−2}_3 + α^0_1(γ^{−1}_1 β^{−2}_1 + γ^{−2}_3 β^{−1}_3 )

+ α^0_2(γ^{−1}_1 β^{−2}_1 + γ^{−1}_2 β^{−2}_2 ) + α^0_3(γ^{−1}_2 β^{−2}_2 + γ^{−2}_3 β^{−1}_3 ), . . . f_{3N+1} = a^3 + b^2(γ^{3N−1}_1 + γ^{3N−1}_2 + β^{3N−1}_3 ) + ab(α^{3N}_1 + α^{3N}_2 + α^{3N}_3 ),

f_{3N+2} = b^3.

U cih formulah pokladeno:

β^{3N+1}

1 = β^{3N+1}_2 = γ^{3N+1}_3 = a,

γ^{3N+2}

1 = γ^{3N+2}_2 = β^{3N+2}_3 = b.

k pokazano v [15], funkc˛Ý h_{−1}, h_0, . . ., h_{N−1} ta f_{−1}, f_0, . . ., f_{N−1} ‚ anulffltorami duıki (7), a otıe, stalimi na orb˛tah ko-pri‚dnanoÝ d˛Ý p˛dalİebri g_+. Rexta funkc˛ȷ İenerut~ netriv˛ffll~n˛ gam˛l~tonov˛ potoki na orb˛tah.

Poklademo β^{−2}_1 = β^{−2}_2 = γ^{−2}_3 = 0, α^{3m}_1 +α^{3m}_2 +α^{3m}_3 = 0, m ∈ Z. Z fflvnogo viglffldu duıki (7) oqevidno, wo c˛ umovi zber˛ga‚ bud~-fflkiȷ gam˛l~ton˛v pot˛k. Poklademo takoı a = 1, b = 0. V obmeıenomu v takiȷ spos˛b prostor˛ M^{3N} rozglfflnemo orb˛tu ko-pri‚dnanoÝ p˛- dalİebri g_+, fflka prohodit~ qerez toqku

μ̂_0(λ) =

0 0 λ^{−1} 1 0 0 0 1 0 (9)

˛ f˛ksu‚t~sffl naborom 2N + 1 alİebriqnih r˛vnffln~:

h_0 = c_0, h_1 = c_1, . . . , h_{N−1}=c_{N−1},

f_{−1} = 1, f_0 = d_0, . . . , f_{N−1}=d_{N−1}

(spec˛ffll~niȷ vib˛r konstanti d_{−1} = 1 ne ‚ sutt‚vim obmeıennfflm zagal~nosti, a nasl˛dkom viboru poqatkovoÝ toqki (9)). Poznaqimo v˛dpov˛dniȷ alİebriqniȷ mnogovid qerez Or_+. Osk˛l~ki rozm˛rn˛st~ prostoru M^{3N} p˛slffl zaznaqenih viwe obmeıen~ dor˛vn‚ 8N + 5, to, oqevidno,

dim Or_+ = 6N + 4.

Zauvaıimo, wo element μ̂_0(λ) naleıit~ “osnovn˛ȷ” p˛dalİebr˛ Kartana v g_+, a tomu v˛dpov˛dnu orb˛tu budemo nazivati reİulfflrno.

Viberemo funkc˛ h_{2N} na rol~ gam˛l~ton˛fflna ˛ rozglfflnemo na Or_+ gam˛l~tonovu sistemu dμ̂(λ) dτ_{2N} = {μ̂(λ), h_{2N} } = [∇_+h_{2N} , μ̂(λ)], (10)

fflka v koordinatah α^{3m}_i , β^{3m+1}_{1,2} , β^{3m+2}_3 , γ^{3m+2}_{1,2} , γ^{3m+1}_3 ma‚ viglffld ∂γ^{−1}_1 ∂τ_{2N} = γ^{−1}_1 (α^{3N}_2 − α^{3N}_1 ), ∂γ^{−1}_2 ∂τ_{2N} = γ^{−1}_2 (α^{3N}_3 − α^{3N}_2 ), ∂β^{−1}_3 ∂τ_{2N} = β^{−1}_3 (α^{3N}_1 − α^{3N}_3 ), . . . ∂γ^{3N−1} 1 ∂τ_{2N} = γ^{3N−2} 3 β^{3N+1}_2 − γ^{3N+1}_3 β^{3N−2}_2 + γ^{3N−1} 1 (α^{3N}_2 − α^{3N}_1 ), ∂γ^{3N−1} 2 ∂τ_{2N} = −γ^{3N−2}_3 β^{3N+1}_1 + γ^{3N+1}_3 β^{3N−2}_1 + γ^{3N−1} 1 (α^{3N}_3 − α^{3N}_2 ), ∂β^{3N−1} 1 ∂τ_{2N} = β^{3N−2} 2 β^{3N+1}_2 − β^{3N−2}_1 β^{3N+1}_2 + β^{3N−1} 3 (α^{3N}_1 − α^{3N}_3 ), ∂α^{3N}_1 ∂τ_{2N} = γ^{3N−1} 1 β^{3N+1}_1 − γ^{3N+1}_3 β^{3N−1}_3 , ∂α^{3N}_2 ∂τ_{2N} = −γ^{3N−1}_1 β^{3N+1}_1 + γ^{3N−1}_2 β^{3N+1}_2 , ∂α^{3N}_3 ∂τ_{2N} = −γ^{3N−1}_2 β^{3N+1}_2 + γ^{3N+1}_3 β^{3N−1}_3 .

Gam˛l~tonova sistema (10) ˛nteİrovna za L˛uv˛llem. Spravd˛, vona oznaqena na mnogovid˛ rozm˛rnosti 6N + 4 ˛ ÝÝ ˛nteİrovn˛st~ zabezpequt~ ˛nteİrali h_N , h_{N+1}, . . ., h_{2N} , f_N , f_{N+1}, . . ., f_{3N} .

“Odfflgannffl” toqki μ̂_0(λ) z elementom exp(φ_1H^0_1 + φ_2H^0_2 + φ_3H^0_3 ) parametrizu‚ zm˛nn˛ γ^{−1}_1 , γ^{−1}_2 , β^{−1}_3 , a same:

γ^{−1}_1 = e^{φ2−φ1} , γ^{−1}_2 = e^{φ3−φ2} , β^{−1}_3 = e^{φ1−φ3} . (11)

Za cih umov z perxih tr~oh r˛vnffln~ vipliva‚:

α^{3N}_i = ∂φ_i ∂τ_{2N} . (12)

Struktura r˛vnffln~ (10) v˛dobraıa‚ geometr˛ orb˛ti fflk vektornogo rozxaruvannffl nad grupovim torom. Zm˛nn˛ φ_1, φ_2, φ_3 ‚ parametrami bazi; rexta zm˛nnih — diferenc˛ffll~nimi pol˛nomami v˛d nih. R˛vnfflnnffl (10) perepisan˛ fflk r˛vnfflnnffl z viwimi poh˛dnimi v˛d zm˛nnih φ_1, φ_2, φ_3 zb˛gat~sffl z viwimi stac˛onarnimi r˛vnfflnnfflmi Todi.

Na tra‚ktor˛fflh sistemi (10) oznaqimo gam˛l~ton˛v pot˛k z gam˛l~ton˛fflnom h_N : ∂μ̂(λ) ∂τ_N = {μ̂(λ), h_N }_N .

V˛dpov˛dn˛ evolc˛ȷn˛ r˛vnfflnnffl budut~ mati viglffld ∂α^{3N}_1 ∂τ_N = −γ^{−1}_1 + β^{−1}_3 , ∂α^{3N}_2 ∂τ_N = −γ^{−1}_2 + γ^{−1}_1 , (13) ∂α^{3N}_3 ∂τ_N = −β^{−1}_3 + γ^{−1}_2 .

kwo vrahuvati parametrizac˛ (11) ta sp˛vv˛dnoxennffl (12), to sistema (13) zb˛ıit~sffl z dvomirizovanimi r˛vnfflnnfflmi Todi, zapisanimi v konusnih zm˛nnih τ_{2N} = 1 2 (x + t), τ_N = 1 2 (x − t): ∂^2φ_1 ∂τ_N ∂τ_{2N} = e^{φ2−φ1} − e^{φ1−φ3} ,

∂^2φ_2 ∂τ_N ∂τ_{2N} = e^{φ1−φ2} − e^{φ2−φ1} , (14)

∂^2φ_3 ∂τ_N ∂τ_{2N} = e^{φ1−φ3} − e^{φ3−φ2} .

k pokazano v pracfflh [13, 15], sistemi r˛vnffln~ porodıen˛ gam˛l~ton˛fflnami h_α, α ≥ N (8) ta duıko (7), t˛l~ki zapisom v˛dr˛znfflt~sffl v˛d gam˛l~tonovih r˛vnffln~, porodıenih gam˛l~ton˛fflnami h_{α−N−1}. Tomu r˛vnfflnnffl (13) moına zapisati u viglffld˛

ORB¨TNA STRUKTURA SK¨NQENNOZONNOGO SEKTORA . . .

dμ̂ dτ = [∇_−h_{−1}, μ]. (15)

Sum˛sn˛st~ r˛vnffln~ (10) ta (15) oznaqa‚, wo ∂∇_+h_{2N} ∂τ − ∂∇_−h_{−1} ∂x + [∇_+h_{2N} , ∇_−h_{−1}] = 0. (16)

Osk˛l~ki

∇_+h_{2N} = α^{3N}_1 1 0 0 α^{3N}_2 1 λ 0 α^{3N}_3 ,

∇_−h_{−1} =

0 0 λ^{−1}β^{−1}_3 γ^{−1}_1 0 0 0 γ^{−1}_2 0 ,

to baqimo, wo umova sum˛snosti (16) ‚ predstavlennfflm nul~ovoÝ krivini dlffl sistemi Todi.

Sinİulfflrn˛ orb˛ti ta neper˛odiqna sistema Todi. Rozglfflnemo orb˛tu p˛dalİebri g_+, fflka prohodit~ qerez toqku

μ̂^′_0 =

0 0 0 1 0 0 0 1 0 .

Dlffl takoÝ orb˛ti f_{−1} = 0. Gam˛l~tonova sistema (10), zvuıena na c orb˛tu, zb˛ıit~sffl z viwimi stac˛onarnimi r˛vnfflnnfflmi neper˛odiqnoÝ sistemi Todi, a evolc˛ȷne r˛vnfflnnffl (13) na tra‚ktor˛fflh stac˛onarnoÝ sistemi — z r˛vnfflnnfflmi dvomirizovanoÝ neper˛- odiqnoÝ sistemi Todi. U c~omu legko perekonatisffl bezposeredn˛mi obqislennfflmi.

III. N�L^POTENTN� ORB�TI TA MODIF�KOVAN� R�VN˚NN˚ TIPU KdV

F˛ksu‚mo p˛dalİebru g_− ˛ rozglfflnemo ÝÝ kopri‚dnanu d˛ v prostor˛ (g_−)^∗ = g_+ ⊕g_{−1} ⊕g_{−2}. P˛dprost˛r M^{3N+2} zalixa‚t~sffl ˛nvar˛fflntnim wodo kopri‚dnanoÝ d˛Ý p˛dalgebri g_− = M^{3N} ⊕g_{3N+1} ⊕g_{3N+2}.

Oznaqimo na M^{3N+2} duıku L˛-Puassona, pro fflku vıe ȷxla mova

{f_1, f_2}_{−1} = ⟨μ̂(λ), [∇_−f_1, ∇_−f_2]⟩_{−1}, (17)

de ∇_−f — İrad˛‚nt funkc˛Ý f z˛ znaqennfflmi v g_−. Pri ȷogo obqislenn˛ sl˛d urahovuvati sprfflıen˛st~ m˛ı koordinatami prostoru M^{3N+2} ta bazisnimi elementami alİebri g_−:

α^{3m}_i = ⟨μ̂, H^{−3(m+1)} i ⟩_{−1}, i = 1, 2, 3, β^{3m+1} i = ⟨μ, Y^{−3m−4} i ⟩_{−1}, γ^{3m+2}_i = ⟨μ, X^{−3m−5}_i ⟩_{−1}, i = 1, 2, (18)

γ^{3m+1}

3 = ⟨μ, X^{−3m−4}_3 ⟩_{−1}, β^{3m+2}_3 = ⟨μ, Y^{−3m−5}_3 ⟩_{−1}.

Rozglfflnemo orb˛tu alİebri g_−, wo prohodit~ qerez toqku

μ̂_0(λ) = λ^N

0 1 0 0 0 1 λ 0 0 a. (19)

Taka orb˛ta (poznaqimo ÝÝ qerez Or_−) faktiqno leıit~ u p˛dprostor˛ M^{3N} ⊂ M^{3N+2}, fflkiȷ f˛ksu‚t~sffl umovami:

γ^{3m+2}

1 = γ^{3m+2}_2 = β^{3m+2}_3 = 0,

β^{3m+1}

1 = β^{3m+1}_2 = γ^{3m+1}_3 = a.

Osk˛l~ki alİebra g_− ‚ n˛l~potentno, ÝÝ orb˛ti nazivatimemo n˛l~potentnimi.

Funkc˛Ý h_N , h_{N+1}, . . ., h_{2N} , f_{2N} , f_{2N+1}, . . ., f_{3N} ‚ anulffltorami duıki (17), a otıe, stalimi na orb˛tah. Oqevidno takoı, wo f_{3N+1} = a^3. Rexta funkc˛ȷ h_{−1}, h_0, . . ., h_{N−1}, f_{−2}, f_{−1}, . . ., f_{2N−1} porodıut~ netriv˛ffll~n˛ gam˛l~tonov˛ potoki, fflk˛, zg˛dno z teoremo L˛uv˛llffl, ‚ ˛nteİrovnimi na Or_−. Spravd˛, rozm˛rn˛st~ orb˛ti Or_− dor˛vn‚ 8(N + 1) − 2(N + 1) = 6(N + 1), a k˛l~k˛st~ nezaleınih ˛nteİral˛v, fflk˛ poparno komutut~ stosovno duıki (17) — 3(N + 1), tobto dor˛vn‚ polovin˛ rozm˛rnosti fazovogo prostoru.

Viberemo funkc˛ h_{N−1} na rol~ gam˛l~ton˛fflna ˛ rozglfflnemo na Or_− gam˛l~tonovu sistemu:

dμ̂(λ) dτ_{N−1} = {μ̂(λ), h_{N−1}}_{−1}.

U koordinatah (18) cffl sistema ma‚ viglffld: ∂β^{3m−2} 1 ∂x = (α^{3N}_1 − α^{3N}_2 )β^{3m−2}_1 − a(α^{3(m−1)}_1 − α^{3(m−1)}_2 ), ∂β^{3m−2} 2 ∂x = (α^{3N}_2 − α^{3N}_3 )β^{3m−2}_2 − a(α^{3(m−1)}_2 − α^{3(m−1)}_3 ), ∂γ^{3m−2} 3 ∂x = (α^{3N}_3 − α^{3N}_3 )γ^{3m−2}_3 − a(α^{3(m−1)}_3 − α^{3(m−1)}_1 ), ∂γ^{3m−1} 1 ∂x = (α^{3N}_2 − α^{3N}_1 )γ^{3m−1}_1 − a(β^{3m−2)}_2 − γ^{3m−2}_3 ), ∂γ^{3m−1} 2 ∂x = (α^{3N}_3 − α^{3N}_2 )γ^{3m−1}_2 − a(γ^{3m−2)}_3 − β^{3m−2}_1 ), (20) ∂β^{3m−1} 3 ∂x = (α^{3N}_1 − α^{3N}_3 )β^{3m−1}_3 − a(β^{3m−2)}_1 − β^{3m−2}_2 ), ∂α^{3m}_1 ∂x = a(γ^{3m−1)} 1 − β^{3m−1}_3 ), ∂α^{3m}_2 ∂x = a(γ^{3m−1)} 2 − γ^{3m−1)}_1 ), ∂α^{3m}_3 ∂x = a(β^{3m−1)} 3 − γ^{3m−1)}_2 ),

Tut m = 0, 1, . . ., N , x = τ_{N−1}. Legko baqiti, wo sistema (20) zb˛ıit~sffl z sistemo (10), fflkwo poklasti β^{−2}_1 = β^{−2}_2 = γ^{−3}_3 = 0.

¨z tr~oh ostann˛h r˛vnffln~ ta alİebriqnogo sp˛vv˛dnoxennffl

h_{2N} = 1 2 [( α^{3N}_1

)_2 + ( α^{3N}_2

)_2 + ( α^{3N}_3

)_2] + ( γ^{3N−1} 1 + γ^{3N−1}_2 + β^{3N−1}_3 ) , de pokladeno a = 1, znaȷdemo:

γ^{3N−1} 1 = 1 3 ( h_{2N} − 1 2 [( α^{3N}_1

)_2 + ( α^{3N}_2

)_2 + ( α^{3N}_3

)_2] + ∂α^{3N}_1 ∂x − ∂α^{3N}_2 ∂x ) ,

γ^{3N−1} 2 = 1 3 ( h_{2N} − 1 2 [( α^{3N}_1

)_2 + ( α^{3N}_2

)_2 + ( α^{3N}_3

)_2] + ∂α^{3N}_2 ∂x − ∂α^{3N}_3 ∂x ) , (21)

β^{3N−1} 3 = 1 3 ( h_{2N} − 1 2 [( α^{3N}_1

)_2 + ( α^{3N}_2

)_2 + ( α^{3N}_3

)_2] + ∂α^{3N}_3 ∂x − ∂α^{3N}_1 ∂x ) .

Vikoristovuqi nastupn˛ tri r˛vnfflnnffl ta alİebriqne sp˛vv˛dnoxennffl

f_{3N} = 1 3 [( α^{3N}_1

)_3 + ( α^{3N}_2

)_3 + ( α^{3N}_3

)_3]

+ α^{3N}_1 ( γ^{3N−1} 1 + γ^{3N−1}_3 )

+ α^{3N}_2 ( γ^{3N−1} 2 +γ^{3N−1}_1 ) +α^{3N}_3 ( β^{3N−1} 3 +γ^{3N−1}_2 ) + ( β^{3N−2} 1 +β^{3N−2}_2 +γ^{3N−2}_3 ) , virazimo zm˛nn˛ β^{3N−2}_1 , β^{3N−2}_2 , γ^{3N−2}_3 qerez zm˛nn˛ α^{3N}_1 , α^{3N}_2 , α^{3N}_3 ta poh˛dn˛ v˛d nih:

ORB¨TNA STRUKTURA SK¨NQENNOZONNOGO SEKTORA . . .

β^{3N−2} 1 = 1 3 ( f_{3N} − 1 3 ( α^3_1+α^3_2+α^3 ) +α_1(α^′_2−α^′_3)+α_2(α^′_3−α^′_1)+

+α_3(α^′_1−α^′_2)+2γ^′_2+2γ_2(α_2−α_3)+γ^′_1+γ_1(α_1−α_2) ) ,

β^{3N−2} 2 = 1 3 ( f_{3N} − 1 3 ( α^3_1+α^3_2+α^3 ) +α_1(α^′_2−α^′_3)+α_2(α^′_3−α^′_1)+ (22)

+α_3(α^′_1−α^′_2)−γ^′_2−γ_2(α_2−α_3)−2γ^′_1−2γ_1(α_1−α_2) ) ,

γ^{3N−2} 3 = 1 3 ( f_{3N} − 1 3 ( α^3_1+α^3_2+α^3 ) α_1(α^′_2−α^′_3)+α_2(α^′_3−α^′_1)+

+α_3(α^′_1−α^′_2)−γ^′_2−γ_2(α_2−α_3)+γ^′_1+γ_1(α_1−α_2) ) , (23)

Tut ˛ nadal˛ mi opuska‚mo verhn˛ȷ ˛ndeks u zm˛nnih, tobto poklada‚mo α^{3N}_i = α_i, γ^{3N}_i = γ_i. Okr˛m

togo, poh˛dnu ∂ ∂x poznaqa‚mo qerez (^′).

Prodovıivxi c ˛nduktivnu proceduru, tobto virazivxi us˛ zm˛nn˛ qerez α_i, α^′_i, α^{′′}_i , . . ., mi otrima‚mo, zam˛st~ r˛vnffln~ perxogo porffldku (20), tri (a toqn˛xe dva nezaleın˛) r˛vnfflnnffl porffldku 3(N + 1). C˛ r˛vnfflnnffl ˛nterpretu‚mo fflk viw˛ stac˛onarn˛ r˛vnfflnnffl tipu MKdV. Formuli (22), de zm˛nn˛ γ_i, γ^′_i viraıen˛ qerez α_i ta α^′_i, zg˛dno z (21), uzagal~nt~ v˛dome peretvorennffl M˛uri.

Evolc˛ȷne r˛vnfflnnffl MKdV. Na tra‚ktor˛fflh sistemi (20) oznaqimo gam˛l~ton˛v pot˛k z gam˛l~ton˛fflnom h_{N−2}: ∂μ̂(λ) ∂τ = −{μ̂(λ), h_{N−2}}_{−1}. (24) R˛vnfflnnffl (23) dostatn~o zapisati lixe dlffl zm˛nnih α^{3N}_i = α_i, osk˛l~ki rexta zm˛nnih viraıat~sffl qerez nih ta Ýhn˛ poh˛dn˛: ∂α_1 ∂τ = a(γ^{3N−4}_1 − β^{3N−4}_3 ), ∂α_2 ∂τ = a(γ^{3N−4}_2 − γ^{3N−4}_1 ), (25) ∂α_3 ∂τ = a(β^{3N−4}_3 − γ^{3N−4}_2 ).

Por˛vnfflvxi z formulami (20), baqimo, wo sistemu (24) moına zapisati u viglffld˛: ∂α_i ∂τ = ∂ ∂x α^{3N−3} i , i = 1, 2, 3. (26)

R˛vnfflnnffl (25) uzagal~n‚ r˛vnfflnnffl MKdV na vipadok alİebr ranİu 2. Tut ma‚t~sffl na uvaz˛, wo α^{3N−3}_i ‚ diferenc˛ffll~nim pol˛nomom v˛d α_i ta poh˛dnih do tret~ogo porffldku vklqno. Oqevidno, fflk zapisati analog˛qne r˛vnfflnnffl dlffl alİebr sl(n, R), tobto dlffl alİebr ser˛Ý A_{n−1} dov˛l~nogo ranİu, a takoı dlffl ˛nxih ser˛ȷ.

IV. VISNOVKI

Otıe, mi vstanovili, wo sk˛nqennozonniȷ sektor sistemi r˛vnffln~ Todi ‚ orb˛to ko–pri‚dnanoÝ d˛Ý p˛- dalİebri g_+ algebri petel~. V˛dpov˛dniȷ sk˛nqennozonniȷ sektor r˛vnffln~ MKdV ‚ orb˛to p˛dalİebri g_−, fflka utvor‚ dual~nu paru z p˛dalİebro g_+. Peretin orb˛t ‚ sp˛l~nim torom L˛uv˛llffl dlffl cih r˛vnffln~, na fflkomu voni l˛nearizut~sffl. Na spec˛- ffll~nih (virodıenih) orb˛tah real˛zut~sffl sk˛nqennozonn˛ fazov˛ prostori neper˛odiqnoÝ (roz˛mknutoÝ) sistemi Todi. Zvuıennffl na virodıen˛ orb˛ti gam˛l~- tonovih potok˛v, fflk˛ pov’fflzan˛ z ko–pri‚dnano d˛‚ g_−, oznaqa‚ gam˛l~tonovu redukc˛ dlffl nih. Z c˛‚Ý toqki zoru nax˛ rezul~tati moına ˛nterpretuvati fflk redukc˛ Dr˛nfel~da–Sokolova u sk˛nqennozonnomu sektor˛ nel˛n˛ȷnih ˛nteİrovnih r˛vnffln~.

V. POD˚KA

Cffl robota vikonana pri qastkov˛ȷ p˛dtrimc˛ Fundac˛Ý civ˛l~nih dosl˛dıen~ ta rozvitku (CRDF grant UP1-309) ta İrantu INTAS–97–1312. Avtori vislovlt~ podfflku İrantodavcfflm.

P. ¨. GOLOD, O. V. K¨S¨LEVIQ

[1] E. D’Hoker, R. Jackiw, Phys. Rev. D 26, 3517 (1982). [2] N. Seiberg, Progr. Theor. Phys. Suppl. No. 102, 319 (1990).

[3] E. Aldrovandi, L. Bonora, J. Geom. Phys. 14, 63 (1994). [4] H. Poincare, J. Math. Pure Appl., Ser. 5 4, 137 (1898);

A. Puankare, Izbrannye trudy. T. III (Moskva, 1974), s. 235.

[5] A. M. Polyakov, Phys. Lett. B 103, 207 (1981). [6] R. Jackiw, So–Young Pi, Phys. Rev. D 42, 3500 (1990). [7] G. Dunne, R. Jackiw, So–Young Pi, C. Trugenberger, Phys. Rev. D 42, 3488 (1990).

[8] E. Aldrovandi, G. Falqui, J. Geom. Phys. 15, 62 (1995). [9] V. G. Drinfel~d, V. V. Sokolov, V sb.: Itogi nauki i tehniki. Sovremennye problemy matematiki. Novye napravleniffl. T. 24. (VINITI AN SSSR, Moskva, 1984), s. 81.

[10] M. F. De Groot, T. J. Hollowood, J. L. Meramontes,

Commun. Math. Phys. 145, 57 (1992).

[11] A. N. Leznov, M. V. Savel~ev, Funkc. analiz i ego priloı. 14, 87 (1980).

[12] A. V. Mihaȷlov, Pis~ma ıurn. ¸ksp. teor. fiz. 30, 443 (1979).

[13] P. I. Golod, Gamil~tonovy sistemy na orbitah afinnyh grupp Li i nelineȷnye integriruemye uravneniffl. V sb.: Fizika mnogoqastiqnyh sistem. Vyp. 7. 1985, s. 30.

[14] P. I. Golod, S. Z. Pakulfflk, preprint ITF–87–26R (Kiev, 1987).

[15] P. Holod, O. Kisilevich, S. Kondratyuk, The orbit structure for integrable higher stationary equations of homogeneous and principal hierarchics. Proceedings of the Second International Conference. “Symmetry in Nonlinear Math. Phys.”, vol. 2 (Kyiv, 1997), p. 343.

ORBIT STRUCTURE OF FINITE ZONE SECTOR OF TODA EQUATION AND EQUATION OF THE KdV (MKdV) TYPE

P. I. Holod^{1,2} , O. V. Kisilevych^3 1 Bogolyubov Institute for Theoretical Physics, 14–b Metrolohichna Str., Kyiv, UA–03143, Ukraine 2The University “Kiev–Mohyla Academy”, 2 Skovoroda Str., Kyiv, UA–04070, Ukraine 3Lviv Commercial Academy, 11 Samchuk Str., Lviv, UA–79011, Ukraine

Phase spaces of higher stationary equations hierarchy which belong to gauge equivalence Toda equation class are realized on co–joining action orbits of some sub–algebras in loop–algebra sl(n, R) ⊗ P (λ, λ^{−1} ). The equations themselves are represented in the form of integrable Eyler–Arnold equations. Established relations between dynamic variables of different gauge–equivalent equations generalize the known Miura transformation.