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Dl� gam�l~tonovoÝ sistemi z odnim stupenem v�l~nosti, �ka volod� kontinuumom per�o-

diqnih ruh�v, pobudovana proedura peretvorenn� ÝÝ v avtokolivnu sistemu.Dl� sintezovanoÝ

avtokolivnoÝ sistemi zber�gat~s� zakon zm�ni koordinati q(t) ta �mpul~su p(t) gam�l~tonovoÝ

sistemi pri zadanomu znaqenn� gam�l~ton��na.

Xl�hom v�dpov�dnogo viboru poten��lu vstanovlena mo�liv�st~ v�dtvorenn� kolivan~

napered zadanoÝ formi. U rol� prikladu sintezovani� �enerator, forma kolivan~ �kogo

zb�gat~s� �k�sno z per�odiqnimi kolivann�mi, wo  pritamannimi dl� kard�ogram.

Zaproponovani� metod poxireni� na sistemi z dov�l~no� k�l~k�st� stupen�v v�l~nosti

dl� sintezu �enerator�v kvaz�per�odiqnih kolivan~.
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Rozgl�nemo gam�l~tonovu sistemu z odnim stupe-

nem v�l~nosti:

dq

dt

=

�H

�p

;

dp

dt

= �

�H

�q

: (1)

Neha�H(q; p) taka,wo na fazov�� plowin� (q; p) kriv�

H (q; p) = onst

 prostimi zamknenimi krivimi. Õm v�dpov�da�t~ pe-

r�odiqn� ruhi v sistem� (1). Zadaqa pol�ga v tomu,

abi modern�zuvati r�vn�nn� (1) tak, wobi sistema

(1) peretvor�valas� v avtokolivnu sistemu, dl� �koÝ

graniqni� ikl viznaqavs� b r�vn�nn�m

H (q; p) = H

0

;

de H

0

| konstanta, a zale�nost� q (t) � p (t) buli b

toto�n� rozv'�zkam sistemi (1) pri H = H

0

.

Ce� p�dh�d dl� okremogo vipadku sistemi (1)

dq

dt

= p;

dp

dt

= �q;

dl� �koÝ gam�l~ton��n

H =

1

2

�

q

2

+ p

2

�

v�domi� �, mabut~, uperxe vikladeni� u monograf�Ý

O. O. Andronova, O. A. V�tta [1℄.

Modern�zovana sistema z per�odiqnim sinusoÝdnim

rozv'�zkom ma vigl�d

dq

dt

= p+ "

�

R

2

� q

2

� p

2

�

q;

dp

dt

= �q + "

�

R

2

� q

2

� p

2

�

p;

de " > 0, priqomu

q = R sin (t + �) ; p = R os (t+ �) : (2)

Us� traktor�Ý na plowin� (q; p) pr�mu�t~ do gra-

niqnogo iklu q

2

+p

2

= R

2

, tobto per�odiqni� re�im

(2)  st��kim.

Ce� p�dh�d mo�na uzagal~niti � na bud~{�ki� gam�-

l~ton��n, pri �komu sistema (1) ma sk�nqennu k�l~-

k�st~ stan�v r�vnovagi � vs� voni le�at~ na plowin�

(q; p) na pr�m�� p = onst. Rozgl�nemo modern�zovanu

sistemu (1):

dq

dt

=

�H

�p

� " (H �H

0

)

�H

�q

;

dp

dt

= �

�H

�q

� " (H �H

0

)

�H

�p

: (3)

Pri�mamo, wo H(q; p) ma global~ni� m�n�mum u

toq� q = q

�

, p = p

�

, �ka  odnim �z stan�v r�vnovagi

sistemi (1); zrozum�lo,wo na fazov�� plowin� mamo

v toq� (q

�

; p

�

) osoblivu toqku tipu entra. Ne zmen-

xu�qi zagal~nosti, tako� pri�mamo H (q

�

; p

�

) = 0,

tod� H (q; p) dodatno viznaqena funk�� na vs�� plo-

win� (q; p).

1



L. A. SINIC^KI�, �. V. SMAL^

Pomno�ivxi perxe z ih r�vn�n~ na

�H

�q

, a druge

| na

�H

�p

� dodavxi, otrimamo

dH

dt

+ "

"

�

�H

�q

�

2

+

�

�H

�p

�

2

#

(H �H

0

) = 0: (4)

Uzdov� traktor�Ý ruhu, �kwo vona ne  stanom r�v-

novagi,

�

�H

�q

�

2

+

�

�H

�p

�

2

> 0:

Mo�na dovesti, wo stani r�vnovagi, �kim v�dpov�-

da znaqenn� gam�l~ton��na H

�

< H

0

,  nest��kimi.

Tomu pri " > 0

lim

t!1

H (t) = H

0

dl� vs�h poqatkovih umov,wo ne  stanami r�vnovagi �

separatrisami, �k� pr�mu�t~ do s�dla. A e oznaqa,

wo sta�onarn� rozv'�zki (3) � (1) toto�n�. Takim qi-

nom dovedeno, wo avtokolivni� re�im u sistem� (3)

ma qasov� zale�nost� q (t), p (t) tak� sam�, �k u konser-

vativn�� sistem� (1). Ce� re�im  st��kim. Na ris. 1,

2 podano fazov� portreti sistemi (1) � sistemi (3)

pri vikoristann� gam�l~ton��na v takomu vigl�d�:

H(q; p) = p

2

+ q

4

� q

2

+ 0:25; H

0

> 0:25:

Rozgl�nuta proedura da zmogu sintezuvati �e-

nerator z dov�l~no� formo� graniqnogo iklu

H (q; p) = H

0

, a tako� zm�nn� q (t), p (t) �z bagat~ma

ekstremal~nimi znaqenn�mi za zgadanih viwe obme-

�en~.

Vikoristamo zaproponovani� p�dh�d dl� sintezu

avtokolivnoÝ sistemi z dov�l~no� formo� signalu.

Pobudovu �enerator�v, �k� v�dtvor��t~ kolivann� z

napered zadano� formo�, rozgl�dali vprodov� ba-

gat~oh rok�v. Zrozum�lo,wo bulo ba�ann� pobuduvati

�enerator na�prost�xim xl�hom, tobto z m�n�mal~-

no� k�l~k�st� stupen�v v�l~nosti � ne du�e skladno�

nel�n��n�st�.

Zadaqu stvorenn� pod�bnogo �eneratora z odnim

stupenem v�l~nosti rozgl�dali v [2℄, prote dos�gnuti

postavlenoÝ meti ne vdalos�. Vinikla neobh�dn�st~

vikoristovuvati sistemi z 1.5 stupen�mi v�l~nosti

(tobto sistemu diferen��nih r�vn�n~ tret~ogo po-

r�dku) pri du�e skladnomu viraz� dl� nel�n��nosti.

Sproba dovesti mo�liv�st~ vikoristann� sistemi

z odnim stupenem v�l~nosti bula znovu zroblena v

[3℄. Ne zva�a�qi na te, wo vdalos� dl� dosit~ xiro-

kogo klasu kolivan~ pobuduvati �eneratori z odnim

stupenem v�l~nosti, zagal~na problema te� ne bula

rozv'�zana.

Zauva�imo, wo namagann� sintezuvati �enerator

na p�dstav� sistem z odnim stupenem v�l~nosti ne zu-

movleno ba�ann�m dos�gti rekordnogo rezul~tatu.

�kwo � zadaqa rozv'�zana, to tim samim zabezpe-

qeno nemo�liv�st~ �snuvann� neba�anih �viw, ta-

kih, �k viniknenn� kvaz�per�odiqnih � haotiqnih ko-

livan~, �k�  nemo�livimi v sistemah z odnim stu-

penem v�l~nosti.

Rozgl�nemo proeduru sintezu v zagal~nomu vi-

padku. Neha� potr�bno sintezuvati per�odiqn� koli-

vann� z per�odom T , wo opisu�t~s� na per�od� dov�l~-

no� funk�� f(t). Ne zmenxu�qi zagal~nosti, pri-

�memo, wo f(0) = f

m

, de f

m

= min

0<t�T

f(t). Zadaqa sin-

tezu pol�ga v takomu vibor� H(q; p), wob rozv'�zok

p(t) sistemi (4) zb�gavs� z funk�� f(t).

Nadal� budemo rozgl�dati vipadok, koli

H (q; p) = F (p) + V (q) : (5)

Ris. 1. Fazovi� portret konservativnoÝ sistemi.

Ris. 2. Fazovi� portret avtokolivnoÝ sistemi.
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Funk�� F (p) pri�mamo u vigl�d�, �ki� \naga-

du" vigl�d k�netiqnoÝ ener��Ý, tobto F (p) ma di-

ni� ekstremum (m�n�mum) u toq� p = p

�

, � F (p

�

) = 0,

lim

jpj!+1

F (p) = +1. V okremih vipadkah ne vikl�-

qeno, wo F (p) =

1

2

p

2

. Na funk�� V (q) nakladamo

tak� umovi| � funk�� ma sk�nqennu k�l~k�st~ ek-

stremum�v � lim

jqj!+1

V (q) = +1.

Za nakladenih umov us� stani r�vnovagi sistemi (1)

budut~ le�ati na plowin� (q; p) na pr�m�� p = p

�

. C�

umovi tako� zabezpequ�t~ te,wo na fazov�� plowin�

(q; p) kriv�

H (q; p) = ; 

m

<  < +1

 prostimi zamknenimi krivimi, �k� ohopl��t~

toqku (q

�

; p

�

). Õm v�dpov�da�t~ per�odiqn� ruhi v sis-

tem� (1). Konstanta 

m

= max

8i

H(q

i

; p

i

), de (q

i

; p

i

) 

rozv'�zkami sistemi r�vn�n~:

�H

�q

= 0;

�H

�p

= 0:

Nazvemo \pr�mim hodom" prom��ok qasu, prot�gom

�kogo �H /�p > 0, tobto q zm�n�t~s� v�d q

MIN

do

q

MAX

, � \zvorotnim hodom" | prom��ok qasu, pro-

t�gom �kogo �H /�p < 0. Uvedemo v rozgl�d dopo-

m��nu nev�d'mnu funk�� f

+

(t) = f(t)�f

m

. Funk��

F (p) =

1

2

p

2

.

Postavimo zadaqu zna�ti taki� vigl�d V (q), wob

rozv'�zok p(t) zb�gavs� z funk�� f

+

(t) p�d qas \pr�-

mogo hodu", tobto koli p > 0. Tod� e� rozv'�zok

p(t) = f

+

(t) povinen zadovol~n�ti sistemu (1), �ka

opisu graniqni� ikl

_q = f

+

(t);

_

f

+

(t) = �

dV

dq

: (6)

Z perxogo r�vn�nn� sistemi (6) zna�demo q(t):

q(t) =

t

Z

0

f

+

(z)dz = '(t):

Tomu wo funk�� f

+

(t) nev�d'mna, to funk�� q =

'(t)  monotonno zrosta�qo�. U takomu vipadku �s-

nu odnoznaqna obernena funk�� t = '

�1

(q). Z dru-

gogo r�vn�nn� sistemi (6) zna�demo vigl�d funk�Ý

V (q):

V (q) = �

q

Z

0

df

+

dt

dq = �

q

Z

0

f

+

df

+

= �

�

f

+

('

�1

(q))

�

2

2

;

gam�l~ton��n H(q; p) pri umov� H(q; p) > 0 zapixemo

v takomu vigl�d�:

H(q; p) = F (p) +

1

2

�

(f

M

� f

m

)

2

� f

2

+

('

�1

(q))

�

;

de f

M

= max

0<t�T

f(t), a 

m

< H

0

<

1

2

(f

M

� f

m

)

2

.

Dl� togo wob rozv'�zok p(t) zb�gavs� z funk�� f(t),

H(q; p) potr�bno zapisati v �nxomu vigl�d�:

H(q; p) = F (p� f

m

) +

1

2

�

(f

M

� f

m

)

2

� (f('

�1

(q)) � f

m

)

2

�

: (7)

Ot�e, vikoristovu�qi (7), mo�na otrimati ta-

ki� re�im kolivan~, koli fazova zm�nna p(t) p�d

qas \pr�mogo hodu" zm�n�t~s� za zadanim zakonom

p = f(t). Ale p�sl� \pr�mogo hodu" v�dbuvat~s� \zvo-

rotni� h�d", � v ~omu vipadku p(t) bude zm�n�vatis~

za zakonom p = 2f

m

�f(T � t), wo  neba�anim. Tomu

potr�bno pevnim qinom zmenxiti trival�st~ \zvo-

rotnogo hodu", a znaqenn� p(t) pri ~omu nabliziti

do p = f

m

. Ce mo�na zrobiti za rahunok viboru fun-

k�Ý F (p) u viraz� (5).

Neha�

F (p) =

8

>

<

>

:

p

2

2

p � 0

�p

2

2

p < 0;

(8)

de � >> 1. Poka�emo, �k pri takomu vibor� F (p)

zm�nit~s� znaqenn� p(t) � qas \zvorotnogo hodu". Dl�

~ogo vikoristamo viraz (7) pri p < f

m

z urahuvan-

n�m (8), tod�

p = �

1

p

�

p

2H

0

+ (f('

�1

(q)) � f

m

)

2

� (f

M

� f

m

)

2

+ f

m

;

tobto pri zrostann� znaqenn� � znaqenn� p! f

m

.

Dl� viznaqenn� qasu \zvorotnogo hodu" vikoristamo perxe r�vn�nn� sistemi (1), viraz (7) � (8), tod�
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T

3:x:

=

1

p

�

T

Z

0

dq

p

2H

0

+ (f('

�1

(q))� f

m

)

2

� (f

M

� f

m

)

2

=

T

p

�

;

tobto pri zrostann� znaqenn� � znaqenn� T

3:x:

! 0.

U rezul~tat� pri vikoristann� gam�l~ton��na u vi-

gl�d� (7) z funk�� (8) v sistem� (3) mi otrima-

mo rozv'�zok p(t) u vigl�d� kolivan~, wo za for-

mo� zb�ga�t~s� z vigl�dom funk�Ý f(t), ale oder-

�imo tako� � zb�l~xenn� per�odu kolivan~ na veli-

qinu T /

p

� . Dl� togo wob otrimati funk�� p(t) z

per�odom T , potr�bno f

+

(t) vibirati tak :

f

+

(t) = f(�t) � f

m

;

de

� =

�

1 +

1

p

�

�

:

Zaproponovani� metod sintezu �eneratora dozvo-

l� oder�ati �enera�� kolivan~ dov�l~noÝ formi.

Odna z zadaq pri vikoristann� ~ogo metodu | e

v�dxukann� anal�tiqnogo vigl�du funk�Ý t = '

�1

(q)

dl� togo, wob zna�ti vigl�d funk�Ý V (q).

Ris. 3. Funk�� V (q).

Ris. 4. Funk�� p(t).

Znaqno sprostiti proeduru sintezu z� zbere�en-

n�m us�h zgadanih viwe �k�snih � k�l~k�snih rezul~-

tat�v, ale z usunenn�m rozv'�zann� zadaq� znaho-

d�enn� obernenoÝ funk�Ý, mo�na, vikoristavxi v

(5) zam�st~ (8) funk�� F (p) v takomu vigl�d�:

F (p) =

8

<

:

p � f

m

p � f

m

�

p

� (p� f

m

) p < f

m

:

(9)

A koli tak, to zg�dno z sistemo� (1), q(t) zm�-

n�t~s� l�n��no, tobto p�d qas \pr�mogo hodu" q =

t+onst, a p�d qas \zvorotnogo hodu" q = �

p

�t+onst.

Ce oznaqa, wo forma kolivan~ p(t) bude zb�gatis� z

formo� graniqnogo iklu p(q), koli p > f

m

� p(�q),

koli p < f

m

. Sintez formi graniqnogo iklu, �ka

opisuvalas� b funk�� f(t), ne viklika trudnow�v.

Dl� ~ogo potr�bno zapisati V (q) u takomu vigl�d�:

V (q) = f

M

� f(q); (10)

de q 2 [0;T ℄, pri ~omu 

m

< H

0

< (f

M

� f

m

). Dl�

togo wob ne bulo zb�l~xenn� per�odu kolivan~ na ve-

liqinu T /

p

� , tobto pri proedur� sintezu zadavati

V (q) takim qinom:

V (q) = f

M

� f (�q) ;

de

q 2

�

0;

T

�

�

:

Wob funk�� V (q) bula viznaqena na vs�� fazov��

plowin� � dl� zabezpeqenn� st��kosti v �lomu pobu-

dovanogo per�odiqnogo re�imu, dooznaqimo V (q):

V (q) =

8

>

>

>

<

>

>

>

:

�f

0

(�q

1

) (q � q

1

) +H

0

; q > q

1

f

M

� f (�q) ; q

2

� q � q

1

�f

0

(�q

2

) (q � q

2

) +H

0

; q < q

2

;

de q

1

� q

2

rozv'�zki r�vn�nn� f

M

� f (�q) = H

0

.

�k priklad rozgl�nemo sintez per�odiqnogo sig-

nalu, wo �k�sno opisu kard�ograf�qni� signal. Ce�

signal m�stit~ dek�l~ka ekstremum�v � ma skladni�

spektr u qastotn�� oblast�. Dl� �ogo opisu vikoris-

tamo taki� viraz:
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f(t) = �0:6 exp (�500t

2

) + 0:5 exp (�250(t� 0:3)

2

) + 1:5 exp (�600(t� 0:9)

2

)

� 0:6 exp (�500(t� 1)

2

)� 0:2 exp (�600(t� 0:85)

2

) + 0:1 exp (�600(t� 0:8)

2

);

de t 2 [0; 1℄, tobto per�od signalu T = 1. Znaqenn� �nxih veliqin: H

0

= 2:09, f

m

= �0:6, f

M

= 1:5, � = 6400.

Vigl�d funk�� V (q) � p(t) podano na ris. 3 � ris. 4 v�dpov�dno.

Zaproponovani� p�dh�d mo�na poxiriti na bagatovim�rni� vipadok. �kwo q � p  n{vim�rnimi vektorami,

to

�H

�q

=

�

�H

�q

1

; :::;

�H

�q

n

�

T

;

�H

�p

=

�

�H

�p

1

; :::;

�H

�p

n

�

T

;

de T | znak transponuvann�.

R�vn�nn� u form� (3) zber�ga�t~ zm�st u n{vim�rnomu vipadku. Rozgl�nemo skal�rn� dobutki:

�

�H

�q

�

T

dq

dt

=

�

�H

�q

�

T

�

�H

�p

�

� " (H �H

0

)

�

�H

�q

�

T

�

�H

�q

�

;

�

�H

�p

�

T

dp

dt

=

�

�H

�p

�

T

�

�H

�q

�

� " (H �H

0

)

�

�H

�p

�

T

�

�H

�p

�

:

Suma ih dvoh r�vn�n~

dH

dt

+ "

"

�

�H

�q

�

T

�

�H

�q

�

+

�

�H

�p

�

T

�

�H

�p

�

#

(H �H

0

) = 0: (11)

Tak samo, �k � dl� r�vn�nn� (5), z (11) otrimumo

lim

t!1

H (t) = H

0

:

U n{vim�rnomu vipadku zaproponovana proedura dozvol� z kontinuumu kvaz�per�odiqnih rozv'�zk�v otri-

mati s�me�stvo takih rozv'�zk�v, wo ma�t~ post��ne znaqenn� gam�l~ton��na. Dl� sistemi z dvoma stupen�mi

v�l~nosti mo�na pobuduvati avtokolivnu sistemu, wo v�dtvor� neperervnu abo �mpul~snu �enera��.
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SYNTHESIS OF AUTOOSCILLATORS REPRODUCING ONE OF THE SOLUTIONS OF

THE HAMILTONIAN SYSTEM

L. A. Sinitsky, I. V. Smal

Department of Radiophysis, Ivan Franko National University of Lviv,

19 Drahomanov Str., Lviv, UA{79005, Ukraine

A nonlinear periodi system is synthesised whih reprodues one of the solutions of the Hamiltonian system.

An arbitrarily presribed periodi waveform an be synthesised due to the appropriately hosen potential of the

Hamiltonian equations.

The proposed method of synthesis an be extended on the Hamiltonian equations with the n degrees of

freedom. In this ase synthesis of quasiperiodi waveforms whih have n{basi frequenies is possible.

As an example an auto{osillator for generating the waveform similar to the ardiogram was synthesised.
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