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U pra� uzagal~neno pol�nomni� p�dh�d dl� pobudovi kvaz�toqno rozv'�zuvanih poten��l�v

dl� r�vn�nn� Xredin�era, zavd�ki qomu zna�deno nov� poten��li z n v�domimi vlasnimi

funk��mi � ener�etiqnimi r�vn�mi.

Za dopomogo� kanon�qnih toqkovih peretvoren~ otrimano dva kvaz�toqno rozv'�zuvan� po-

ten��li z N v�domimi vlasnimi stanami (N | �le qislo, �ke pov'�zane z parametrami

poten��l�v). C� poten��li ma�t~ osobliv�st~: Ýhn�� prof�l~ zale�it~ v�d sp�vv�dnoxenn�

m�� parametrami poten��lu. Tak, u poten��l� z dvoma �mami pri pevnomu znaqenn� para-

metr�v znika bar'r.

Kl�qov� slova: r�vn�nn� Xredin�era, hvil~ova funk��, kvaz�toqno rozv'�zuvan� poten-

��li, kanon�qn� toqkov� peretvorenn�, pol�nomni� p�dh�d.

PACS number(s): 03.65.{w; 03.65.Ge

I. VSTUP

U kvantov�� mehan�� problema toqnih rozv'�zk�v

post��no priverta uvagu. Por�vn�no nedavno naraho-

vuvalos� lixe dek�l~ka priklad�v poten��l�v, �k�

 toqno rozv'�zuval~nimi. Prikladami ih poten-

��l�v  garmon�qni� osil�tor, kulon�vs~ke pole,

poten��li Morze, Pexl�{Tellra, modif�kovani�

poten��l Pexl�{Tellra, nesk�nqenna pr�mokutna

�ma, del~tapod�bn� poten��li.

Vi�vl�t~s�, wo �snu�t~ poten��li, dl� �kih

mo�na zna�ti obme�enu k�l~k�st~ stan�v. Tak� poten-

��li naziva�t~s� kvaz�toqno rozv'�zuval~nimi. Os-

novnimi metodami stvorenn� kvaz�toqno rozv'�zuva-

nih poten��l�v : pol�nomni� p�dh�d [1{4℄, kanon�qn�

toqkov� peretvorenn� [2℄, supersimetriqni� p�dh�d

[2,5{9℄, peretvorenn� Darbu [10,11℄.Kr�m togo, u pra�

[12℄ predstavleni� matriqni� p�dh�d dl� rozv'�zu-

vann� r�vn�nn� Xredin�era, a u pra� [13℄ pokazano

spos�b pobudovi kvaz�toqno rozv'�zuval~nih poten�-

�l�v �z vikoristann�m �nte�ral�v za traktor��mi.

P�dh�d, wo zaproponuvav Turb�ner u [1℄, da zmogu

pobuduvati poten��li, dl� �kih v�domo N (N =

1; 2; 3; : : :) vlasnih stan�v. U nax�� pra� e� metod

uzagal~neno na vipadok, koli mo�na zna�tiN poten-

��l�v odnogo tipu, �k� v�dr�zn��t~s� znaqenn�m od-

nogo z parametr�v. Ce� parametr mi predstavl�mo u

vigl�d� vlasnih znaqen~ kvadrata momentu k�l~kosti

ruhu. Takim qinom otrimano N rad��l~nih funk��

dl� rad��l~nogo r�vn�nn� Xredin�era z novim po-

ten��lom, wo opisu de�ke entral~ne pole. Kr�m

togo, uzagal~nenim metodom zna�deno N poten��l�v,

�k� v�dr�zn��t~s� dvoma parametrami. Odin �z para-

metr�v udalos� zrobiti odnakovim dl� dvoh poten�-

�l�v, a �nxi�, pod�bno �k u perxomu vipadku, pred-

staviti u vigl�d� vlasnih znaqen~ kvadrata momentu

k�l~kosti ruhu. Takim sposobom vi�vilos� mo�li-

vim zna�ti dv� rad��l~n� funk�Ý dl� novogo poten-

��lu.

U pra� [2℄ rozgl�nuto metod toqkovogo kanon�q-

nogo peretvorenn� dl� pobudovi novih kvaz�toqno

rozv'�zuval~nih poten��l�v, ale vnasl�dok togo, wo

v zagal~nomu vipadku vlasn� znaqenn� ener��Ý vih�d-

nogo poten��lu v novomu poten��l� v�d�gra�t~ rol~

koef��nt�v, tam bulo zna�deno odin vlasni� stan

dl� novogo poten��lu. U nax�� pra� zaproponovano

rozgl�dati poten��li z odnakovimi vlasnimi zna-

qenn�mi ener��Ý abo poten��li z virod�enimi ener-

�etiqnimi r�vn�mi dl� zabezpeqenn� nezm�nnosti no-

vogo poten��lu. Tak, vikoristovu�qi toqkov� kano-

n�qn� peretvorenn� � s�m'� poten��l�v z odnim � tim

�e vlasnim znaqenn�m ener��Ý (�ka bula zna�dena za

dopomogo� pol�nomnogo p�dhodu u pra� [1℄), otri-

mano kvaz�toqno rozv'�zuvan� poten��li z N vlas-

nimi stanami.

II. UZAGAL^NENI� POL�NOMNI� P�DH�D

Rozgl�n~mo odnovim�rne r�vn�nn� Xredin�era

� 

00

(x) + [V (x)� E℄ (x) = 0: (1)

�k � u pra�h [1,2℄, rozv'�zok ~ogo r�vn�nn� xukamo

u vigl�d�

 (x) = C p

n

(z; a

0

; : : : ; a

n�1

) exp

�

�

Z

y(x) dx

�

; (2)

de z = z(x) | de�ka funk�� x, �ka bude zadana

ni�qe, C | stala normuvann�,
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p

n

(z) =

n

X

j=0

a

j

z

j

; (a

n

= 1): (3)

P�dstavivxi (2) v (1), otrimamo take r�vn�nn�:

V (x)� E = y

2

(x)� y

0

(x) +

p

00

n

(z(x)) � 2yp

0

n

(z(x))

p

n

(z(x))

; (4)

de p

0

n

= dp

n

=dx; p

00

n

= d

2

p

n

=d x

2

. Z umovi v�dsut-

noti sin�ul�rnoste� u poten��l� V (x) vipliva, wo

p

00

n

� 2yp

0

n

m�stit~ p

n

�k mno�nik. U robot� [2℄ bulo

rozgl�nuto vipadok

p

00

n

� 2yp

0

n

=

n+1

X

j=0

b

j

z

j

: (5)

Pod�livxi (5) na (3) otrimamo, wo

p

00

n

� 2yp

0

n

p

n

= b

n+1

z + b

n

� b

n+1

a

n�1

+

R

n

p

n

; (6)

de pol�nom R

n

ma vigl�d

R

n

=

n�1

X

j=0

f

n

(j)z

j

; (7)

f

n

(j) = b

j

� b

n+1

a

j�1

� b

n

a

j

+ b

n+1

a

j

a

n�1

: (8)

Umovo� v�dsutnosti sin�ul�rnoste� u poten��l�

V (x) 

f

n

(j) = 0; j = 0; 1; : : : ; n� 1: (9)

Tod�, rozv'�zavxi � r�vn�nn� v�dnosno a

j

, mo�na

zna�ti (n+1) hvil~ovu funk�� dl� poten��lu V (x)

[2℄

V (x) = y

2

� y

0

+ b

n+1

z: (10)

A. Poten��l z (n + 2) rad��l~nimi funk��mi

Uzagal~nemo (5) na vipadok, koli

p

00

n

� 2yp

0

n

=

n+2

X

j=0

b

j

z

j

: (11)

P�dstavivxi (3) v (11), otrimamo take r�vn�nn�:

(z

00

� 2yz

0

)

n

X

j=1

a

j

jz

j�1

+ z

02

n

X

j=1

a

j

j(j � 1)z

j�2

=

n+2

X

j=0

b

j

z

j

; (12)

zv�dsi vipliva, wo

z

00

� 2yz

0

= q

0

+ q

1

z + q

2

z

2

+ q

3

z

3

; (13)

z

02

= B

0

+B

1

z +B

2

z

2

+ B

3

z

3

+ B

4

z

4

; (14)

de q

i

� B

i

| konstanti. Pod�livxi (11) na (3), otri-

mamo:

p

00

n

� 2yp

0

n

p

n

= b

n+2

z

2

+ (b

n+1

� b

n+2

a

n�1

)z + b

n

�b

n+1

a

n�1

+ b

n+2

a

2

n�1

� b

n+2

a

n�2

+

R

n

p

n

;

(15)

de pol�nom R

n

ma vigl�d

R

n

=

n�1

X

j=0

f

n

(j)z

j

; (16)

f

n

(j) = b

j

� b

n+2

a

j�2

� b

n+1

a

j�1

+ b

n+2

a

n�1

a

j�1

+b

n+2

a

j

a

n�2

� b

n

a

j

+ b

n+1

a

j

a

n�1

�b

n+2

a

2

n�1

a

j

:

(17)

Umovo� v�dsutnosti sin�ul�rnoste� u poten��l�

V (x) 

f

n

(j) = 0; j = 0; 1; : : :; n� 1: (18)

Tod� poten��l V (x) � ener��� E nabudut~ formi

V (x) = y

2

� y

0

+ b

n+2

z

2

+ (b

n+1

� b

n+2

a

n�1

) z; (19)

E = �b

n

+ b

n+2

a

n�2

+ b

n+1

a

n�1

� b

n+2

a

2

n�1

: (20)

Z por�vn�nn� (10) � (19) vidno, wo poten��l (19)

dl� ko�nogo stanu v�dr�zn�t~s� ostann�m dodankom.

Predstavimo e� dodanok u vigl�d� vlasnih znaqen~

kvadrata momentu k�l~kosti ruhu, pomno�enih na
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1=x

2

. Dl� ~ogo poklademo

B

0

= B

1

= B

2

= B

4

= 0; B

3

= 1;

tod� z (14) vipliva, wo

z =

4

x

2

: (21)

Rozgl�nemo prosti� vipadok: n = 1; tod� zna�demo

(n+ 2) = 3 vlasn� stani:

 (x; a

0

) = C (z + a

0

) exp

�

�

Z

y(x) dx

�

: (22)

Kr�m togo, �z (12) vidno, wo q

i

= b

i

. �z (13) vipli-

va, wo

y(x) =

4b

3

x

3

+

�

b

2

�

3

2

�

1

x

+

b

1

4

x+

b

0

16

x

3

: (23)

U vipadku n = 1 umova v�dsutnosti v poten��l� sin-

�ul�rnoste� (18) zapixet~s� tak:

b

0

� b

1

a

0

+ b

2

a

2

0

� b

3

a

3

0

= 0;

zv�dsi zna�demo tri znaqennn� a

(i)

0

; i = 1; 2; 3: P�d-

stavivxi Ýh, a tako� (21) � (23) u (19) � (20), otrima-

mo tri poten��li:

V

i

(x) =

16b

2

3

x

6

+

b

3

(8b

2

+ 16)

x

4

+

b

2

2

+ 2b

2

+ 2b

1

b

3

� 4b

3

a

(i)

0

+ 3=4

x

2

(24)

+

�

b

2

1

16

+

b

0

b

2

8

�

3b

0

8

�

x

2

+

b

0

b

1

32

x

4

+

b

2

0

256

x

6

;

z ener�etiqnimi r�vn�mi

E

i

= �

b

0

b

3

2

�

b

1

b

2

2

+ b

2

a

(i)

0

� b

3

(a

(i)

0

)

2

: (25)

�kwo zapisati koef��nt pri 1=x

2

; �kim v�dr�z-

n��t~s� poten��li (24), u vigl�d� �4b

3

a

(i)

0

= A +

`

i

(`

i

+ 1); i = 1; 2; 3 (A | konstanta, wo viznaqa-

t~s� qerez orb�tal~n� kvantov� qisla `

i

), to, vikoris-

tovu�qi (22), otrimamo tri rad��l~n� funk�Ý dl�

poten��lu, �ki� u�e ne zale�it~ v�d znaqen~ a

(i)

0

;

tobto  odnakovim dl� vs�h stan�v. Navedemo konk-

retni� vigl�d poten��lu, ener�etiqnih r�vn�v ta ra-

d��l~nih funk�� u prostomu vipadku, koli b

0

= 0;

`

1

= 1, `

2

= 2; `

3

= 0; tod� zna�demo, wo a

(1)

0

= 0;

a

(2)

0

= �1=b

3

; a

(3)

0

= 1=(2b

3

); A = �2; b

1

= �1=(2b

3

);

b

2

= �1=2:

Poten��l u ~omu vipadku bude mati vigl�d:

U (x) = V

i

(x)�

`

i

(`

i

+ 1)

x

2

=

16b

2

3

x

6

+

12b

3

x

4

+

x

2

64b

2

3

�

3

x

2

; (26)

ener�etiqn� r�vn�

E

`=`

1

= �

1

8b

3

; (27)

E

`=`

2

= E

`=`

3

= �

5

8b

3

; (28)

rad��l~n� funk�Ý (R

`

(x) =  (x; a

(i)

0

)=x, de  (x; a

(i)

0

)

viznaqat~s� z (22)):

R

`=`

1

(x) =

 (x; a

(1)

0

)

x

=

C

1

x

exp

�

2b

3

x

2

+

x

2

16b

3

�

; (29)

R

`=`

2

(x) =

 (x; a

(2)

0

)

x

= C

2

�

x�

4b

3

x

�

exp

�

2b

3

x

2

+

x

2

16b

3

�

; (30)

R

`=`

3

(x) =

 (x; a

(3)

0

)

x

= C

3

�

x+

8b

3

x

�

exp

�

2b

3

x

2

+

x

2

16b

3

�

; (31)

�k� zadovol~n��t~ rad��l~ne r�vn�nn� Xredin�era:

�

1

x

�

2

�x

2

(xR(x)) +

�

`(` + 1)

x

2

+ U (x)� E

�

R(x) = 0:

(32)

Konstanti C

i

; i = 1; 2; 3 mo�na zna�ti z umovi nor-

muvann� (b

3

< 0):

1

Z

0

R

2

`=`

i

(x)x

2

dx = 1: (33)

V�dznaqimo, wo dl� poten��lu (24) (p�sl� vid�-

lenn� v n~omu dodanka, �ki� dor�vn� vlasnim zna-

qenn�m operatora kvadrata momentu k�l~kosti ruhu,
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pomno�enim na 1=x

2

) mo�na zna�ti ne lixe tri ra-

d��l~n� funk�Ý, a | (n + 2):

B. Poten��l z dvoma rad��l~nimi funk��mi

Rozgl�n~mo vipadok, koli

p

00

n

� 2yp

0

n

=

n+3

X

j=0

b

j

z

j

(34)

� neha� n = 1, tod�

z

00

� 2yz

0

= b

0

+ b

1

z + b

2

z

2

+ b

3

z

3

+ b

4

z

4

: (35)

Kr�m togo, pod�bno do (14)

z

02

= B

0

+ B

1

z +B

2

z

2

+B

3

z

3

+ B

4

z

4

+B

5

z

5

: (36)

Neha�

z = 1=x; (37)

tod� v�dm�nnim v�d nul�  lixe koef��nt: B

4

= 1:

Budemo vva�ati, wo b

1

= b

3

= 0: U ~omu vipadku

vdalos� zna�ti dv� rad��l~n� funk�Ý dl� novogo po-

ten��lu.

�z (35) mo�na zna�ti, wo

y(x) =

b

0

2

x

2

+

b

2

2

+

b

4

2x

2

�

1

x

: (38)

Tod�, vrahovu�qi (37), (38), �z (4) vipliva, wo novi�

poten��l bude mati vigl�d:

V

i

(x) =

b

2

0

4

x

4

+ b

4

�

b

2

2

� a

(i)

0

�

1

x

2

+

b

0

b

2

2

x

2

+

b

2

4

4x

4

� 2b

0

x+

b

4

(a

(i)

0

)

2

x

+

b

4

x

3

; (39)

de v�e vrahovano umovu v�dsutnosti sin�ul�rnoste�

u poten��l�

b

4

a

4

0

+ b

2

a

2

0

+ b

0

= 0; (40)

ener�etiqn� r�vn�:

E

i

= �

b

2

2

4

�

b

0

b

4

2

+

�

b

2

+ b

4

(a

(i)

0

)

2

�

a

(i)

0

: (41)

�z (39) vidno,wo koren� a

(i)

0

r�vn�nn� (40) m�st�t~s�

�k koef��nti pri 1=x

2

� 1=x: Z ih qotir~oh koren�v

v�z~memo dva takih, wo Ýhn� kvadrati  r�vnimi. Tod�

poten��li V

i

(x) budut~ v�dr�zn�tis� lixe koef��-

ntami b�l� 1=x

2

: Neha� imi koren�mi budut~:

a

(1;2)

0

= �

r

�

b

2

2b

4

�

1

2b

4

q

b

2

2

� 4b

0

b

4

: (42)

Tod� poten��l nabude formi

V

i

(x) =

b

2

0

4

x

4

+

b

0

b

2

2

x

2

� 2b

0

x�

b

2

+

p

b

2

2

� 4b

0

b

4

2x

+

b

2

b

4

2x

2

+

b

2

4

4x

4

+

b

4

x

3

�

b

4

a

(i)

0

x

2

;

(43)

r�vn� ener��Ý

E

1;2

= �

b

2

2

4

�

b

0

b

4

2

+

b

0

a

(1; 2)

0

: (44)

�kwo predstaviti ostann�� dodanok (43) takim qi-

nom:

�b

4

a

(i)

0

= A+ `

i

(`

i

+ 1); i = 1; 2; (45)

to otrimamo dv� rad��l~n� funk�Ý:

R

`=`

1

(x) =

 (x; a

(1)

0

)

x

= C

1

�

1

x

+ a

(1)

0

�

� exp

�

�

b

0

6

x

3

�

b

2

2

x+

b

4

2x

�

; (46)

R

`=`

2

(x) =

 (x; a

(2)

0

)

x

= C

2

�

1

x

+ a

(2)

0

�

� exp

�

�

b

0

6

x

3

�

b

2

2

x+

b

4

2x

�

; (47)

b

0

> 0; b

4

< 0;

dl� poten��lu

U (x) = V

i

(x)�

`

i

(`

i

+ 1)

x

2

=

b

2

0

4

x

4

+

b

0

b

2

2

x

2

� 2b

0

x

�

b

2

+

p

b

2

2

� 4b

0

b

4

2x

+

b

2

b

4

+ 2A

2x

2

+

b

2

4

4x

4

+

b

4

x

3

: (48)

Konstanti C

i

; i = 1; 2 tako� mo�na zna�ti z umovi

normuvann� (33). �z (45) otrimumo, wo
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A = �

1

2

(`

1

(`

1

+ 1) + `

2

(`

2

+ 1)) ; (49)

b

0

=

1

4b

4

�

b

2

2

�

(�`

2

+ 2b

2

b

4

)

2

4b

2

4

�

; (50)

de �` = `

1

(`

1

+ 1) � `

2

(`

2

+ 1); �` > 0:

Ot�e, dl� rad��l~nogo r�vn�nn�Xredin�era (32) z

poten��lom (48) zna�deno dv� rad��l~n� funk�Ý (46),

(47) � v�dpov�dn� Ým ener�etiqn� r�vn� (44).

III. METOD TOQKOVOGO KANON�QNOGO

PERETVORENN�

Zrobimo zam�nu zm�nnih x = f(�) u r�vn�nn� Xre-

din�era (1) � vvedemo novu hvil~ovu funk�� [2℄

~

 (�) =

 (x)

p

f

0

(�)

; (51)

�ka zadovol~n� take r�vn�nn� Xredin�era:

�

d

2

~

 (�)

d�

2

+

h

~

V (�)�

~

E

i

~

 (�) = 0; (52)

de

~

V (�) �

~

E = f

02

(�) [V (f(�)) �E℄

+

1

2

�

3

2

f

002

(�)

f

02

(�)

�

f

000

(�)

f

0

(�)

�

: (53)

U pra� [1℄ bulo zna�deno taku s�m'� poten��l�v,

wo ÝÝ poten��li ma�t~ odne � te � same vlasne zna-

qenn� ener��Ý. C� poten��li vigl�da�t~ tak:

V (x) = �

b

2

h

6

�x

+

b(2a+ 3b+ �(2k + 3))

h

4

�x

�

(a+ 3b)(a+ b+ �) + 2k�b+ �

h

2

�x

; (54)

z ener���

E = �(a + b)

2

; (55)

de �; a; b | konstanti; �z hvil~ovimi funk��mi

 (x) = Cp

k

(th�x)(h�x)

�(a+b)=�

exp

�

b

2�

th

2

�x

�

;

(56)

de C | konstanta normuvann�,

p

k

(th�x) = 

0

+

2

th

2

�x+ : : :+

k�2

th

k�2

�x+th

k

�x;

�kwo k pri�ma parn� znaqenn�;

p

k

(th�x) = 

1

th�x

+ 

3

th

3

�x+ : : :+ 

k�2

th

k�2

�x+ th

k

�x;

�kwo k nabuva neparnih znaqen~. Koef��nti 

i

po-

l�noma p

k

� � mo�na zna�ti, rozv'�zavxi sistemu

al�ebriqnih r�vn�n~, �ka vinika p�sl� p�dstanovki

(54), (55), (56) v r�vn�nn�Xredin�era (1). Priqomu u

vipadku parnih k dl� � vinika al�ebriqne r�vn�nn�

stepen� N = k=2 + 1; k = 0; 2; 4; : : :. U raz� neparnih

k, dl� � vinika r�vn�nn� stepen� N = (k+1)=2; k =

1; 3; 5; : : :. Poklademo dl� prostoti: � = 1. Tod� dl�

k = 0 otrimamo, wo

p

0

= 1; � = 0; (57)

dl� k = 1

p

1

= thx; � = 2a+ 2; (58)

dl� k = 2

p

2

= 

0

+ th

2

x; 

0

=

4a+ 6� �

4b

; (59)

�

2

� 2�(2a+ 3)� 8b = 0; (60)

dl� k = 3

p

3

= 

1

thx+ th

3

x; 

1

=

6a+ 12� �

4b

; (61)

�

2

� 2�(4a+ 7) + 36a+ 12a

2

� 24b+ 24 = 0 (62)

� tak dal�.

A. Toqkove kanon�qne peretvorenn�

poten��lu V(x)

Zrobimo toqkove peretvorenn� tak, wob koef��-

nti b�l� h

2

x u formul� (54) davali vlasn� znaqenn�

ener��Ý v�e novogo poten��lu. C~ogo mo�na dos�gti,

zrobivxi take peretvorenn�:

x = ln tg

�

2

: (63)

�z (53) vipliva, wo novi� poten��l nabude vi-
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gl�du

~

V (�) = �b

2

os

4

� � b(2a+ b+ 2k + 3) os

2

�

+

(a + b)

2

� 1=4

sin

2

�

; (64)

oblast� viznaqenn� tut  v�dr�zok � 2 [0; �℄, �kwo

(a + b)

2

6= 1=4; nov� znaqenn� ener��Ý

~

E

i

= (a + b)

2

+ a + �

i

+

1

4

; (65)

de i = 0; 2; : : : ; k, �kwo k | parne; i = 1; 3; : : : ; k, �kwo

k | neparne.

Nov� hvil~ov� funk�Ý otrimamo, vikoristavxi

(51):

~

 (�) =

~

Cp

k

(os �)(sin �)

a+b+1=2

exp

�

b

2

os

2

�

�

; (66)

de

~

C | konstanta normuvann�,

p

k

(os �) = 

0

+ 

2

os

2

� + : : :+ 

k�2

os

k�2

� + os

k

�;

�kwo k | parne;

p

k

(os �) = 

1

os �+

3

os

3

�+: : :+

k�2

os

k�2

�+os

k

�;

�kwo k | neparne.

Dl� poten��lu (64) mo�na zna�ti N = [k=2℄ + 1

vlasn� stani. Napriklad, dl� k = 2 hvil~ov� fun-

k�Ý osnovnogo ta perxogo zbud�enogo r�vn�v ma�t~

vigl�d

~

 

0;2

(�) =

~

C

0;2

�

4b os

2

� + 2a+ 3�

p

4a

2

+ 12a+ 8b+ 9

�

(sin �)

a+b+1=2

exp

�

b

2

os

2

�

�

; (67)

ener�etiqn� r�vn� osnovnogo ta drugogo zbud�enogo stan�v

~

E

0;2

= (a+ b)

2

+ 3a+

13

4

�

p

4a

2

+ 12a+ 8b+ 9: (68)

Dl� k = 3 hvil~ov� funk�Ý perxogo ta tret~ogo zbud�enih r�vn�v:

~

 

1;3

(�) =

~

C

1;3

�

4b os

2

� + 2a+ 5�

p

4a

2

+ 20a+ 24b+ 25

�

os �(sin �)

a+b+1=2

exp

�

b

2

os

2

�

�

; (69)

v�dpov�dn� r�vn� ener��Ý:

~

E

1;3

= (a+ b)

2

+ 5a+

29

4

(70)

�

p

4a

2

+ 20a+ 24b+ 25:

Z umovi kvadratiqnoÝ �nte�rovnosti hvil~ovih

funk�� vipliva, wo a + b + 1=2 > 0: Rozgl�nemo

poved�nku poten��lu (64) v oblast� [0; �℄. Prof�lem

~ogo poten��lu  �ma z dvoma m�n�mumami (ris. 1a),

�kwo ostann�� dodanok u (64)  dodatnim. Pri viko-

nann� umovi

b �

1

4

4a

2

� 1

2k + 3

(71)

bar'r znika � utvor�t~s� �ma z odnim m�n�mumom

(ris. 1b).

~
�

0

ba

ξ

 

 

Ris. 1. Prof�l� poten��lu

~

V (�)
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B. Dual~ne peretvorenn� poten��lu

~

V(�)

Zrobimo dual~ne peretvorenn� [14℄ poten��lu (64)

� = i�; (72)

tod� otrimamo r�vn�nn� Xredin�era u zm�nnih �

�

d

2

~

�(�)

d �

2

+

h

~

W (�) �

~

B

i

~

�(�) = 0; (73)

de novi� poten��l

~

W (�) ma vigl�d

~

W (�) = b

2

h

4

� + b(2a+ b+ 2k + 3) h

2

�

+

(a+ b)

2

� 1=4

sh

2

�

; (74)

z ener�etiqnimi r�vn�mi

~

B

i

= �(a+ b)

2

� a� �

i

�

1

4

(75)

ta hvil~ovimi funk��mi

~

�(�) =

�

Cp

k

(h �)(sh �)

a+b+1=2

exp

�

b

2

h

2

�

�

; (76)

de

�

C | konstanta normuvann�,

p

k

(h �) = 

0

+ 

2

h

2

� + : : :+ 

k�2

h

k�2

� + h

k

�;

�kwo k | parne;

p

k

(h �) = 

1

h � + 

3

h

3

� + : : :+ 

k�2

h

k�2

� + h

k

�;

�kwo k | neparne.

Dl� poten��lu

~

W (�) (74) tako� mo�na zna�ti

N = [k=2℄+ 1 vlasnih stan�v, priqomu mo�na zna�ti

posl�dovno N stan�v. Oblast� viznaqenn� ~ogo po-

ten��lu pri

(a+ b)

2

6=

1

4

(77)

 p�vv�s~ � 2 [0;1).

Rozgl�nemo konkretni� vigl�d hvil~ovih funk��

� ener�etiqnih r�vn�v u vipadku k = 2.Hvil~ov� fun-

k�Ý osnovnogo ta perxogo zbud�enogo stan�v

~

�

0;1

(�) =

�

C

0;1

�

4b h

2

� + 2a+ 3�

p

4a

2

+ 12a+ 8b+ 9

�

� (sh �)

a+b+1=2

exp

�

b

2

h

2

�

�

; (78)

v�dpov�dn� ener�etiqn� r�vn�

~

B

0;1

= �(a + b)

2

� 3a�

13

4

(79)

�

p

4a

2

+ 12a+ 8b+ 9;

analog�qno mo�na zna�ti hvil~ov� funk�Ý ta r�vn�

ener��Ý dl� k = 3; 4; : : : :

~
�

0

b

a

ζ
 

 

Ris. 2. Prof�l� poten��lu

~

W (�)

Z umovi kvadratiqnoÝ �nte�rovnosti hvil~ovih

funk�� vipliva, wo b < 0; a + b+ 1=2 > 0:

Rozgl�n~mo poved�nku poten��lu

~

W (�) b�l� � = 0:

lim

�!0

~

W (�) = +1; �kwo a+ b > 1=2; (ris. 2a);

lim

�!0

~

W (�) = �1; �kwo � 1=2 < a+ b < 1=2; (ris. 2b):

Ot�e, prof�l~ poten��lu

~

W (�) (74) (�k � poten-

��lu

~

V (�) (64)) suttvo zale�it~ v�d znaqen~ para-

metr�v.

�kwo (77) ne vikonut~s�, to otrimamo

~

W (�) = b

2

h

4

� + b(2k � b+ 3� 1) h

2

�: (80)

Ce� poten��l stosut~s� zadaq� pro legkov�sni� pa-

ramagnetik u perpendikul�rnomu magnetnomu pol�

[15{17℄.

IV. VISNOVKI

U pra� uzagal~neno pol�nomni� p�dh�d Turb�nera

dl� vipadku, koli mo�na zna�ti (n+2) vlasn� stani,
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de n { maksimal~ni� step�n~ pol�noma v (3). Unasl�-

dok ~ogo zna�deno nov� kvaz�toqno rozv'�zuvan� po-

ten��li tipu (24) � (26) z (n+2) rad��l~nimi funk-

��mi. U pra� �vno vipisano tri rad��l~n� funk�Ý

dl� poten��lu (26), priqomu dva ener�etiqn� r�vn�

zb�ga�t~s�. Tako� dl� novogo poten��lu (48) zna�-

deno dv� rad��l~n� funk�Ý.

Vikoristovu�qi s�m'� poten��l�v z odnakovim

ener�etiqnim r�vnem, �ka bula otrimana v [1℄, � toq-

kov� kanon�qn� peretvorenn�, oder�ano N{r�vnev� ba-

gatoprof�l~n� poten��li (64) � (74).

Dl� znaqen~ b �

4a

2

�1

4(2k+3)

poten��l (64) ma vigl�d

odinarnoÝ �mi, a pri b >

4a

2

�1

4(2k+3)

| �mi z dvoma m�n�-

mumami. V�n  uzagal~nenn�m poten��lu, �ki� roz-

gl�nuto v [15{17℄.

U ih pra�h takogo tipu poten��l vinikav pri

rozgl�d� sp�novih sistem �z nastupnim perehodom do

koordinatnogo predstavlenn�. Zauva�imo tako�, wo

poten��li (64) � (74) mo�ut~ mati xiroke zastosu-

vann�, osk�l~ki Ýhn� prof�l� haraktern� dl� bagat~oh

zadaq.

Avtor wiro vd�qni� V. M. Tkaqukov� za obgovo-

renn� pra� ta korisn� zauva�enn�.
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POLYNOMIAL APPROACH AND POINT CANONICAL TRANSFORMATIONS

IN THE CONSTRUCTING OF QUASI{EXACTLY SOLVABLE

QUANTUM MECHANICAL POTENTIALS

B. M. Markovyh

State University \Lvivska Politekhnika",

12 S. Bandery Str., Lviv, UA-79013, Ukraine

In this paper the polynomial approah for the onstruting of quasi{exatly solvable potentials of Shr�odinger

equation is generalized. On this basis new potentials with n wave funtions and energy levels known are found.

Two quasi{exatly solvable potentials with N eigenstates found (N is an integer number, depending on the

parameters of potentials) were derived with the help of point anoni transformations. These potentials di�er from

the ones that were solved exatly by the feature in that their shape depends on the relation between the potentials

parameters. Thus in the potential with two wells the barrier vanishes for some values of the parameters.
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