ȷURNAL FIZIQNIH DOSLIDȷEN^ t. 4, ˝ 2 (2000) s. 141–148

JOURNAL OF PHYSICAL STUDIES v. 4, No. 2 (2000) p. 141–148

POL�NOMNI` P�DH�D � TOQKOV� KANON�QN� PERETVORENN˚ DL˚ POBUDOVI KVAZ�TOQNO ROZV’˚ZUVANIH POTENC�˚L�V U KVANTOV�` MEHAN�C�

B. M. Markoviq Derıavniȷ un˛versitet “L~v˛vs~ka pol˛tehn˛ka”, vul. S. Banderi, 12, L~v˛v, 79013, UkraÝna (Otrimano 1 grudnffl 1999 r.; v ostatoqnomu viglffld˛ — 20 bereznffl 2000 r.)

U prac˛ uzagal~neno pol˛nomniȷ p˛dh˛d dlffl pobudovi kvaz˛toqno rozv’fflzuvanih potenc˛ffll˛v dlffl r˛vnfflnnffl Xredinİera, zavdfflki qomu znaȷdeno nov˛ potenc˛fflli z n v˛domimi vlasnimi funkc˛fflmi ȷ enerİetiqnimi r˛vnfflmi.

Za dopomogo kanon˛qnih toqkovih peretvoren~ otrimano dva kvaz˛toqno rozv’fflzuvan˛ potenc˛fflli z N v˛domimi vlasnimi stanami (N — c˛le qislo, fflke pov’fflzane z parametrami potenc˛ffll˛v). C˛ potenc˛fflli mat~ osobliv˛st~: Ýhn˛ȷ prof˛l~ zaleıit~ v˛d sp˛vv˛dnoxennffl m˛ı parametrami potenc˛ffllu. Tak, u potenc˛ffll˛ z dvoma fflmami pri pevnomu znaqenn˛ parametr˛v znika‚ bar’‚r.

Kl¸qovfi slova: r˛vnfflnnffl Xredinİera, hvil~ova funkc˛ffl, kvaz˛toqno rozv’fflzuvan˛ potenc˛fflli, kanon˛qn˛ toqkov˛ peretvorennffl, pol˛nomniȷ p˛dh˛d.

PACS number(s): 03.65.–w; 03.65.Ge

I. VSTUP

U kvantov˛ȷ mehan˛c˛ problema toqnih rozv’fflzk˛v post˛ȷno priverta‚ uvagu. Por˛vnfflno nedavno narahovuvalosffl lixe dek˛l~ka priklad˛v potenc˛ffll˛v, fflk˛ ‚ toqno rozv’fflzuval~nimi. Prikladami cih potenc˛ffll˛v ‚ garmon˛qniȷ oscilffltor, kulon˛vs~ke pole, potenc˛fflli Morze, Pexlffl–Tell‚ra, modif˛kovaniȷ potenc˛ffll Pexlffl–Tell‚ra, nesk˛nqenna prfflmokutna fflma, del~tapod˛bn˛ potenc˛fflli.

Vifflvlffl‚t~sffl, wo ˛snut~ potenc˛fflli, dlffl fflkih moına znaȷti obmeıenu k˛l~k˛st~ stan˛v. Tak˛ potenc˛fflli nazivat~sffl kvaz˛toqno rozv’fflzuval~nimi. Osnovnimi metodami stvorennffl kvaz˛toqno rozv’fflzuvanih potenc˛ffll˛v ‚: pol˛nomniȷ p˛dh˛d [1–4], kanon˛qn˛ toqkov˛ peretvorennffl [2], supersimetriqniȷ p˛dh˛d [2,5–9], peretvorennffl Darbu [10,11]. Kr˛m togo, u prac˛ [12] predstavleniȷ matriqniȷ p˛dh˛d dlffl rozv’fflzuvannffl r˛vnfflnnffl Xredinİera, a u prac˛ [13] pokazano spos˛b pobudovi kvaz˛toqno rozv’fflzuval~nih potenc˛- ffll˛v ˛z vikoristannfflm ˛nteİral˛v za tra‚ktor˛fflmi.

P˛dh˛d, wo zaproponuvav Turb˛ner u [1], da‚ zmogu pobuduvati potenc˛fflli, dlffl fflkih v˛domo N (N = 1, 2, 3, . . .) vlasnih stan˛v. U nax˛ȷ prac˛ ceȷ metod uzagal~neno na vipadok, koli moına znaȷti N potenc˛ffll˛v odnogo tipu, fflk˛ v˛dr˛znfflt~sffl znaqennfflm odnogo z parametr˛v. Ceȷ parametr mi predstavlffl‚mo u viglffld˛ vlasnih znaqen~ kvadrata momentu k˛l~kosti ruhu. Takim qinom otrimano N rad˛ffll~nih funkc˛ȷ dlffl rad˛ffll~nogo r˛vnfflnnffl Xredinİera z novim potenc˛ffllom, wo opisu‚ defflke central~ne pole. Kr˛m togo, uzagal~nenim metodom znaȷdeno N potenc˛ffll˛v, fflk˛ v˛dr˛znfflt~sffl dvoma parametrami. Odin ˛z parametr˛v udalosffl zrobiti odnakovim dlffl dvoh potenc˛- ffll˛v, a ˛nxiȷ, pod˛bno fflk u perxomu vipadku, predstaviti u viglffld˛ vlasnih znaqen~ kvadrata momentu k˛l~kosti ruhu. Takim sposobom vifflvilosffl moılivim znaȷti dv˛ rad˛ffll~n˛ funkc˛Ý dlffl novogo potenc˛ffllu.

U prac˛ [2] rozglfflnuto metod toqkovogo kanon˛qnogo peretvorennffl dlffl pobudovi novih kvaz˛toqno rozv’fflzuval~nih potenc˛ffll˛v, ale vnasl˛dok togo, wo v zagal~nomu vipadku vlasn˛ znaqennffl enerİ˛Ý vih˛dnogo potenc˛ffllu v novomu potenc˛ffll˛ v˛d˛grat~ rol~ koef˛c˛‚nt˛v, tam bulo znaȷdeno odin vlasniȷ stan dlffl novogo potenc˛ffllu. U nax˛ȷ prac˛ zaproponovano rozglffldati potenc˛fflli z odnakovimi vlasnimi znaqennfflmi enerİ˛Ý abo potenc˛fflli z virodıenimi ener- İetiqnimi r˛vnfflmi dlffl zabezpeqennffl nezm˛nnosti novogo potenc˛ffllu. Tak, vikoristovuqi toqkov˛ kanon˛qn˛ peretvorennffl ˛ s˛m’ potenc˛ffll˛v z odnim ˛ tim ıe vlasnim znaqennfflm enerİ˛Ý (fflka bula znaȷdena za dopomogo pol˛nomnogo p˛dhodu u prac˛ [1]), otrimano kvaz˛toqno rozv’fflzuvan˛ potenc˛fflli z N vlasnimi stanami.

II. UZAGAL^NENI` POL�NOMNI` P�DH�D

Rozglffln~mo odnovim˛rne r˛vnfflnnffl Xredinİera

−ψ^{′′}(x) + [V (x) − E] ψ(x) = 0. (1)

k ˛ u pracfflh [1,2], rozv’fflzok c~ogo r˛vnfflnnffl xuka‚mo u viglffld˛

ψ(x) = C p_n (z, a_0, . . . , a_{n−1}) exp ( − ∫ y(x) dx ) , (2)

de z = z(x) — defflka funkc˛ffl x, fflka bude zadana niıqe, C — stala normuvannffl, p_n(z) = n∑ j=0 a_jz^j , (a_n = 1). (3)

P˛dstavivxi (2) v (1), otrima‚mo take r˛vnfflnnffl:

V (x) − E = y^2(x) − y^′(x) + p^{′′}_n(z(x)) − 2yp^′_n(z(x)) p_n(z(x)) , (4)

de p^′_n = dp_n/dx, p^{′′}_n = d^2p_n/d x^2. Z umovi v˛dsutnoti sinİulfflrnosteȷ u potenc˛ffll˛ V (x) vipliva‚, wo p^{′′}_n − 2yp^′_n m˛stit~ p_n fflk mnoınik. U robot˛ [2] bulo rozglfflnuto vipadok

p^{′′}_n − 2yp^′_n = n+1∑ j=0 b_jz^j. (5)

Pod˛livxi (5) na (3) otrima‚mo, wo p^{′′}_n − 2yp^′_n p_n = b_{n+1}z + b_n − b_{n+1}a_{n−1} + R_n p_n , (6)

de pol˛nom R_n ma‚ viglffld

R_n = n−1∑ j=0 f_n(j)z^j , (7)

f_n(j) = b_j − b_{n+1}a_{j−1} − b_na_j + b_{n+1}a_ja_{n−1}. (8)

Umovo v˛dsutnosti sinİulfflrnosteȷ u potenc˛ffll˛ V (x) ‚ f_n(j) = 0, j = 0, 1, . . ., n − 1. (9) Tod˛, rozv’fflzavxi c˛ r˛vnfflnnffl v˛dnosno a_j, moına znaȷti (n+1) hvil~ovu funkc˛ dlffl potenc˛ffllu V (x) [2] V (x) = y^2 − y^′ + b_{n+1}z. (10)

A. PotencfiØl z (n + 2) radfiØl~nimi funkcfiØmi

Uzagal~nemo (5) na vipadok, koli

p^{′′}_n − 2yp^′_n = n+2∑ j=0 b_jz^j . (11)

P˛dstavivxi (3) v (11), otrima‚mo take r˛vnfflnnffl:

(z^{′′} − 2yz^′) n∑ j=1 a_jjz^{j−1} + z^{′2} n∑ j=1 a_j j(j − 1)z^{j−2}

= n+2∑ j=0 b_j z^j, (12)

zv˛dsi vipliva‚, wo

z^{′′} − 2yz^′ = q_0 + q_1z + q_2z^2 + q_3z^3, (13)

z^{′2} = B_0 + B_1z + B_2z^2 + B_3z^3 + B_4z^4, (14)

de q_i ˛ B_i — konstanti. Pod˛livxi (11) na (3), otrima‚mo: p^{′′}_n − 2yp^′_n p_n = b_{n+2}z^2 + (b_{n+1} − b_{n+2}a_{n−1})z + b_n

−b_{n+1}a_{n−1} + b_{n+2}a^2_{n−1} − b_{n+2}a_{n−2} + R_n p_n , (15)

de pol˛nom R_n ma‚ viglffld

R_n = n−1∑ j=0 f_n(j)z^j , (16)

f_n(j) = b_j − b_{n+2}a_{j−2} − b_{n+1}a_{j−1} + b_{n+2}a_{n−1}a_{j−1}

+b_{n+2}a_ja_{n−2} − b_na_j + b_{n+1}a_ja_{n−1} −b_{n+2}a^2_{n−1}a_j. (17)

Umovo v˛dsutnosti sinİulfflrnosteȷ u potenc˛ffll˛ V (x) ‚

f_n(j) = 0, j = 0, 1, . . ., n − 1. (18)

Tod˛ potenc˛ffll V (x) ˛ enerİ˛ffl E nabudut~ formi

V (x) = y^2 − y^′ + b_{n+2}z^2 + (b_{n+1} − b_{n+2}a_{n−1}) z, (19)

E = −b_n + b_{n+2}a_{n−2} + b_{n+1}a_{n−1} − b_{n+2}a^2_{n−1}. (20)

Z por˛vnfflnnffl (10) ˛ (19) vidno, wo potenc˛ffll (19) dlffl koınogo stanu v˛dr˛znffl‚t~sffl ostann˛m dodankom. Predstavimo ceȷ dodanok u viglffld˛ vlasnih znaqen~ kvadrata momentu k˛l~kosti ruhu, pomnoıenih na

POL¨NOMNI„ P¨DH¨D ¨ TOQKOV¨ KANON¨QN¨ PERETVORENN. . .

1/x^2. Dlffl c~ogo poklademo

B_0 = B_1 = B_2 = B_4 = 0, B_3 = 1,

tod˛ z (14) vipliva‚, wo z = 4 x^2

. (21)

Rozglfflnemo prostiȷ vipadok: n = 1, tod˛ znaȷdemo (n + 2) = 3 vlasn˛ stani:

ψ(x, a_0) = C (z + a_0) exp ( − ∫ y(x) dx ) . (22)

Kr˛m togo, ˛z (12) vidno, wo q_i = b_i. ¨z (13) vipliva‚, wo

y(x) = 4b_3 x^3 + ( b_2 − 3 2 ) 1 x + b_1 4 x + b_0 16 x^3. (23)

U vipadku n = 1 umova v˛dsutnosti v potenc˛ffll˛ sin- İulfflrnosteȷ (18) zapixet~sffl tak:

b_0 − b_1a_0 + b_2a^2_0 − b_3a^3_0 = 0,

zv˛dsi znaȷdemo tri znaqennnffl a^{(i)}_0 , i = 1, 2, 3. P˛dstavivxi Ýh, a takoı (21) ˛ (23) u (19) ˛ (20), otrima- ‚mo tri potenc˛fflli:

V_i(x) =

16b^2_3 x^6 + b_3(8b_2 + 16) x^4 + b^2 + 2b_2 + 2b_1b_3 − 4b_3a^{(i)}_0 + 3/4 x^2

(24)

+ ( b^2_1 16 + b_0b_2 8 − 3b_0 8 ) x^2 + b_0b_1 32 x^4 + b^2_0 256 x^6,

z enerİetiqnimi r˛vnfflmi

E_i = − b_0b_3 2 − b_1b_2 2 + b_2a^{(i)}_0 − b_3(a^{(i)}_0 )^2. (25)

kwo zapisati koef˛c˛‚nt pri 1/x^2, fflkim v˛dr˛znfflt~sffl potenc˛fflli (24), u viglffld˛ −4b_3a^{(i)}_0 = A + ℓ_i(ℓ_i + 1), i = 1, 2, 3 (A — konstanta, wo viznaqa‚- t~sffl qerez orb˛tal~n˛ kvantov˛ qisla ℓ_i), to, vikoristovuqi (22), otrima‚mo tri rad˛ffll~n˛ funkc˛Ý dlffl potenc˛ffllu, fflkiȷ uıe ne zaleıit~ v˛d znaqen~ a^{(i)}_0 , tobto ‚ odnakovim dlffl vs˛h stan˛v. Navedemo konkretniȷ viglffld potenc˛ffllu, enerİetiqnih r˛vn˛v ta rad˛ffll~nih funkc˛ȷ u prostomu vipadku, koli b_0 = 0, ℓ_1 = 1, ℓ_2 = 2, ℓ_3 = 0, tod˛ znaȷdemo, wo a^{(1)}_0 = 0, a^{(2)}_0 = −1/b_3, a^{(3)}_0 = 1/(2b_3), A = −2, b_1 = −1/(2b_3), b_2 = −1/2.

Potenc˛ffll u c~omu vipadku bude mati viglffld:

U (x) = V_i(x) − ℓ_i(ℓ_i + 1) x^2 = 16b^2_3 x^6 + 12b_3 x^4 + x^2 64b^2_3 − 3 x^2

, (26)

enerİetiqn˛ r˛vn˛

E_{ℓ=ℓ1} = − 1 8b_3

, (27)

E_{ℓ=ℓ2} = E_{ℓ=ℓ3} = − 5 8b_3

, (28)

rad˛ffll~n˛ funkc˛Ý (R_ℓ(x) = ψ(x, a^{(i)}_0 )/x, de ψ(x, a^{(i)}_0 ) viznaqa‚t~sffl z (22)):

R_{ℓ=ℓ1} (x) = ψ(x, a^{(1)}_0 ) x = C_1 x exp ( 2b_3 x^2 + x^2 16b_3 ) , (29)

R_{ℓ=ℓ2} (x) = ψ(x, a^{(2)}_0 ) x = C_2 ( x − 4b_3 x ) exp ( 2b_3 x^2 + x^2 16b_3 ) , (30)

R_{ℓ=ℓ3} (x) = ψ(x, a^{(3)}_0 ) x = C_3 ( x + 8b_3 x ) exp ( 2b_3 x^2 + x^2 16b_3 ) , (31)

fflk˛ zadovol~nfflt~ rad˛ffll~ne r˛vnfflnnffl Xredinİera:

− 1 x ∂^2 ∂x^2 (xR(x)) + ( ℓ(ℓ + 1) x^2 + U (x) − E ) R(x) = 0. (32)

Konstanti C_i, i = 1, 2, 3 moına znaȷti z umovi normuvannffl (b_3 < 0): ∞∫ 0 R^2_{ℓ=ℓi} (x) x^2 dx = 1. (33)

V˛dznaqimo, wo dlffl potenc˛ffllu (24) (p˛slffl vid˛- lennffl v n~omu dodanka, fflkiȷ dor˛vn‚ vlasnim znaqennfflm operatora kvadrata momentu k˛l~kosti ruhu, pomnoıenim na 1/x^2) moına znaȷti ne lixe tri rad˛ffll~n˛ funkc˛Ý, a — (n + 2).

B. PotencfiØl z dvoma radfiØl~nimi funkcfiØmi

Rozglffln~mo vipadok, koli

p^{′′}_n − 2yp^′_n = n+3∑ j=0 b_jz^j (34)

˛ nehaȷ n = 1, tod˛

z^{′′} − 2yz^′ = b_0 + b_1z + b_2z^2 + b_3z^3 + b_4z^4. (35)

Kr˛m togo, pod˛bno do (14)

z^{′2} = B_0 + B_1z + B_2z^2 + B_3z^3 + B_4z^4 + B_5z^5. (36)

Nehaȷ

z = 1/x, (37)

tod˛ v˛dm˛nnim v˛d nulffl ‚ lixe koef˛c˛‚nt: B_4 = 1. Budemo vvaıati, wo b_1 = b_3 = 0. U c~omu vipadku vdalosffl znaȷti dv˛ rad˛ffll~n˛ funkc˛Ý dlffl novogo potenc˛ffllu.

¨z (35) moına znaȷti, wo

y(x) = b_0 2 x^2 + b_2 2 + b_4 2x^2 − 1 x . (38)

Tod˛, vrahovuqi (37), (38), ˛z (4) vipliva‚, wo noviȷ potenc˛ffll bude mati viglffld:

V_i(x) = b^2_0 4 x^4 + b_4 ( b_2 2 − a^{(i)}_0 ) 1 x^2 + b_0b_2 2 x^2

+ b^2_4 4x^4

− 2b_0x + b_4(a^{(i)}_0 )^2 x + b_4 x^3

, (39)

de vıe vrahovano umovu v˛dsutnosti sinİulfflrnosteȷ u potenc˛ffll˛

b_4a^4_0 + b_2a^2_0 + b_0 = 0, (40)

enerİetiqn˛ r˛vn˛:

E_i = − b^2 4 − b_0b_4 2 + ( b_2 + b_4(a^{(i)}_0 )^2 ) a^{(i)}_0 . (41)

¨z (39) vidno, wo koren˛ a^{(i)}_0 r˛vnfflnnffl (40) m˛stfflt~sffl fflk koef˛c˛‚nti pri 1/x^2 ˛ 1/x. Z cih qotir~oh koren˛v v˛z~memo dva takih, wo Ýhn˛ kvadrati ‚ r˛vnimi. Tod˛ potenc˛fflli V_i(x) budut~ v˛dr˛znffltisffl lixe koef˛c˛- ‚ntami b˛lffl 1/x^2. Nehaȷ cimi korenfflmi budut~:

a^{(1, 2)}_0 = ± √ − b_2 2b_4 − 1 2b_4 √ b^2 − 4b_0b_4. (42)

Tod˛ potenc˛ffll nabude formi

V_i(x) = b^2_0 4 x^4 + b_0b_2 2 x^2 − 2b_0x − b_2 + √ b^2 − 4b_0b_4 2x + b_2b_4 2x^2 + b^2_4 4x^4 + b_4 x^3 − b_4a^{(i)}_0 x^2 , (43)

r˛vn˛ enerİ˛Ý

E_{1, 2} = − b^2 4 − b_0b_4 2 + b_0 a^{(1, 2)}_0

. (44)

kwo predstaviti ostann˛ȷ dodanok (43) takim qinom:

−b_4a^{(i)}_0 = A + ℓ_i(ℓ_i + 1), i = 1, 2, (45)

to otrima‚mo dv˛ rad˛ffll~n˛ funkc˛Ý:

R_{ℓ=ℓ1} (x) = ψ(x, a^{(1)}_0 ) x = C_1 ( 1 x + a^{(1)}_0 )

× exp ( − b_0 6 x^3 − b_2 2 x + b_4 2x ) , (46)

R_{ℓ=ℓ2} (x) = ψ(x, a^{(2)}_0 ) x = C_2 ( 1 x + a^{(2)}_0 )

× exp ( − b_0 6 x^3 − b_2 2 x + b_4 2x ) , (47)

b_0 > 0, b_4 < 0,

dlffl potenc˛ffllu

U (x) = V_i(x) − ℓ_i(ℓ_i + 1) x^2 = b^2_0 4 x^4 + b_0b_2 2 x^2 − 2b_0x

− b_2 + √ b^2 − 4b_0b_4 2x + b_2b_4 + 2A 2x^2 + b^2_4 4x^4 + b_4 x^3

. (48)

Konstanti C_i, i = 1, 2 takoı moına znaȷti z umovi normuvannffl (33). ¨z (45) otrimu‚mo, wo

POL¨NOMNI„ P¨DH¨D ¨ TOQKOV¨ KANON¨QN¨ PERETVORENN. . .

A = − 1 2 (ℓ_1(ℓ_1 + 1) + ℓ_2(ℓ_2 + 1)) , (49)

b_0 = 1 4b_4 ( b^2 −

(Δℓ^2 + 2b_2b_4)^2

4b^2_4 ) , (50)

de Δℓ = ℓ_1(ℓ_1 + 1) − ℓ_2(ℓ_2 + 1), Δℓ > 0.

Otıe, dlffl rad˛ffll~nogo r˛vnfflnnffl Xredinİera (32) z potenc˛ffllom (48) znaȷdeno dv˛ rad˛ffll~n˛ funkc˛Ý (46), (47) ˛ v˛dpov˛dn˛ Ým enerİetiqn˛ r˛vn˛ (44).

III. METOD TOQKOVOGO KANON�QNOGO PERETVORENN˚

Zrobimo zam˛nu zm˛nnih x = f(ξ) u r˛vnfflnn˛ Xredinİera (1) ˛ vvedemo novu hvil~ovu funkc˛ [2] ψ̃(ξ) = ψ(x) √ f^′(ξ)

, (51)

fflka zadovol~nffl‚ take r˛vnfflnnffl Xredinİera:

− d^2ψ̃(ξ) dξ^2 + [ Ṽ (ξ) − Ẽ ] ψ̃(ξ) = 0, (52)

de Ṽ (ξ) − Ẽ = f^{′2}(ξ) [V (f(ξ)) − E] + 1 2 ( 3 2 f^{′′2}(ξ) f^{′2}(ξ) − f^{′′′}(ξ) f^′(ξ) ) . (53)

U prac˛ [1] bulo znaȷdeno taku s˛m’ potenc˛ffll˛v, wo ÝÝ potenc˛fflli mat~ odne ˛ te ı same vlasne znaqennffl enerİ˛Ý. C˛ potenc˛fflli viglffldat~ tak:

V (x) = − b^2 ch^6 αx + b(2a + 3b + α(2k + 3))

ch^4 αx − (a + 3b)(a + b + α) + 2kαb + λ ch^2 αx

, (54)

z enerİ˛‚

E = −(a + b)^2, (55)

de α, a, b — konstanti; ˛z hvil~ovimi funkc˛fflmi

ψ(x) = Cp_k(th αx)(ch αx)^{−(a+b)/α} exp ( b 2α th^2 αx ) , (56) de C — konstanta normuvannffl,

p_k(th αx) = c_0 + c_2 th^2 αx + . . .+ c_{k−2} th^{k−2} αx + th^k αx,

fflkwo k priȷma‚ parn˛ znaqennffl;

p_k(th αx) = c_1 th αx

+ c_3 th^3 αx + . . . + c_{k−2} th^{k−2} αx + th^k αx,

fflkwo k nabuva‚ neparnih znaqen~. Koef˛c˛‚nti c_i pol˛noma p_k ˛ λ moına znaȷti, rozv’fflzavxi sistemu alİebriqnih r˛vnffln~, fflka vinika‚ p˛slffl p˛dstanovki (54), (55), (56) v r˛vnfflnnffl Xredinİera (1). Priqomu u vipadku parnih k dlffl λ vinika‚ alİebriqne r˛vnfflnnffl stepenffl N = k/2 + 1, k = 0, 2, 4, . . .. U raz˛ neparnih k, dlffl λ vinika‚ r˛vnfflnnffl stepenffl N = (k +1)/2, k = 1, 3, 5, . . .. Poklademo dlffl prostoti: α = 1. Tod˛ dlffl k = 0 otrima‚mo, wo

p_0 = 1, λ = 0, (57)

dlffl k = 1

p_1 = th x, λ = 2a + 2, (58)

dlffl k = 2

p_2 = c_0 + th^2 x, c_0 =

4a + 6 − λ 4b , (59)

λ^2 − 2λ(2a + 3) − 8b = 0, (60)

dlffl k = 3

p_3 = c_1 th x + th^3 x, c_1 =

6a + 12 − λ 4b , (61)

λ^2 − 2λ(4a + 7) + 36a + 12a^2 − 24b + 24 = 0 (62)

˛ tak dal˛.

A. Toqkove kanonfiqne peretvorennØ potencfiØlu V(x)

Zrobimo toqkove peretvorennffl tak, wob koef˛c˛- ‚nti b˛lffl ch^2 x u formul˛ (54) davali vlasn˛ znaqennffl enerİ˛Ý vıe novogo potenc˛ffllu. C~ogo moına dosfflgti, zrobivxi take peretvorennffl:

x = ln tg ξ 2 . (63)

¨z (53) vipliva‚, wo noviȷ potenc˛ffll nabude viglffldu

Ṽ (ξ) = −b^2 cos^4 ξ − b(2a + b + 2k + 3) cos^2 ξ + (a + b)^2 − 1/4 sin^2 ξ

, (64)

oblast viznaqennffl tut ‚ v˛dr˛zok ξ ∈ [0, π], fflkwo (a + b)^2 ≠ 1/4; nov˛ znaqennffl enerİ˛Ý

Ẽ_i = (a + b)^2 + a + λ_i + 1 4 , (65)

de i = 0, 2, . . ., k, fflkwo k — parne; i = 1, 3, . . ., k, fflkwo k — neparne.

Nov˛ hvil~ov˛ funkc˛Ý otrima‚mo, vikoristavxi (51):

ψ̃(ξ) = C̃p_k(cos ξ)(sin ξ)^{a+b+1/2} exp ( b 2 cos^2 ξ ) , (66)

de C̃ — konstanta normuvannffl,

p_k(cos ξ) = c_0 + c_2 cos^2 ξ + . . . + c_{k−2} cos^{k−2} ξ + cos^k ξ,

fflkwo k — parne;

p_k(cos ξ) = c_1 cos ξ+c_3 cos^3 ξ+. . .+c_{k−2} cos^{k−2} ξ+cos^k ξ,

fflkwo k — neparne.

Dlffl potenc˛ffllu (64) moına znaȷti N = [k/2] + 1 vlasn˛ stani. Napriklad, dlffl k = 2 hvil~ov˛ funkc˛Ý osnovnogo ta perxogo zbudıenogo r˛vn˛v mat~ viglffld

ψ̃_{0,2}(ξ) = C̃_{0, 2} ( 4b cos^2 ξ + 2a + 3 ± √ 4a^2 + 12a + 8b + 9 ) (sin ξ)^{a+b+1/2} exp ( b 2 cos^2 ξ ) , (67)

enerİetiqn˛ r˛vn˛ osnovnogo ta drugogo zbudıenogo stan˛v

Ẽ_{0,2} = (a + b)^2 + 3a + 13 4 ∓ √ 4a^2 + 12a + 8b + 9. (68)

Dlffl k = 3 hvil~ov˛ funkc˛Ý perxogo ta tret~ogo zbudıenih r˛vn˛v:

ψ̃_{1,3}(ξ) = C̃_{1, 3} ( 4b cos^2 ξ + 2a + 5 ± √ 4a^2 + 20a + 24b + 25 ) cos ξ(sin ξ)^{a+b+1/2} exp ( b 2 cos^2 ξ ) , (69)

v˛dpov˛dn˛ r˛vn˛ enerİ˛Ý:

Ẽ_{1,3} = (a + b)^2 + 5a + 29 4 (70) ∓ √ 4a^2 + 20a + 24b + 25.

Z umovi kvadratiqnoÝ ˛nteİrovnosti hvil~ovih funkc˛ȷ vipliva‚, wo a + b + 1/2 > 0. Rozglfflnemo poved˛nku potenc˛ffllu (64) v oblast˛ [0, π]. Prof˛lem c~ogo potenc˛ffllu ‚ fflma z dvoma m˛n˛mumami (ris. 1a), fflkwo ostann˛ȷ dodanok u (64) ‚ dodatnim. Pri vikonann˛ umovi

b ≤ 1 4 4a^2 − 1 2k + 3

(71)

bar’‚r znika‚ ˛ utvor‚t~sffl fflma z odnim m˛n˛mumom (ris. 1b).

Ris. 1. Prof˛l˛ potenc˛ffllu Ṽ (ξ)

POL¨NOMNI„ P¨DH¨D ¨ TOQKOV¨ KANON¨QN¨ PERETVORENN. . .

B. Dual~ne peretvorennØ potencfiØlu Ṽ(ξ)

Zrobimo dual~ne peretvorennffl [14] potenc˛ffllu (64) ξ = iζ, (72) tod˛ otrima‚mo r˛vnfflnnffl Xredinİera u zm˛nnih ζ

− d^2ϕ̃(ζ) d ζ^2 + [ W̃ (ζ) − B̃ ] ϕ̃(ζ) = 0, (73)

de noviȷ potenc˛ffll W̃ (ζ) ma‚ viglffld

W̃ (ζ) = b^2 ch^4 ζ + b(2a + b + 2k + 3) ch^2 ζ + (a + b)^2 − 1/4 sh^2 ζ

, (74)

z enerİetiqnimi r˛vnfflmi

B̃_i = −(a + b)^2 − a − λ_i − 1 4 (75)

ta hvil~ovimi funkc˛fflmi

ϕ̃(ζ) = C̄p_k(ch ζ)(sh ζ)^{a+b+1/2} exp ( b 2 ch^2 ζ ) , (76)

de C̄ — konstanta normuvannffl,

p_k(ch ζ) = c_0 + c_2 ch^2 ζ + . . . + c_{k−2} ch^{k−2} ζ + ch^k ζ,

fflkwo k — parne;

p_k(ch ζ) = c_1 ch ζ + c_3 ch^3 ζ + . . . + c_{k−2} ch^{k−2} ζ + ch^k ζ,

fflkwo k — neparne.

Dlffl potenc˛ffllu W̃ (ζ) (74) takoı moına znaȷti N = [k/2] + 1 vlasnih stan˛v, priqomu moına znaȷti posl˛dovno N stan˛v. Oblast viznaqennffl c~ogo potenc˛ffllu pri

(a + b)^2 ≠ 1 4 (77)

‚ p˛vv˛s~ ζ ∈ [0, ∞).

Rozglfflnemo konkretniȷ viglffld hvil~ovih funkc˛ȷ ȷ enerİetiqnih r˛vn˛v u vipadku k = 2. Hvil~ov˛ funkc˛Ý osnovnogo ta perxogo zbudıenogo stan˛v

ϕ̃_{0,1}(ζ) = C̄_{0, 1} ( 4b ch^2ζ + 2a + 3 ± √ 4a^2 + 12a + 8b + 9 )

× (sh ζ)^{a+b+1/2} exp ( b 2 ch^2 ζ ) , (78) v˛dpov˛dn˛ enerİetiqn˛ r˛vn˛

B̃_{0,1} = −(a + b)^2 − 3a − 13 4 (79) ∓ √ 4a^2 + 12a + 8b + 9,

analog˛qno moına znaȷti hvil~ov˛ funkc˛Ý ta r˛vn˛ enerİ˛Ý dlffl k = 3, 4, . . ..

Ris. 2. Prof˛l˛ potenc˛ffllu W̃ (ζ)

Z umovi kvadratiqnoÝ ˛nteİrovnosti hvil~ovih funkc˛ȷ vipliva‚, wo b < 0, a + b + 1/2 > 0.

Rozglffln~mo poved˛nku potenc˛ffllu W̃ (ζ) b˛lffl ζ = 0:

lim_{ζ→0} W̃ (ζ) = +∞, fflkwo a + b > 1/2, (ris. 2a);

lim_{ζ→0} W̃ (ζ) = −∞, fflkwo − 1/2 < a + b < 1/2, (ris. 2b).

Otıe, prof˛l~ potenc˛ffllu W̃ (ζ) (74) (fflk ˛ potenc˛ffllu Ṽ (ξ) (64)) sutt‚vo zaleıit~ v˛d znaqen~ parametr˛v.

kwo (77) ne vikonu‚t~sffl, to otrima‚mo

W̃ (ζ) = b^2 ch^4 ζ + b(2k − b + 3 ± 1) ch^2 ζ. (80)

Ceȷ potenc˛ffll stosu‚t~sffl zadaq˛ pro legkov˛sniȷ paramagnetik u perpendikulfflrnomu magnetnomu pol˛ [15–17].

IV. VISNOVKI

U prac˛ uzagal~neno pol˛nomniȷ p˛dh˛d Turb˛nera dlffl vipadku, koli moına znaȷti (n+2) vlasn˛ stani,

B. M. MARKOVIQ

de n – maksimal~niȷ step˛n~ pol˛noma v (3). Unasl˛- dok c~ogo znaȷdeno nov˛ kvaz˛toqno rozv’fflzuvan˛ potenc˛fflli tipu (24) ˛ (26) z (n + 2) rad˛ffll~nimi funkc˛fflmi. U prac˛ fflvno vipisano tri rad˛ffll~n˛ funkc˛Ý dlffl potenc˛ffllu (26), priqomu dva enerİetiqn˛ r˛vn˛ zb˛gat~sffl. Takoı dlffl novogo potenc˛ffllu (48) znaȷdeno dv˛ rad˛ffll~n˛ funkc˛Ý.

Vikoristovuqi s˛m’ potenc˛ffll˛v z odnakovim enerİetiqnim r˛vnem, fflka bula otrimana v [1], ˛ toqkov˛ kanon˛qn˛ peretvorennffl, oderıano N –r˛vnev˛ bagatoprof˛l~n˛ potenc˛fflli (64) ˛ (74).

Dlffl znaqen~ b ≤^{4a2−1}_{4(2k+3)} potenc˛ffll (64) ma‚ viglffld odinarnoÝ fflmi, a pri b >^{4a2−1}_{4(2k+3)} — fflmi z dvoma m˛n˛- mumami. V˛n ‚ uzagal~nennfflm potenc˛ffllu, fflkiȷ rozglfflnuto v [15–17].

U cih pracfflh takogo tipu potenc˛ffll vinikav pri rozglffld˛ sp˛novih sistem ˛z nastupnim perehodom do koordinatnogo predstavlennffl. Zauvaıimo takoı, wo potenc˛fflli (64) ˛ (74) moıut~ mati xiroke zastosuvannffl, osk˛l~ki Ýhn˛ prof˛l˛ haraktern˛ dlffl bagat~oh zadaq.

Avtor wiro vdfflqniȷ V. M. Tkaqukov˛ za obgovorennffl prac˛ ta korisn˛ zauvaıennffl.

[1] A. M. Turbiner, ”urn. ¸ksp. teor. fiz. 94, 33 (1988). [2] A. Gangopadhyaya, A. Khare, U. P. Sukhatme, preprint hep–th/9508022 (1995).

[3] A. M. Salem, R. Montemayor, Phys. Rev. A 43, 1169 (1991).

[4] C. M. Bender, S. Boettcher, preprint physics/9712001 (1998).

[5] G. Junker, P. Roy, Phys. Lett. A 232, 155 (1997). [6] P. Roy, Y. P. Varshni, Mod. Phys. Lett. A 6, 1257 (1991). [7] V. M. Tkachuk, Phys. Lett. A 245, 177 (1998). [8] T. V. Kuliy, V. M. Tkachuk, J. Phys. A 32, 2157 (1999). [9] V. M. Tkachuk, J. Phys. A 32, 1299 (1999). [10] H. C. Rosu, preprint quant–ph/9809056 (1998).

[11] F. Finkel, A. González-López, N. Kamran, M. A. Rodríguez, preprint math–ph/9809013 (1998).

[12] L. Skála, J. Čižek, J. Dvořák , V. Špirko, Phys. Rev. A 53, 2009 (1996).

[13] M. W. Lucht, P. D. Jarvis, Phys. Rev. A 47, 817 (1993). [14] A. Krajewska, A. Ushveridze, Z. Walczak, Phys. Lett. A 12, 1225 (1997).

[15] O. B. Zaslavskiȷ, V. V. Ul~fflnov, V. M. Cukernik, Fiz. nizk. temp. 9, 511 (1983).

[16] O. B. Zaslavskiȷ, V. V. Ul~fflnov, ”urn. ¸ksp. teor.

fiz. 87, 1724 (1984).

[17] V. V. Ul~fflnov, O. B. Zaslavskiȷ, “. V. Vasilevskaffl, Fiz. nizk. temp. 23, 110 (1997).

POLYNOMIAL APPROACH AND POINT CANONICAL TRANSFORMATIONS IN THE CONSTRUCTING OF QUASI–EXACTLY SOLVABLE QUANTUM MECHANICAL POTENTIALS

B. M. Markovych State University “Lvivska Politekhnika”, 12 S. Bandery Str., Lviv, UA-79013, Ukraine

In this paper the polynomial approach for the constructing of quasi–exactly solvable potentials of Schrödinger equation is generalized. On this basis new potentials with n wave functions and energy levels known are found.

Two quasi–exactly solvable potentials with N eigenstates found (N is an integer number, depending on the parameters of potentials) were derived with the help of point canonic transformations. These potentials differ from the ones that were solved exactly by the feature in that their shape depends on the relation between the potentials parameters. Thus in the potential with two wells the barrier vanishes for some values of the parameters.