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U pra
� podano interpreta
i� rezul~tativ toqnogo rozv'�zku 2D modeli Izin�a z pogl�du

kvantovoÝ teoriÝ pol�. Zna�deno impul~sne zobra�enn� 2-toqkovoÝ korel�
i�noÝ funk
iÝ ta

�ogo analitiqne prodov�enn� na qasopodibnu oblast~ p

2

< 0. Pokazano, wo v paramagnet-

ni� fazi propa�ator modeli Izin�a ma
 prosti� pol�s u toq
i p

2

= �m

2

, a tako� lo�arif-

miqni toqki galu�enn� pri p

2

= �9m

2

, �25m

2

, : : : , wo vidpovida�t~ porogam narod�enn�

n-qastinkovih promi�nih staniv. Doslid�eno povedinku skaqka propa�atora na popogah i �ogo

asimptotiqnu povedinku pri jp

2

j ! 1.

Kl�qov� slova: kvantova teop�� pol�, model~ �zin�a, kopel�
��na funk
��, ppopa�atop.
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I. VSTUP

Pisl� obqislenn� vil~noÝ ener�iÝ i dvotoqkovoÝ korel�
i�noÝ funk
iÝ v pra
�h [1{3℄ model~ Izin�a xiroko

zastosovuvali v teoriÝ tverdogo tila v opisi kritiqnih �viw. Pri 
~omu zviqa�no rozgl�dali feromagnetnu

fazu v ske�lin�ovi� d�l�n
i (div. napr. [4℄). Odnak 
i rezul~tati mo�ut~ buti vikoristani � u kvantovi� teoriÝ

pol�. Xukanimi veliqinami v 
~omu vipadku 
 odnoqastinkovo-nezvidni funk
iÝ �rina �

(n)

.

Rozgl�n~mo, napriklad, evklidovu teori� '

4

z vid'
mnim kvadratom masi � di
�
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Korel�
i�ni funk
iÝ poliv vira�a�t~s� qerez funk
ional~ni inte�rali
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� � �'

n

R

d['℄ e

�S['℄

:

�kwo zaminiti inte�ruvann� za koordinatami pidsumovuvann�m za �ratko�, to funk
ional~ni inte�rali pe-

re�dut~ u bagatokratni inte�rali za pol�mi u vuzlah �ratki

Z
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!
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^

L = a

d�2
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X

j=1

(r

r+x̂

j

+r

r�x̂

j

� 2):

Tut r numeru
 vuzli �ratki, r| operator zsuvu, x̂

j

| odiniqni vektori vzdov� ko�noÝ z koordinatnih ose�,

a | krok �ratki.

Rozgl�n~mo vipadok, koli (ga

2

) � 1, a m

2

=g | skinqenna dodatna veliqina. Todi v perxomu nabli�enni

za 1=(ga

2

) inte�ral za ['

r

℄ mo�na obqisliti metodom perevalu

Z

d['℄ e
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! C

X

[e'

r

℄

e'

1

� � � e'

n

exp

�

�

1

2

X

r

e'

r

a

d�2

d

X

j=1
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j

) e'
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: (1.1)
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U formuli (1.1) pidsumovuvann� provedeno za vsima

konfi�ura
i�mi [e'

r

℄, wo vidpovida�t~ maksimumu po-

kaznika eksponenti e'

r

= �

p

m

2

=g.

Takim qinom, mi otrimali, wo za navedenih umov

na m

2

i g korel�
i�ni funk
iÝ teoriÝ g'

4

ta mo-

deli Izin�a z� vza
modi
� na�bli�qih susidiv zb�ga-

�t~s� z toqnist� do stalih mno�nikiv u prostori do-

vil~noÝ vimirnosti. Ci mirkuvann� uzagal~n��t~s� �

na poten
i�l dovil~noÝ formi z dvoma rizkimi, si-

metriqno roztaxovanimi minimumami odnakovoÝ gli-

bini.

Pri T > T




(paramagnetna faza) spinova kore-

l�
i�na funk
i� 2D modeli Izin�a ma
 prosti� po-

l�s u plowini impul~su i vidpovida
 propa�ato-

rov� teoriÝ skal�rnogo vza
modi�qogo pol� z po-

ten
i�lom Landau{�inzbur�a pri veliki� konstanti

zv'�zku. Vidpovidna odnoqastinkovo-nezv�dna funk-


i� �

(2)

mo�e buti obqislena poza ramkami teoriÝ

zburen~.

Analitiqni vlastivosti propa�atora v kompleksni�

plowini impul~su 
 naslidkami vlastivoste� vza
mo-

diÝ. Mi zna�demo impul~sne zobra�enn� 
~ogo pro-

pa�atora ta doslidimo porogovu � asimptotiqnu po-

vedinku �ogo skaqka.

II. IMPUL^SNE ZOBRA�ENN�

PROPA�ATORA

Statistiqna suma modeli Izin�a z� vza
modi
� na�-

bli�qih susidiv na pr�mokutni� �rat
i rozmiromM�

N (div. ris. 1) ma
 vigl�d

Z =

X

[�℄

e

��H[�℄

; (2.1)

de H[�℄ { gam�l~ton��n model�

��H[�℄ =

X

r

K(�

r

�

r+x̂

+ �

r

�

r+ŷ

): (2.2)

Izin�ivs~ki� spin � nabuva
 znaqenn� �1, sumu v (2.1)

uz�to za vsima konfi�ura
i�mi spiniv, K | parametr

zv'�zku.

Dal� mi pozgl�nemo spinovu korel�
i�nu funk
i�

h�

0

�

R

i = Z

�1

X

[�℄

�

0

�

R

exp(��H[�℄)

u vipadku, koli spini �

0

i �

R

znahod�t~s� na odni�

liniÝ (div. ris. 1). Vidomo [5,6℄, wo statistiqnu sumu

� korel�
i�nu funk
i� 2D modeli Izin�a mo�na po-

dati u vigl�difunk
ional~nih inte�raliv za di�snim

�rasmanovim qotirikomponentnim polem

Z = (2 
osh

2

K)

MN

Z

d[ ℄ exp (S[ ℄); (2.3)

h�

0

�

R

i = t

�R

R

d[ ℄ exp (S

def

[ ℄)

R

d[ ℄ exp (S[ ℄)

; (2.4)

t = tanhK:

Ris. 1. Numera
i� vuzliv �ratki. �irno� lini
� vid-

znaqeno zv'�zki z deformovano� konstanto� vza
modiÝ.

Di� u formuli (2.4) ma
 vigl�d

S[ ℄ =

1

2

( ;

^

D ) =

1

2

X

r

4

X

�=1

4

X

�=1

 

�

r

D

��

 

�

r

;

^

D =

0

B

�

0 1 + tr

x

1 1

�1 � tr

�x

0 �1 1

�1 1 0 1 + tr

y

�1 �1 �1 � tr

�y

0

1

C

A

:

Tut r

x

, r

y

| operatori zsuvu na odiniqni� vektor

uzdov� ose� OX ta OY (r

x

 

�

r

=  

�

r+x̂

,r

y

 

�

r

=  

�

r+ŷ

).

Deformovana di� S

def

vidrizn�
t~s� vid S defektom

na liniÝ, wo z'
dnu
 spini u vuzlah (0; 0) ta (R; 0)

S

def

[ ℄� S[ ℄ = (t

2

� 1)

R�1

X

j=0

 

1

j;0

( 

2

j;0

+  

3

j;0

+  

4

j;0

):

Koristu�qis~ formulo� (2.4), korel�
i�nu fun-

k
i� v paramagnetni� d�l�n
� mo�na zapisati qerez

viznaqnik � oberneni elementi matri
i Tepli
a roz-

mirnist� R+ 1:

h�

0

�

R

i = jAjA

�1

0R

;

A

xx

0

=

1

2�i

I

jzj=1

dz

z

z

x

0

�x

�

(1� �z

�1

)(1� �z

�1

)

(1� �z)(1� �z)

�

1

2

;
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� = t e

2K

; � = t e

�2K

:

Toq
i fazovogo perehodu vidpovida
 � = 1. Pid ske�-

lin�ovo� grani
e� mi rozumitimemo gpani
�

1� � = m � a! 0; R!1

pri umovi, wo ske�lin�ova vidstan~ s = (1 � �)R za-

lixa
t~s� skinqenno� veliqino�. U 
~omu vipadku

Palmer i Tre�si v pra
� [7℄ zna�xli zobra�enn� dl�

h�

0

�

R

i u vigl�di r�du

h�

0

�

R

i = �

1

X

n=0

F

2n+1

(s);

de

� = [(1� �

2

)(1� �

2

)(1� ��)

2

℄

1

4

;

F

n

(s) =

1

n!

1

Z

0

� � �

1

Z

0

du

1

2�u

1

� � �

du

n

2�u

n

n

Y

j=1

e

�

s

2

(u

j

+u

�1

j

)

Y

1�i<j�n

�

u

i

� u

j

u

i

+ u

j

�

2

: (2.5)

Rozgl�n~mo viraz

A

n

=

1

Z

�1

� � �

1

Z

�1

dx

1

dy

1

� � �dx

n

dy

n

n

Q

j=1

(1 + x

2

j

+ y

2

j

)

Y

1�i<j�n

�

x

i

� x

j

y

i

+ y

j

�

2

n

Y

j=1

e

iMx

j

+iNy

j

: (2.6)

Pisl� inte�ruvann� za vsima y

j

i zamini x

j

= sinh'

j

vin zvodit~s� do

A

n

= �

n

1

Z

�1

� � �

1

Z

�1

d'

1

� � �d'

n

n

Y

j=1

e

�

p

M

2

+N

2


osh'

j

Y

1�i<j�n

�

1

i

tanh

'

i

� '

j

2

�

2

:

Legko baqiti, wo 
e� viraz invari�ntni� wodo obertan~ u plowini (M;N). Pisl� zamini u

i

= e

'

i

v (2.5)

oder�imo

F

n

=

1

(2�)

n

n!

1

Z

�1

� � �

1

Z

�1

d'

1

� � �d'

n

n

Y

j=1

e

�s 
osh'

j

Y

1�i<j�n

tanh

2

�

'

i

� '

j

2

�

:

Baqimo, wo koli vibrati

s =

q

M

2

+N

2

; (2.7)

to virazi dl� F

n

i A

n

vidrizn�timut~s� til~ki stalimi mno�nikami:

F

n

=

i

n(n�1)

(2�

2

)

n

n!

A

n

:

Perevaga (2.6) v tomu, wo vid A

n

legko obqisliti fur'
-peretvorenn�. Spravdi, uvedemo rozmirni vidstan~

i masu

M = mx ; N = my:

Unaslidok invari�ntnosti (2.7) wodo obertan~ fur'
-zobra�enn� 
 funk
i
� kvadrata impul~su p

2

= p

2

x

+ p

2

y

i dorivn�


e

A

n

(p

x

; p

y

) =

1

Z

�1

1

Z

�1

dx dy A

n

(p

x

; p

y

) e

�ip

x

x�ip

y

y

=

1

Z

�1

� � �

1

Z

�1

dx

1

dy

1

� � �dx

n
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n

n

Q

j=1

(1 + x

2

j

+ y

2

j

)

Y

1�i<j�n

�

x

i

� x

j

y

i

+ y

j

�

2
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�

1

Z

�1

1

Z

�1

dx dy exp

�

ix

�

n

X

j=1

mx

j

� p

x

�

+ iy

�

n

X

j=1
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j

� p

y

��

= 2�

1

Z

�1

� � �

1

Z

�1

d~p

1

� � �d~p

n

n

Q

j=1

(m

2

+ p

2

j

)

Y

1�i<j�n

�

p

x

i

� p

x

j

p

y

i

+ p

y

j

�

2

Æ

�

p

y

�

n

X

j=1

p

y

j

�

1

Z

�1

dx exp

�

ix

�

n

X

j=1

p

x

j

� p

x

��

:

Pomin��mo mis
�mi por�dok inte�ruvann� za [p

x

j

℄ i za x v ostann~omu virazi ta prointe�ru�mo �ogo za [p

x

j

℄:

e

A

n

(p

x

; p

y

) = (2�)

n+1

1

Z

�1

� � �

1

Z

�1

dp

y

1

� � �dp

y

n

n

Q

j=1

2

q

m

2

+ (p

y

j

)

2

Æ

�

p

y

�

n

X

j=1

p

y

j

�

�

Y

1�i<j�n

�

p

m

2

+ (p

y

i

)

2

�

q

m

2

+ (p

y

j

)

2

i(p

y

i

+ p

y

j

)

�

2

1

Z

�1

dx exp

�

ixp

x

� jxj

n

X

j=1

q

m

2

+ (p

y

j

)

2

�

: (2.8)

Pisl� poznaqenn� !

i

=

p

p

2

i

+m

2

ta inte�ruvann� za x v (2.8) ma
mo

e

A

n

(p

x

; p

y

) = (2�)

n+1

i

n(n�1)

1

Z

�1

� � �

1

Z

�1

dp

1

� � �dp

n

n

Q

j=1

2!

j

Æ

�

p

y

�

n

X

j=1

p

j

�

�

Y

1�i<j�n

�

!

i

� !

j

p

i

+ p

j

�

2

�

1

n

P

j=1

!

j

� ip

x

+

1

n

P

j=1

!

j

+ ip

x

�

:

Ostatoqni� viraz dl� fur'
-zobra�enn�

e

F

n

("; p) ma
 vigl�d

e

F

n

("; p) =

2�

�

n

n!

1

Z

�1

� � �

1

Z

�1

dp

1

� � �dp

n

n

Q

j=1

2!

j

Æ

�

p�

n

X

j=1

p

j

�

Y

1�i<j�n

�

!

i

� !

j

p

i

+ p

j

�

2

�

1

n

P

j=1

!

j

� i"

+

1

n

P

j=1

!

j

+ i"

�

: (2.9)

Ce 
 ne wo �nxe, �k impul~sne zobra�enn� propa�atora, zapisane v standartni� dl� kvantovoÝ teoriÝ pol�

formi. Pri " = iE pidinte�ral~ni� viraz u (2.9) sta
 sin�ul�rnim. Skaqok propa�atora na rozrizi dorivn�


e

H

n

(E; p) = [

e

F

n

(" = iE + Æ; p) �

e

F

n

(" = iE � Æ; p)℄

Æ!+0

= i

4�

2

�

n

n!

1

Z

�1

� � �

1

Z

�1

dp

1

� � �dp

n

n

Q

j=1

2!

j

Æ

�

p�

n

X

j=1

p

j

�

Æ

�

E �

n

X

j=1

!

j

�

Y

1�i<j�n

�

!

i

� !

j

p

i

+ p

j

�

2

: (2.10)

III. POROGOVA � ASIMPTOTIQNA POVED�NKA SKAQKA PROPA�ATORA

Nagada�mo, wo mi otrimali zobra�enn� dl� skaqka propa�atora u vigl�di r�du

e

H(E; p) = �

1

X

k=0

e

H

2k+1

(E; p);
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de

e

H

2k+1

(E; p) obqisl�
t~s� za formulo� (2.10). Ko�nomu z dodankiv

e

H

2k+1

(E; p) vidpovida
 sin�ul�rnist~

propa�atora v toq
i E

2

= [(2k + 1)m℄

2

+ p

2

.

Rozgl�n~mo sistemu 
entra mas (p = 0) � obqisl�m

e

H

n

(E; p) pri E = nm + ", "� m (na porozi):

e

H

n

(") � i

4�

2

�

n

n!

1

Z

�1

� � �

1

Z

�1

dp

1

� � �dp

n

2

n

m

n

Æ

�

n

X

j=1

p

j

�

Æ

�

"�

n

X

j=1

p

2

j

2m

�

Y

1�i<j�n

�

p

i

� p

j

2m

�

2

:

Pisl� zamini p

j

=

p

2"m u

j

legko baqiti, wo

e

H

n

(") � "

(n

2

�3)=2

:

Pri velikih ener�i�h (E � nm)

e

H

n

tako� mo�na obqisliti:

e

H

n

(E) � i

4�

2

�

n

n!

1

Z

�1

� � �

1

Z

�1

dp

1

� � �dp

n

2jp

1

j � � �2jp

n

j

Æ

�

n

X

j=1

p

j

�

Æ

�

E �

n

X

j=1

jp

j

j

�

Y

1�i<j�n

�

jp

i

j � jp

j

j

p

i

+ p

j

�

2

: (3.1)

Zrobivxi v (3.1) zaminu zminnih p

j

= Ex

j

, oder�imo

e

H

n

(E) � E

�2

:

Zauva�imo, wo oskil~ki v naxomu vipadku n =

2k + 1, to na porozi

e

H

n

(") � "

l

, de l { 
ile qislo

(3, 11, 23, . . . ). Sin�ul�rnosti propa�atora, wo da�t~

taku porogovu povedinku �ogo skaqka, povinni buti

lo�arifmiqnimi:

e

F

n

(") � "

(n

2

�3)=2

ln(�"):

IV. VISNOVKI

Vidomo, wo kvantovopol~ova gustina ener�iÝ "

m

(T )

�k funk
i� temperaturi, obqislena na osnovi toqnogo

rozv'�zku dl� statistiqnoÝ sumi, ma
 vigl�d, wo zb�-

ga
t~s� z gustino� ener�iÝ gazu vil~nih fermioniv

"

m

(T ) =

1

2�

Z

1

�1

dp

!

e

!=T

+ 1

; ! =

p

p

2

+m

2

:

Ce poslu�ilo odnim iz ar�umentiv na korist~ togo,

wo model~ Izin�a ekvivalentna sistemi vil~nih fer-

mioniv i tomu ne stanovit~ osoblivogo interesu �k mo-

del~ dl� kvantovoÝ teoriÝ pol�. Prote doslid�enn�

dvotoqkovoÝ funk
iÝ �rina pokazu
 pomilkovist~ po-

dibnih tverd�en~ i svidqit~ pro na�vnist~ netrivi�-

l~noÝ dinamiki. Tak, zokrema, otrimani� u 
i� ro-

boti rezul~tat wodo strukturi sin�ul�rnoste� pro-

pa�atora v kompleksni� plowini kvadrata impul~su

vkazu
 na te, wo v modeli prisutni � inxi n-toqkovi

funk
iÝ �rina, na �al~, poki wo ne obqisleni. Napri-

klad, toqni� rozv'�zok dl� 4-toqkovoÝ korel�
i�noÝ

funk
iÝ v modeli Izin�a mig bi dati v�dpov�d~ na pi-

tann� ppo te, qi nasppavd� pepenopmovan� asimpto-

tiqn� stani sistemi ma�t~ vlastivost� kvantovih so-

l�ton�v, na wo vkazu
 anal�z toqno �nte�povanih dvo-

vim�pnih modele� kvantovoÝ teop�Ý pol�.

� vd�qni� A. I. Bugri
v� i V. M. Xaduri za dopo-

mogu ta pidtrimku pri napisanni 
�
Ý pra
�, a tako�

V. V. Kurt
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SOLVABLE QUANTUM FIELD THEORY
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Taras Shev
henko Kyiv National University, Department of Physi
s,

6 a
ad. Glushkova Pr., Kyiv, UA{03022, Ukraine

The quantum �eld theory interpretation of the exa
t solution of 2D Ising model is given. The momentum

representation of the two-point 
orrelation fun
tion is obtained and its analyti
 
ontinuation on the time-like

region (p

2

< 0) is ful�lled. It is shown that the propagator 
orresponding to the Ising model paramagneti
 phase

has the simple pole at p

2

= �m

2

and the logarithmi
 bran
h points at p

2

= �9m

2

, �25m

2

, : : : . These bran
h

points 
orrespond to the thresholds of the 
reation of n-parti
les intermediate states. Threshold and asymptoti


behaviour of the propagator's dis
ontinuity is evaluated.

414


