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Some interesting features of the large sale struture formation in the model of the Universe with

the osmologial onstant are disussed. In the framework of suh a model we onsider the evolution

of small salar perturbations of metris, density and veloity of the matter for the dust-like medium.

On the basis of the orresponding solutions of the Einstein equations the analysis of the long

distane orrelations of lusters of galaxies, ontribution of the integrated Sahs{Wolfe (ISW) e�et

into mirowave bakground temperature utuations and the Great Attrator problem in a non-

zero � osmology is arried out. It is shown that the data on long distane orrelations in spatial

distribution of lusters of galaxies are well explained in the framework of suh models when 


�

�

0:5. On the other hand, the possibility of a nearly onvergent ow of the galaxies in the neighborhood

of the Loal Group to be generated by the gravitational ation of single large sale matter density

perturbation is even more insigni�ant in the � 6= 0 ase in omparison with the models without �.

It is shown also, that the main ontribution to the mirowave bakground temperature utuations

due to ISW e�et is formed at 0:05 � z � 1. Its value for models with di�erent 


�

is estimated.

Key words: non-zero � models: osmi mirowave bakground and large sale strutures.

PACS number(s): 98.80.Ft, 98.80.Es, 98.65.Dx

I. INTRODUCTION

The osmologial onstant has a physial interpreta-

tion of the energy density of zero-point quantum vauum

utuations of the fundamental �elds. In osmology it

an be onsidered as a spei� kind of non-baryoni dark

matter, that is not lustered at all the sales and has a

negative e�etive pressure. Atually, there is no possibil-

ity for the diret detetion of �, but the growing amount

of indiret evidenes suggests the existene of the �-term.

Non-zero � osmologial models have been in the en-

tre of attention in the last few years due to their abil-

ity to resolve some problems of the standard old dark

matter (sCDM) and the standard mixed dark matter

(sMDM) senarios [1,13,22℄. Inluding � > 0 into os-

mology allows to keep the ination paradigm 
 = 1

and avoid any ontradition between the age of the

oldest stars in globular lusters [8℄ and the age of the

Universe for the present value of the Hubble onstant

H

0

� 50 kms

�1

Mp

�1

, h �

H

0

100 km=s Mp

� 0:5. Also

suh a lass of osmologial models explains the low val-

ues of the lustered matter fration, obtained by most

of the dynamial estimates, and �ts the whole set of the

observable data muh better (see for review [19℄).

Furthermore, urrent experiments on high redshift

SNIa [18℄ diretly indiate a positive osmologial on-

stant, and an be onsidered as an independent on�r-

mation. Also the data on gravitational lensing [9℄ and

urrent analyses of the osmi mirowave bakground

(CMB) temperature utuations [23,16℄ provide us with

additional evidene. Thus, the spei� features of � 6= 0

models must be of great interest for osmologists.

The most important problem in modern osmology

is to determine the osmologial model (or the lass

of osmologial models) whose preditions agree with

the whole set of the available observational data in the

best way. The so-alled standard senario imply that the

observable large sale strutures of the Universe have

been formed via the growth of small primordial inhomo-

geneities due to the gravitational instability. The phys-

ial properties of initial random �eld of density utu-

ations are de�ned by the physis of very early epohs

in the evolution of the Universe, and desribed by pri-

mordial power spetrum. Most of modern inationary

senarios predit the primordial power spetrum to be

sale-free P (k) = A k

n

with n ' 1. Further evolution

of perturbations is determined by the global harater-

istis of the Universe (i. e. urvature, Hubble onstant,

presene of osmologial onstant) as well as by the ma-

terial ontent of the Universe (i. e. frations of baryons,

hot and old dark matter, numbers of speies of mas-

sive and massless neutrinos). In suh a framework the

harateristis of the large sale struture an be preal-

ulated and onfronted to observations, and onlusions

about the likelihood of a ertain osmologialmodel with

a partiular set of parameters an be made (see [17,22℄

and referenes therein).

This paper is onerned with the onsideration of some

features of the osmologial models with non-zero os-

mologial term. The outline of the paper is as follows:

in setion II we give the solutions of the linearized Ein-

stein equations for the utuations of the matter den-

sity, veloity and gravitational potential in the longitu-

dinal Newtonian gauge for dust-like medium with the

osmologial onstant. Also in this setion a two-point

orrelation funtion of a luster of galaxies is alulated

and ompared with the observable one. Setion III is de-

voted to the analysis of the inuene of the osmologial

onstant onto mirowave bakground anisotropy. In se-
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tion IV we analyse the Great Attrator problem in the

� 6= 0 osmology. The onlusions are given in setion V.

II. EVOLUTION OF PERTURBATIONS. POWER

SPECTRA AND LONG DISTANCE

CORRELATIONS OF CLUSTERS

Let us onsider the evolution of small salar pertur-

bations in the framework of a simple dust-like � 6= 0

model. For omparing theoretial preditions and observ-

able data on the large sale struture of the Universe

more onvenient gauge to use for salar perturbations is

Newtonian (longitudinal) one with the line element

ds

2

= g

ik

dx

i

dx

k

= (1 + 2�=

2

)

2

dt

2

� a(t)

2

(1� 2�=

2

)Æ

��

dx

�

dx

�

; (1)

where i; k = 0; 1; 2; 3, �; � = 1; 2; 3, and � plays the role

of the gravitational potential in the Newtonian limit.

Einstein equations for at, unperturbed � 6= 0 Uni-

verse give the following solution for the evolution of the

sale fator [13,19℄

a(t) =

�




m

1�


m

�

1

3

sh

2

3

�

3H

0

t

p

1� 


m

2

�

;

where 


m

is the density parameter at present

(


m

=

8�G

3H

2

0

�(t

0

)).

The age of the Universe in suh a model for the same

present Hubble onstant is larger than in the � � 0 ase

by the fator

K

t

=

1

2

p

1� 


m

ln

1 +

p

1� 


m

1�

p

1� 


m

> 1:

The age of the Universe predited by the model for

the urrently measured values of Hubble onstant H

0

�

50 km s

�1

Mp

�1

agrees with the data on the age of

globular lusters t

0

= 13� 3 Gyrs [8℄ for 


m

� 1.

From Einstein equations in Newtonian gauge, with

energy-momentum tensor for the dust-like medium T

k

i

=



2

�U

i

U

k

, we have obtained solutions in Fourier spae for

the matter density perturbations Æ�=�, 3-veloity ÆV

�

and gravitational potential �, (growing mode only):

Æ�

�

(k; t) = �

2C

k

k

2

3H

2

0




m

aK

�

;

ÆV

�

(k; t) = �ik

�

2C

k

a _a

3H

2

0




m

K

V

; (2)

�(k; t) = C

k

K

�

;

where C

k

is a onstant of integration, a = a(t) is the

sale fator in unperturbed � 6= 0 model.

K

�

�

5

3

�

1� _a=a

2

Z

t

0

adt

�

;

K

V

�

5

3

�

_a=a

2

� �a=a _a

�

Z

t

0

a dt; (0 < K

�

;K

V

� 1)

are suppressing fators for density and veloity pertur-

bations orrespondingly. For the models without the os-

mologial onstant both fators are equal to unity.

Here �(k; t) and

Æ�

�

(k; t) are gauge-invariant values �

A

and �

m

respetively, as introdued by Bardeen [2℄. The

proper solution for the density perturbations in the New-

tonian (longitudinal) gauge, gauge-invariant value �

g

was

transformed to the �

m

using relations from [2℄. The anal-

ogous solutions in synhronous gauge was obtained and

analyzed in details by [14℄. At the early epoh z > z

�

� 0

for 


m

� 0:5, where z

�

=

�

1�


m




m

�

1=3

� 1 is the redshift

at the moment of equality of matter density to osmolog-

ial onstant density, the suppressing fators were lose

to unity. At later epoh z < z

�

they derease fast as z

goes to 0 or 


m

dereases (see Table 1).




m

K

�

K

V

K

2

2

K

2

3

K

2

4

K

2

5

K

2

10

K

2

20

K

�

K

U

K

�

0.70 0.93 0.77 1.00 1.02 1.02 1.02 1.01 0.99 1.30 1.09 0.91

0.55 0.89 0.64 1.06 1.07 1.06 1.05 1.02 1.00 1.56 1.16 0.86

0.35 0.81 0.45 1.28 1.25 1.21 1.18 1.08 1.01 2.22 1.31 0.78

0.25 0.75 0.35 1.51 1.43 1.35 1.29 1.13 1.03 2.86 1.43 0.71

Table 1. Suppressing fators at z = 0, ISW and GA ampli�ation oeÆients for di�erent 


m

.

The approximations for the suppressing fatorsK

�

and

K

V

are given also by [7,15℄. As we an see, in all the

models K

�

=


m

> 1 and K

V

=


m

> 1, so that the ampli-

tudes of density and veloity perturbations will be higher

in � 6= 0 models in omparison with � = 0 ones for the

same C

k

(normalization to CMB quadrupole). Aording

to these solutions power spetra for the density, veloity

and potential perturbations are as follows:
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P

�

(k) = Ak

n

T

2

(k)

K

2

�




2

m

;

P

V

(k) =

H

2

0

k

2

P

�

(k)

K

2

V

K

2

�

;

P

�

(k) =

9H

2

0

4k

4

P

�

(k)


2

m

;

where T (k) is a transfer funtion, A is a onstant of

normalization (C

k

C

�

k

= 9H

0

AT

2

(k)=4k

3

). The power

spetra normalized to 4-year COBE data [5℄ for di�er-

ent value of 


m

and sale-invariant primordial spetrum

with n = 1 are shown in Fig. 1. We have used the nor-

malization proedure proposed by [4℄.

1E-3 0.01 0.1 1
10

100

1000

10000

P
(k

) 
(M

p
c/

h
) 

3

k (h/Mpc)

Fig. 1. The power spetra of density perturbations nor-

malized to 4-year COBE data for MDM+� models with

H

0

=50 km s

�1

Mp

�1

, 


H

=


m

= 0:2 (


H

is a ontent of hot

dark matter), 1 speies of massive and 2 speies of massless

neutrinos, and di�erent 


�

: 0 (solid line), 0.3 (dotted), 0.45

(short dashed), 0.65 (long dashed), 0.75 (dot-short dashed).

The transfer funtions used here for di�erent models

were taken from [22℄. The horizontal shift of the maxi-

mum of power spetra toward large sales when 


m

de-

reases (horizon sale at the inreasing equality epoh)

and the growth of amplitude at larger than horizon sales

an resolve the problem of the positive long distane

(> 50h

�1

Mp) orrelations in a spatial distribution of

lusters of galaxies. The orrelation funtion of lusters

is alulated as

�



(r) =

b

2



2�

2

Z

1

0

P (k)k

2

W

2

(kR



)

sin kr

kr

dk;

where W (kR



) is a window funtion, whih �lters the

strutures of sales larger than R



out of the density

�eld, b



is their biasing parameter, whih takes into a-

ount the statistial orrelation of peaks above the given

threshold [3℄, and this orrelation funtion mathes very

well observational data for 


m

h � 0:15� 0:30 (Fig. 2).

10 100
1E-3

0.01

0.1

1

10

ξ cc

 r (h
-1
Mpc)

Fig. 2. The luster-luster orrelation funtions for spetra

from Fig. 1, along with observational data points, given by

[12℄. Solid straight line represents the well-known approxima-

tion �



= (r=r

0

)

�1:8

.

III. �T=T ANISOTROPY: THE LOCALIZATION

OF CONTRIBUTION OF ISW EFFECT

Now we shall use these solutions for the analysis

of temperature utuations of CMB radiation in � 6=

0 models. The observable temperature utuations of

CMB radiation an be onneted with density, veloity

and metris perturbations at the last sattering surfae

by means of integrating geodesi equation in a fashion

similar to lassial paper [20℄ and taking into onsidera-

tion adiabati proess:

ÆT

T

(n) =

1

3

�(nR

h

)

+2

Z

!

e

0

��

��

(x

�

(!))d! + n

�

ÆV

�

(nR

h

) +

1

3

Æ�

b

�

b

(nR

h

);

where n is unit vetor, !(�) is aÆne parameter along

geodesi urve whih begins from observer and �nishes in

the emission point, � is onformal time (d� =  dt=a), R

h

is a distane to the last-sattering surfae. The �rst term

is well known Sahs{Wolfe e�et (SW), the seond is in-

tegrated Sahs{Wolfe (ISW), essential for

��

��

6= 0 only,

the third is Doppler one and the last is adiabati one. At

a large angular sale (' 10

Æ

), where suh anisotropy has

been registered by COBE [5℄, SW and ISW e�ets dom-

inate. For this ase �T=T in expansion into spherial

harmonis will be

�

�T

T

�

2

l

=

2l + 1

8�

2

H

2

0



4

Z

1

0

P

�

(k)

k

2

h

j

l

(kR

h

)

+ 6

Z

�

re

�

0

dK

�

d�

j

l

(k(�

0

� �)) d�

i

2

dk; (3)
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where j

l

is spherial Bessel funtion of l-th order, �

re

is

the onformal time of reombination, �

0

is the present

onformal time. It also an be expressed in a symboli

form:

h�T=T i

2

= SW � SW + 2 � SW � ISW + ISW � ISW:

It is lear that

dK

�

d�

! 0 when � ! �

re

and its mod-

uli are maximal at � = �

0

(physial fator). It means

that the main ontribution into the monopole ISW term

(l = 0) is being formed now. But higher harmonis

(l � 1) are formed between z

re

and z = 0, beause

j

l�1

(k(�

0

� �)) ! 0 when � ! �

0

(the geometrial fa-

tor). A question arises: where at the time sale is the

main ontribution of ISW e�et to angular power spe-

trum formed and how does its loalization depend on 


m

and l? In order to answer this question we have altered

the order of integration in (3) and alulated integrand

(funtion of ontribution) as a funtion of time for di�er-

ent 


m

and l. The results are shown in Fig. 3 and Fig. 4,

for primordial spetrum P

�

(k) = A k with arbitrary nor-

malization.

0.01 0.1 1 10

z

−2e−12

0

2e−12

4e−12

6e−12

8e−12

IS
W

*I
S

W
+

2*
S

W
*I

S
W

 Ω
m
=0.25

 Ω
m
=0.35

 Ω
m
=0.55

 Ω
m
=0.7

l=2

Fig. 3. Contribution funtion of the ISW e�et against z

for quadrupole in models with di�erent 


m

.

0.01 0.1 1 10

z

−2e−12

0

2e−12

4e−12

6e−12

8e−12

2*
S

W
*I

S
W

+
IS

W
*I

S
W

l=2
l=5
l=10Ω

m
=0.25

Fig. 4. Loalization of ontribution funtion of ISW on z

for di�erent harmonis.

As we an see, the maximum of ontribution funtion

shifts to an earlier epoh when either 


�

= 1 � 


m

or

l is growing. The main ontribution to �T=T aused

by the osmologial onstant loalized in the redshift

range z ' 0:05 � 1 and this loalization does not de-

pend strongly on 


m

, beause it is aused mainly by the

geometrial fator.

The oeÆients of �T=T ampli�ation owing to the

osmologial onstant are de�ned as K

2

l

=

�

�T

T

�

2

l

(SW +

ISW )=

�

�T

T

�

2

l

(SW ) and presented in Table 1 for some

harmonis. The ISW ontribution to quadrupole is

rapidly growing with the 


�

inrease (from 6% for




m

= 0:55 to 50% for 


m

= 0:25). It is more essential

for lower harmonis and lower 


m

. K

2

l

is not sensible to

the transfer funtion: after the transfer funtion has been

substituted by 1 in (3), K

2

l

arises 6% for l = 20, 4% for

l = 10 and only 1% for l = 2 in model with 


m

= 0:25.

IV. GREAT ATTRACTOR-LIKE

FLUCTUATIONS

Let us appeal to the Great Attrator (GA) problem

in � 6= 0 osmology. The ore of problem is an explana-

tion of a roughly onvergent ow in the neighborhood of

the Loal Group (LG) of galaxies (� 50h

�1

Mp) with

inreasing veloity toward the entre whih is plaed at

' 45h

�1

Mp from us. The peuliar veloity of LG is

� 535 km/s (see [6,10,24℄ and referenes therein). If we

introdue the potential for a peuliar veloity �eld, suh

as was proposed by [6℄ ÆV(x) = �rU

0

(x) and use solu-

tions (2) then amplitudes of matter density perturbation

and gravitational potential are given by:

��

�

(x) = H

�1

0

r

2

U

0

(x)

K

�

K

V

�(x) =

3

2

H

0

U

0

(x)


m

K

�

K

V

:

The veloity potential is provided by observational pe-

uliar veloity �eld and does not depend on the model.

So, in � 6= 0 models gravitational potential will be less

and density perturbation higher than in � = 0 models

with the same U

0

and H

0

. It an be understood easily.

As the soure of �(x) is ��(x), whih in � 6= 0 mod-

els is lesser by 


m

K

�

K

V

, so that �(x) lessens by the same

fator. Thus, the same peuliar veloity potential U

0

(x)

in � 6= 0 models is generated by lower ��(x) and �(x),

beause Hubble onstant for � 6= 0 was lower in the

past in omparison with � = 0: H

�=0

= H

0

(1 + z)

3=2

,

H

�6=0

= H

0

p




m

(1 + z)

3

+ 


�

. Sine the power spe-

trum of density perturbations dereases at these sales

with dereasing 


m

the probability of realizing suh u-

tuations will derease too. If GA is not a unique objet

similar utuations should be seen at the last satter-

ing surfae and they must have generated hot and old
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spots in the CMB sky. The sale of GA at the reom-

bination epoh is lose to the aousti horizon so that

the angular size of suh spots is in the same range where

the �rst aousti peak is expeted to be. In order to al-

ulate the amplitudes or pro�les of suh spots one must

realulate veloity, density and gravitational potential

perturbations at z = z

re

. Using of solutions (2) it an

be obtained that

U (x) =

U

0

(x)

p

z

re

+ 1

p




m

K

V

;

�(x) =

3

2

H

0

U

0

(x)




m

K

V

;

��

�

(x) =

1

H

0

r

2

U

0

(x)

z

re

+ 1

1

K

V

:

In omparison with the 


m

= 1 models, at LSS

the veloity potential U is higher by the fator K

U

=

p




m

=K

V

, � is lesser by the fator K

�

= 


m

=K

V

and

density perturbations are higher by the fator K

�

=

1=K

V

(see Table 1). Therefore, the GA-like utuations

will generate more ontrast hot and old spots beause at

the GA sale (full width at half maximum is � 30

0

) the

main ontribution is given by Doppler and Silk e�ets.

We have alulated pro�les for suh spots in the 


m

= 1

model and shown that their amplitudes are � 1:4 10

�4

for the GA preursors [10℄. The rms �T=T at this sale,

alulated by means of the analytial approah by [11℄,

is h

�

�T

T

�

2

i

1=2

= 2:8 10

�5

(here and below we suppose

the baryon ontent 


b

= 0:06 and old dark matter on-

tent 


CDM

= 1 � 


�

� 


b

). An analogous alulation

for 


m

= 0:3 model gives the amplitude � 2:2 10

�4

.

Here it was taken into aount that at the sale of GA

(k ' 0:03) the damping fator D(k) ' 0:75 [11℄ and the

amplitude of baryon density perturbations is lower by

the fator ' 0:4 in omparison with the CDM ompo-

nent (estimated using the ode from [21℄). The estima-

tion of �T=T , aused by Great Attrator and measured

at LSS arried out by [24℄ for 


m

= 0:3 is lose to our

own estimation. The rms �T=T at this sale in suh a

model is 3:3 10

�5

. So, the hot and old spots aused by

GA are more rare in � 6= 0 as ompared with the � = 0

ase. It means that the possibility of generating a large

sale peuliar veloity �eld with the value � 540 km/s

for Loal Group via gravitational ation of the large sale

matter density perturbation is even more insigni�ant in

the � 6= 0 models.

V. CONCLUSION

Changes in the form and amplitude of the initial power

spetra in � > 0 osmology along with the best features

of sCDM and/or sMDM senario allow us to ahieve bet-

ter agreement between the theoretial preditions and

observable data on a large sale struture of the Uni-

verse (for more details see [17,22℄).

The main ontribution of the ISW e�et to h(

�T

T

)

2

i

is formed at the redshift range 0.05{1. It is maximal for

lower spherial garmonis and inreases fast when 


m

de-

reases (from 6% for 


m

= 0:55 to 50% for 


m

= 0:25).

The GA like utuations whih are probably respon-

sible for the onvergent ow with V � 500 km/s in the

bulk of � 50h

�1

Mp in these models are less possible

than in the models without �. Taking into aount the

positive long distane orrelation in these models, the ob-

servable disturbane of the uniform Hubble ow in the

viinity of Loal Group is suggested to be a result of su-

perposition of gravitational ation of a few extended low

amplitude density perturbations.
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LARGE SCALE STRUCTURES AND INTEGRATED SACHS-WOLFE EFFECT. . .

VELIKOMASXTABN� STRUKTURI TA �NTE�ROVANI� EFEKT SAKSA-VOL^FA

V MODEL�H �Z KOSMOLOG�QNO�POST��NO�

S. Apuneviq, B. Novos�dli�

Astronom�qna observator�� L~v�vs~kogo na�onal~nogo un�versitetu �men� �vana Franka

vul. Kirila � Mefod��, 8, 79005, L~v�v, UkraÝna

Kosmolog�qn� model� z nenul~ovo� �-konstanto� ostann�mi rokami privernuli uvagu dosl�dnik�v mo�-

liv�st� rozv'�zati de�k� problemi standartnih modele� �z holodno� ta zm�xano� temno� mater�� (sCDM

ta sMDM). Vkl�qenn� v model~ � > 0 da zmogu ne poruxuvati standartnogo pripuwenn� �nfl���nih

teor�� 
 = 1 � uniknuti protir�qq� m�� v�kom na�starxih z�r u kul�stih skupqenn�h ta v�kom Vsesv�tu

dl� suqasnih znaqen~ post��noÝ Gabbla H

0

� 50 km 

�1

Mpk

�1

. U me�ah takogo klasu modele� dobre po-

�sn��t~s� niz~k� znaqenn� dol� klasterizovanoÝ mater�Ý, �k� vipliva�t~ z b�l~xosti dinam�qnih o�nok,

� v zagal~nomu peredbaqenn� takih modele� l�pxe v�dpov�da�t~ us�� sukupnost� spostere�uvanih danih.

Wob�l~xe, ostann� eksperimenti z viznaqenn� v�dstane� za Nadnovimi �a pr�mo vkazu�t~ na na�vn�st~

dodatnoÝ kosmolog�qnoÝ post��noÝ � Ýh mo�na rozgl�dati �k nezale�ne p�dtverd�enn� � > 0.

U �� pra� obgovoreno de�k� aspekti formuvann� velikomasxtabnoÝ strukturi Vsesv�tu v model�h �z

kosmolog�qno� konstanto�. Vivqeno osoblivost� evol��Ý skal�rnih zburen~, spektr potu�nosti gustini

takih zburen~ u ~omu klas� modele�. Teoretiqno obqislena korel���na funk�� skupqen~ galaktik dobre

uzgod�ut~s� z� spostere�uvano� pri 


�

� 0:5.

Proanal�zovano p�dsilenn� niz~kih garmon�k u fl�ktua��h temperaturi rel�ktovogo fonovogo vipro-

m�n�vann� vnasl�dok prisutnosti kosmolog�qnoÝ post��noÝ ta viznaqeno, wo osnovni� vnesok u p�dsilenn�

formut~s� v d��pazon� qervonih zm�wen~ 0:05 < z < 1.

Tako� vi�vleno, wo �mov�rn�st~ utvorenn� takogo �viwa, �k Veliki� Atraktor (ma��e zb��ni� pot�k

galaktik do entru, wo znahodit~s� na v�dstan� � 50h

�1

Mpk v�d naxoÝ Galaktiki), �k rezul~tat �rav�ta-

��nogo prit�gann� velikomasxtabnoÝ fl�ktua�Ý gustini v model�h �z kosmolog�qno� post��no�, menxa,

n�� u model�h z � = 0.
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