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PEXKIIM AHOMAJIBHOI ITNU®Y3II B CTOXACTUYHUX CUCTEMAX
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Posrasanyro cucremy 31 cKeilylIHI'OBIM XapaKTepoM IMOBIPHOCTH MIKPOCKOINYHAX MEPEXOIB, 10
BU3HAYa€ OCHOBHe KiHeTH4He piBHAHH# (master equation). Ilokasano, mo nomni6Ha ampokcuMariis
HMOBIPHOCTH TIPUBOANTE A0 ApoboBonndepeniniinoro pisaanaa Qokkepa—Ilmanka. OcraHHe 3yMoB-
Jitoe cynepaudysilinuilt pexxum cucremu. BusiBiaeHo, Mo Taka aHOMaJibHA MOBEMIHKA BU3HAYAETHCA
dpakTaabHICTIO PA30BOTO MPOCTOPY CUCTEMH 3 MYJJIbTUILTIKATUBHAM IIYMOM.

KuamouoBi cioBa: croxacTHdHa cucTeMa, aHOMaJbHa Iudysisd, dpakTaJ bHa BAMIPHICT.

PACS number(s): 05.40.4j, 05.70.Fh, 64.60., 82.20.Fd

[Mpu omwmci cTOXacTUYHOI CHCTEMH BUKOPUCTOBYIOTH
ONWH 13 IOBOX MIAXOMIB: MIKpo- abo MaKpOCKOMITHMIA.
[Meprmuit 3 HUX MOB’sA3aHUH i3 BJACTUBOCTAME PYXY OK-
peMoi YaCTHHKH, a APYTHH ypaxoBye BeCh CTATHCTHIHUH
arcaMmbb. [Hpopmalisa mpo cucTeMy Ha MIKPOCKOIIT-
HOMY DIBHI JO3BOJISE aJeKBATHO TEPEUTH Ha MaKpPOCKO-
miaaui 1 HaBmakn. OaHak B OKpeMuX BHIMagKaxX MPH KOH-
CTPYIOBaHHI MaKpPOCKOIMYIHOTO €BOJIIOIIRHOIO pIBHAHHA
JIOMJTBHO TMPOBECTH aHAJI3 MIKPOCKOMYHIX BJIACTHBOC-
Teli cucremu. Hacamiiepes e ¢cTOCYyeThCa CUCTEM 13 aHO-
MaJIbHOIO TIOBEIIHKOI, HAPUKJIIA, AaHOMAJIBHOIO Iudy-
31€10, IJId AKOl, 3aMICTh 3BHYaiiHOTO Au(y31IHHOTO CIIB-
BigHOmeH s, Maemo (%) o 127z # 2. fx Byso 3'sco-
BaHO B mpaii [1], Taka KapTHHA MOACHIOETHCH CKeRJIiH-
TOBUM XapaKTepOM TYCTHHH AMOBIPHOCTU MiKPOCKOTII Y-
HUX TepexomiB y cucremi. [Tpnaomy cybmudysii (z > 2)
BIAMOBIAAE YacCOBHUH CKeJIHI caMol TYCTHHH HMOBIp-
HocTH abo i1 MoMmenTiB [2]. ®PI3UYHUM NPUKIALOM Ta-
KX CHUCTEM € TIepEeHECeHHs 3apdAly B aMOpdHUX MaTe-
pignax [3]. Maremaruuno cy6audysifinuii nporec Bigo-
OpaKaeThCcd HagBHICTIO ApoOOBOl MOXITHOI 3a 9acoM ¥
MaKpPOCKOIIYHOMY piBHAHHI eBoJstionii [4] Ta ckeilninro-
BOIO TIOBEIIHKOIO 33 9aCOM MaKPOCKOIMYTHOTO PO3MOIILITY.
Binomoto mMomenio cymepandysii (z < 2) BHCTymAOTH
“nonboru JleBi” [5], mad AKMX XapaKTepHUM € UC-
KPETHICTh CTPUOKIB 3a YacoM Ta HEMEePEPBHICTH PYyXY
y mpocTtopi. TyT rycruia AMOBIPHOCTH MIKPOCKOIITHITX
CTpUOKIB Mae CTelMeHeBUi BHUTJIAI, aJie, Ha BIIMIHY Bl
MOMepPeIHBOrO BUTAIKY, 3aJeKHO BiJl KoopamHaTh. fK
pesyJibTar, 3Budaline mudysiiiHe piIBHAHHA TEPETBOPIO-
€ThCA Ha PIBHAHHA 3 IpoHOBOIO TMOXIIHOIO 3a KOOPIH-
Hatoio [1,6]. 3aszHauumo, Mo CKeMIIHI MOAO TYCTUHU
HMOBIPHOCTH MIKPOCKOINYHIX MEPEXOMB V “IOJbOTaX
JleBl” 3acTOCOBYETHCA JIMIE B TPAHUI BEJUKAX 3HA-
YeHb KOODAMHAT & — o0 (Ha BEMWKHUX BimcraHH#x). Ha
BIAMIHY Bl HaBeOeHWX TMPHKJIAIIB, ¥ 6araTbox CToXac-
TUIHAX CHCTEMaX CYTTEROIO € 0baacTh ¥ — 0, Ie x Bimi-
rpae poJib 3MIHHOI, IO XapaKTEPH3YE BCIO CUCTEMY (aM-
WITyaa TigpoauHaMidrol Moan Toio). ToMy BHHHKAE
MUTAHHS PO BpaXyBaHHA MIKPOCKOINKH TaKWX CTOXAC-
TUYHUX CHCTEM TIPH TIEPEXO] IO MaKPOCKOMIYHOTO PiBHA
ommcy. ¥ il mpari Mu PO3TIAHEMO KJIAC CTOXACTHIHUX
cucTeM 13 ppakTAIBLHOIO TPUPOIOI0 (ha30BOTO MTPOCTOPY .
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[Mokaxkemo, 1O OCTaHHE MPUBOAUTEL A0 IpoboBomudde-
penmiiinoro pipaanaa Porkepa—Ilianka, aHaJOTIIHOTO
piBHAHHIO Tpu “mosaborax Jlesl”. Byne Takox 3’dacoBano,
0 B TaKWX CHCTEMax peasli3yeTbed cyrnepaudysiinumii
DEKUM.

BuxigHOIO TOYKOO HAILIOTO MAXOMY BUCTYTIAE OCHOBHE
KiHeTHYIHe piBHAHHA (master equation) mmad TycTuHN
H#MOBIpHOCTH

AP (1)

20 / dy[W (y, 2) P(y,) — W(z,y) P(z,1)], (1)

ae Wz, y) € TyCTHHOIO POSTIOILITY MIKPOCKOIITHHUX TIepe-
XomiB 13 ¢ B y. Posryagaroun cucreMy 13 (ppakTa bHEMI
BJTACTHBOCTAMHE, M MOJKEMO TIpHIycTHTH, o Wz, y) e
omHOpigHOO yHKITIEK. Tom 3TIAHO 3 BU3SHAYEHHAM Ca-
MoadIHHOCTH MOKAa1eMo [7]:

Wiz, y) =z~ *d(y/x), (2)

Je TIOKa3HuK « Oyme Bm3HadeHo HImK4e. [Ipo dyuKImio 9
3pOOUMO TPHUITYIIEHHS:

/uzﬁ(l — u)du = const, (3)

Tak 1o ¥ cnamae npm spocTanHi ii aprymenty (dbyHK-
mieio ¥ Moxke 6ytu [aycosa dynkmia). Tomy mpr @ — 0
MaeMo ckeitaiar W o~ ¢~ %, Buxongayu 3 susHadeHHda W
AK TYCTHHE WMOBIPHOCTH, CJIIJT YPAXyBaTH TaKl BJIACTH-
Bocti: W (u) = W(—u), [W(u)du=1,ne u=r—7". e

TO3BOJIAE Tlepenncarn piBHgaHHA (1) y BUTIAI

% = / du[P(x+ut) = P, )] W(u),  (4)

y byp’e-pocTopi piBagnHA (4) crae nudepeHmiiinmm

oP(k)
—g = W(K) =11 P(k), (5)
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ne
Wi(k)=F(W(x), k) = /000 R (2)dz. (6)

BukopucroByiodn aHaJIiTHYHE IPOJOBKEHH: TIaMMa-
dbyuxmii T'(...) aaa dyp’e-xkommonentn, (6) omepxyemo

Wi(k) = /000 v %Ry = (il{f)o‘_1 /000 2% dz
CIr@2—-a),. W
= ﬁ(zk) ) (7)

IIpu mepexoml o0 Z-IPOCTOPY 3aCTOCYEMO BH3HAUYEHHS
ApoboBOl TOX1AHOL

9" S AVA —tke
3x”q)(x) = /dk(zk) d(k)e , (8)

o neperBopioe (5) y npoboBomndepentiiine piBHAHHA

9 I(2-a) 9!

EP(m,t): a—1 Jza-1

Pz,t)— P(z,t).  (9)

OcranHift 4ien pisaanHa (9) 3agae pesakcario i g
crucTeM 6e3 amcopbyIoUnX IPOIeciB Mae 6y TH OIMYIIEHNT.

TTpu posB’dA3aHHl MAKPOCKOTIIHOTO PIBHAHHA (9) CKO-
puctaiiMock Metogom Dyp’e, arkuii MO3BOAE TMOKIACTH
Pz, t) = ¢(x)¢(t). Dani, iayun 3a [8], samicts (9) Ma-
€MO:

2 I(2-a) 97!
o OOV = = T e

P(e)(t) — o(x)v(t).
(10)

YacoBa 3aekHICTE HaDyBae eKCIOHEHIHOrO Xapak-
TEPY

(1) = (0)e ™" (11)
Hota dyHRIil ¢(2) onepKyeMo piBHAHHA

8&—1

(1—=Xo)(a—1)
Oxe—1

I'2-a)

¢(x) = —yo(x), v (12)

TTpu poss’asanni piBHAHEA (12) 33acTOCOByEMO TEXHIKY
neperBopenb Jlannaca—Mesuiina [9], Tak 1mo

d(u) = L(g(x),u) = /000 d(x)e " du, (13)

é(s) = M(¢(x),s) = /000 o(x)x*~da (14)

€ BIANOBIIHUME TpaHC(OPMaHTAME. 3B’ A30K MUK HUMH
3a1a€ThCs (POPMYITOI0

1

M(p(z),s) = =%

M(£(¢(x)’u)’1_5)’ (15)

V 3araJibHOMY BHIIAJIKY

M(@(cxt), s) = éc—s/W(@(x), s/d),  e,d>0.
(16)
Binnosinao mo (12) inrerpan (13) mae
é(u) = ﬂ #(0) = const (17)
- v+ ue—1’ - :

VYuacmimok Bukopucrannd 38’a3Ky (15) TpancdopmanTa
Mestiana HabyBa€ BUTVIALY

o(s) =~

a—1

_1¢>(0){’V“‘5)/°“1 =

. )F(l_ﬁ"i'as—ﬁ}’ (18)

OC_llﬂ(l —5)

ne BianosinHo 10 (16) o > 1, > 0. TuBepryioun (18), mepexomnMo 10 3BHYANHOTO MPOCTOPY, B AKOMY 3aJI€KHICTE

BiJ # 3amaerbesd BupasoMm [8]

oa—1

qf)(l‘) — ¢(0)xa_2H1112 (71/(0‘_1)1‘

(0.1/(2 = 1) ) | »

(0,1/(a=1))(2—a, 1)

e Hlll2 BU3HATAEThCA AK PpyHKIA Pokca (o6epHeHe neperBopettd Memnmina [10], nus. I[OI[aTOK). Posknangaroun B

pan eyuxiio Pokca, OIEPKYEMO
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o0) =9 . a0 (20)

Tax mo B rpanumi © — 0 MaeMo cKe#aiHT

o(x) o x*2 (21)

Cyma B (20) momaeTbea AK ysaraiabHeHa pyHKmia Mitrara—Jledmnepa Eqo_1o—1(2) [11], me ii aprymenToMm BECTyIAE
—vyz®~!. TaxmM TmHOM, 3araJbHEll Po3B’d30K apoboBomudepentiiinoro pipaganaa ®oxkkepa—[L1aHKa Mae BHLJIAL

Pz, t) = Z_le_A”txo‘_zEa_lya_l (—

Y cramonanoMy BUNAIKY 6e3aacopbyiodol CUCTEMHE BiH
s6iraeTbed i3 sanexnictio (21) [12], To6ro Py(x) oc 2972,

Benwuuny mokasHuka « Ta foro dizudHe 3HAYEHHA
MOXKHA 3’dCYBaTH 13 YaCOBUX 3aJjiekHOCTell mia . g
MIBOTO MOTLALHO Tepeiitu o pisHgHHA Pokkepa—Ilianka
3aBIAKN 300pakeHHio foro y surasami paay Kpamepca—
Mottana [13]

gP (2,1) Z_: (--) M P(z,1), (23)

Jle [JId IIepIIUX JBOX MOMEHTIB Ma€MO BM3HAYEHHS
M, = /W(x,y)y dy, (24)
My = /W(x, y)y* dy. (25)

AnporcumMyiodn ¢ rayciaHoM

F(1 —u) = (2702) "2 exp(—u®/202) (26)

Ta BpPaxXOBYIOUU BH3HAUYEHHs HOETEPMIHICTUYHOL CHJIN
eposroriil f(x) = —M; it ederTuBHOrO Koedimienra 1u-
bysii 0?D = M; (0 = const), onepxyemo [7]

¢ =20/,
D(z) = 2>~ (28)

o = o3f2, (27)

Ckmanosi (27), (28) mo3BONAIOTE 3aliCaTH BiAMOBIAHE
piBHaHHA JlamKeBeHa

%x = [(z) + o/D@)E(L), (29)

ge £(t) € 6LTIM TIIyMOM 13 CTAaHAAPTHUMH BJIACTHBOCTAMI

@) =0, (E@)EW)) = d(t —t'). 3rimHo 3 pesynbTa-
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(I=Xg)(a—1)

T2 —a) x“—l). (22)

TaM®, 1O BUKJageHl B oraam [7], cmna (27) e Hivnm
IHIINM, aHIK edpeKTHBHUM IpeiidoM, BUKINKAHIM ypa-
XyBaHHAM (HPAKTATHLHIX 0cobAUBOCTEH (HhazsoBOTO MpoOC-
Topy cuctemu. Takum dInHOM, ApoboBOANdEPEHITITHOMY
pipagnHio Pokrepa—Tlianka (9) Ta fioro ekBiBaaeHTOBI
(23) 3 BusHauenuamu (24), (25) BigmoBimae piBHAHHA
JlamKkeBena 3 MyJIbTUILTIKATHBHEM HIyMOM (29).

PosrinsinbMo 9acoBy TMOBEMIHKY MEPIIAX JTBOX MOMEH-
TIB CHCTEMH, 1o omucyeThed piBHAHHAM (29). TTposo-
IAY9M yCepPeNHEHHA PIBHAHHA JlamkeBeHa, MaeMo:

(&) = —eo(a®™"), (30)

Jle 3acTOCOBAHO 3aMiHy T — t = ot, g = 6/0’. Box-
HOYAC s CTBOPEHHA PIBHAHHA €BOJIIOIIL APYTOro Mo-
MEHTY CJIJ, ypaXyBaTH BH3HAYEHHA CTOXACTHIHOTO M-
depenrisna [14] ta sobpaxenns dr? = 2r dr+ (dz)?. ¥
pPe3yJIbTATI €BOJIIOIIA IPYTOTO MOMEHTY 3aIacThCA PiB-
HAHHAM

(&%) = (1 — 2¢0) (>, (31)

TTpn BusnavenHi apobosnx momentiB y (30), (31) cko-
pHCTafiMOCh CTAIIOHADHEM DO3MOIIIOM CHCTEMH (pO3-
B’a3KoM piBHaAHHA Pokkepa-Tlnanka (23)), akuii s36ira-

eThed 3 (21). YpaxoByioun yMOBY HOPMYBaHH
X
lim [ P(z)dx =1, (32)
X —o00
0
OIIEPIKYEMO
P(x) = 727 'a* 2 (33)

Z=(a—1X"" X = oo (34)

Jlasi Mu BUKOPUCTOBYEMO TPHUITYIIEHHS MO0 CKEHTIHTY
MOMEHTIB 13 ypaxyBaHHAM Haiib1IbIION0 BHECKY, TaK IO
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(") = A(v, n)(xnﬁ(”’"), n=172. (35)  Brigro 3 anpokcmMariieo mporiecy {(x(t)) cmiBBigHOIIE-
nam Lepcra (z(t)) o t, ne H— noxasmux ['vosbrepa,
OB sI3aHMil 13 BHYTPIITHBOIO (PPaKTaIbHOIO BEMIPHICTIO
Brigno 3 osHadennaM (z) Ta (2") sa posmopiiom (32) D = H~! [15], BumnBae CIiBBiTHOUICHHSA
nokasHuk (v, n) ta KoHcranta A(v, n) HabyBaioTh BH-
rAmy a=14+D. (39)
a—1 atn—1 v/ BignmosigHo po3B’A30K pIBHAHHSA €BOJIIOINII roro Mo-
¥(v,n) =v/n, Alv,n) = , AMOBIIHO P b i Apy
a+v—1 a—1 MEHTY Ma€ BUTJIAL

(36)
(2(1)) = (1 - 2D~ (1 — 2e0) A2 — D, 2)1) """ .

(40)
e A(v,n) BpaxoBye HOPMYBaHHA DOSIOLIIY Ta 3Ha-
JeHHs BIAMOBIIHUX 1HTEI paJIiB Ha BepxHiii rpannumi. Bu-
XOIAYN 3 mpumylneHnd (35), Mo € BIATOIOCKOM 3BHYAf-
HOTO MaKPOCKOIIYHOTO cHiBBigHOWEHHA (V) ~ ()Y,
g pisHanng (30) MaeMo

Takum 9uHOM, 3TinHO 3 (40), y rpanuii ¢ — 00 ofepKy-
emo (z%(t)) tZ/D Bunanky ssuuaiinol gudysii Biamo-
BlIa€ BEMIpHICTE (pazoBoro mpoctopy [ = 2. Ilasa cuc-
TeMm 13 D < 2, Buksodatoun Bumagaku D = 1, D = 0,
AK1 BH3HATAIOTH MOJIOCH TaMMa-(pYHKINI, peadlsyeThbesd
cynepaudysiitamit pexum. OKpiM TOro, 13 HaBeZEHOTO
(&) = —coA(2 — o, 1) (x)*~ % (37)  Bume BUILTHBAE, IO CHCTEMHE 3 aMILTITYA0K0 MYJTbTHILTI-
KATUBHOTO MIyMY, 4Ka alpOKCUMYEThCA DYHKINEO TUITY
z%(t), a € [0, 1], peanisyerhbea cynepaudysifiHuit pexnm,
ge D = 2(1 — a). Cucremu TakoTo THIY TPOaHATI3OBAHI
B mpangx [16,17], ne 6yso 3’dacoBaHo, w0 aHAIOTIYHEH
XapaKkTep Mae qacoBa 3aJIEZKHICTD 114 HaiblabIl IMOBIp-
(x(t)) = (1 —eg(a— A2 — o, 1)t)1/(a_1) . (38)  HOro 3HAYEHHHA CTOXACTHIHOI 3MIHHOI # y rpaHuii & — 0.

Posp’asok pisaanHa (37) HaOyBae BUNIALY MALTICIBCH-
KOl eKCITOHEHTH

IOOATOK: BUBHAUEHHS H ®YHKIIII ®OKCA

VYaaranpuena H yHKiig BusHadaeTbed aK obeprena Tpancdopmanta Mesaina [10]:

n

[T T; + Bys) [T (1 —a — Ajs
mn (al,Al)"'(Clp,Ap) 1 jl;ll (] J )]1;[1 ( J J ) .
Hpol* Gy z7%ds. (A.1)
(blaBl)"'(bP,BP) 27Tl g Q P
[T T —-0b;—Bjs) I Tla;+4;9)

j=m+1 j=n+1
Kontyp inTerpysania § Bubpano Tak, mwob posglauntu moatock I'(b; + Bjs) ta I'(1 — a; — Ajs). Ilycruit nobyrok
iHTepperyeThed K 1. Himouncenshi 3miaai m, n, P, () 3agoBoasaaTs yMou: 0 < m < @, 0 < n < P, koedimienTn

A;, B € IOSHTHBHEMH, IapaMeTpu d;,b; BHJIydIaioTk 36ir HoMoCiB y mimiHTerpasbHiil dyukmii. Interpan (A.1)
36iraeThcd 3a YMOBH

n
2= 4 ZA—l—ZB— ZB>0 (A.2)
Jj=1 j=n+1 j=m41
Tak o dbyukiia H BusHadaeTbed B ceKTopi |arg z| < Za/2. Pyukiia Pokca BU3HAYAETHCH TAKOXK [IPU
P
A:ZBj—ZAj>OKOHMO<|z|<oo (A.3)
j=1 j=1

abo
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P Q
A=0ma0<|s|<R=]]a7" ][] B

j=1 j=1

Posknamanaa H $yHKI B pag cTae MOKIUBEM 3a yMmoBu A > (:

I1 F@r%@+@§ﬁilrﬁ—arﬂh+k%ﬂ

z

H}fg (z

(a1, A1) - (ap, Ap) \ _ {~ o~ =Lz
(b1, B1) - (bp, Bp) ) _ZZ

i=Lh=0 1 1F(1—bj+(bi+k)gf) | I F(aj—(bi—l—k)‘gi)

j=n+1

ne peaxaeThed By (b; +1) £ Bj(by+s) mma j£k, j>1, k<mmrals=0,1,...
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CONDITIONS OF THE ANOMALOUS DIFFUSION IN STOCHASTIC SYSTEMS

D. O. Kharchenko
Sumy State University
2 Ryms’kyi—Korsakov Str., Sumy, UA-40007, Ukraine

A system with a probability for the microscopic transition of scaling character entering the master equation is
considered. We show that such a kind of approximation reduces to a fractional order the Fokker—Planck equation.
It provides for the appearance of the superdiffusion conditions. Such an anomalous behaviour is explained by the
fractal phase space of the system with multiplicative noise.
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