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HocmimkeHo eBOJIOIN0 B Yacl CIIEKTPpaIbHO BYy3bKOTO XBUJILOBOTO ITaKeTa B C/IaOKOHe IHITHOMY
CEepEeNoBHILI, IO OMUCYETbCA HeNHIHNM piBHAHHAM KoabfiHa—] opmoHa 3 MOTIHOMISJIBHOI HeJi-
HiftHicTro. MeTomoM 6ararbox MacurtabiB OGYIOBAHO ACHMITOTHYIHHH DPO3SKJIAL PO3B’A3KY IO €°
BKJItogHO. [lelt poskian BU3HAYaeTHCA KOMILIEKCHOIO (DYHKINEO, M0 MA€ 3MICT aMILIITYIHA [IePIIol
rapMOHIKHA PO3B‘A3KYy, dKa 3aJI0BOJIbHAE HesHliiHe epostoriiine piBHanua I[llpemunarepa sumoro

THOPATIKY .

Kuawuosi cioBa: Hemniiine pipaaaaa [llpenmarepa, meronm Gararbox macimrTabip, HeslHIiHe
pisnsmna Kisitna- [ opmoma, coMiToH, aCHMITOTIMHI POSKIA,

PACS number(s): 05.45.-a

Hemninifire pisuannsa Hpeannrepa (HPII) onucye mo-
BUIBHY €BOJIONII0 KOMIIEKCHOI OOBIAHOI IMIIYJILCY 3
BUCOKOYACTOTHUM 3aMOBHEHHAM Yy CJIaDKOHETIHIRHOMY
JMUCIEPCITHOMY CEPENOBUINL. ¥ HARHUKIOMY MTOPAIKY
IpH BpaxyBaHHI TIIBKK KyOidHOI HeJIHIRHOCTH ¥ mma-
pabosmanol Jimitnol aucnepcii HPII sukopucToByeThea
OJIA JOCTIIKEHHA PISHOMAHITHUX (PISHIHUX CHCTEM 1
Ha II0 Topy HabyJIo 3araJIbHO(PIZUIHOTO 3HAYEHHA. lc-
Hy€ OeKIJbKa ACHMIOTOTHYHHX METOIIB Horo BWBOMIY,
AK1 TPYHTYIOThCA Ha MPUIYHICHH] c1abKol HeJlHIHOCTH
cuctemu. e mepemycim meton Kpminosa—Boroaobosa—
Mutrponoascskoro (KBM) [1], cnekTpanbhuii MeTon [2—
4], meton 6aratsox Macurtabis (MBM) [5, 6], MmeTon yce-
pennenoro jarpamxidua [7]. Haiibinbuioro nommpents
B 3acTocyBaHHAX Habye MBM. Bomnowsac octanHiMn
POKaMW aKTyaJbHUME CTAJH AOCJKEHHA MOIHPEHHA
VIBTPAKOPOTKHIX IMIYJILCIB HeMaJsI0l aMiniTyan. Tak, y
TEXHII BOJOKHUCTO-OITHIHOTO 3B A3KY AJIdA MTPOMHUCJIIO-
Bol Imepeaadl YullIbHEHNX 1H(pOPMAaIIAHIX MOTOKIB BUHN-
Kae HeOOXITHICTH 3aCTOCOBYBATH YJIBTPAKOPOTKI IMIIY-
abcu. Ilo6 yHrKaTH 1X pO3IJIMBAHHA ¥V 3B’ A3KY 31 30171b-
MIEHHAM UCIepCil, TOTPIOHO 30IBITYBATH 1XHI aMILIi-
ryau [8, 9]. OTKe, aKTyaJIbHUM € ypaxyBaHHdA HACTYII-
HUX HEJIHIRHUX 1 AUCIepCIiHUX WIEHIB ¥ BIAMOBIIHUX
EBOTIONIHIX PIBHAHHAX, Kl mictaan Haspy HPII su-
wux nopaakis [10-14].

Hespaxatoun Ha mupoke Bukopuctanud MBM, apro-
paM HeB1AoMI omyHJIIKOBaHI Mpalll, e M METOI0M 6yJI0
6 orpumano HPIII Bumoro nopanky. BogHowac Taxi pis-
HAHHA Oyau orTpuMani iHmuMu Meromamu [3,8 4], Ak
BUZHO 3 METOAMYHUX paib [5, 6], npuduHa nossdrae B
TOMY, 1110 [I0 TUX P He ¢POPMOBAHO OHOIHAYTHOTO TJIY-
MadeHHA AJTOPUTMY OOUYMCJIEHHA HACTYIHUX YJIEHIB B
HPII Bunmmx mopamkis. Y Imifi mpaill Ha KJIaCHIHOMY
OpuKIam pipHaHEA Kisitna—] opooHa 3 MDOJIHOMIfIb-
HOIO HEJIHIRHICTIO MOJAHO IMOCJIIOBHY TPONEAYPY II0-
OyIOBM acHMITOTHIHOTO po3kJany it suBomy HPII B
JMOBLIBHOMY TOPAMIKY 3a MAJUM apaMeTpPOM [IJad KOM-
IJIEKCHOI 0OBIAHO] XBUJIHOBOTO MTAaKEeTa.

PosrsigabMo  mommmpeHHd  KBa3iMOHOXPOMATHYIHOTO
XBUJIBOBOTO TAKeTa JOCTATHHO MAJIOl, aje CKiHYeHHOl
AMILTITY/IH, 1O OMUCYEThCHA y3araJbHeHUM HeTIHITHIM
piBaarnaM Kiaiina-I opmoHa 3 MOJIHOMIAIBHOO HEJi-
HifiHICcTIO cTemena P > 2

P
¢tt_cz¢xx+zap¢p =0, (1)

p=1

ne ¢?, a, — mificHi ncna, o > 0. 3 oraAny Ha cabky
HEJTIHITHICTD 3aad9l MoJAaMO PO3B d30K ¥ (hopMl acHMII-
TOTHYIHOTO DALY 3a CTEEeHAMN MaJIOTO HEeJIIHIHHOTO Ta-
paMeTpa €

oQ

$(t,x) = "ot ). (2)

n=1

HagBHicTs Manux HemiHIfHEX nomavkiB B (1), a Takox
KBa3IMOHOXPOMATHIHICTH XBUJIBOBOTO TTAKETA 13 3HAUEH-
HAM YaCTOTH-HOCIA w 1 XBHJIBOBOTO BEKTOpa k mepemba-
JaloTh ICHYBaHHA ABOX PISHUX MacmTabiB g 1 7 = ¢lg
3MIHI TOJId B 9acl 1 BIATOBIAHO —&g 1 £ = €xp ¥ Tpoc-
Topi. Toml dacoBa 1 MpocTOpoOBa MOXIIHI PO3B A3KY Ta-
KOXK MafoTh OyTH 3allMCaHl Yy BUIJIALL ABOX HOJAHKIB 3a
SMIHHUMH o, T 1 g, & BIAMOBLIHO

¢t = ¢t0 + €¢Ta ¢x = ¢xu + €¢§~ (3)

Hasi mobymoBa acHMITOTHYHOTO DO3B'A3Ky (2) 3ase-
JKUTHh BIJI TOCTAHOBKH MOYATKOBHX 1 TPDAHWYHUX YMOB
g pisaanng (1). Busuim nouarkoBy samady: npu t = 0
Ha Bciif ocl # € (—o0; 00) 3amana QYHKIA

é(r0,£,0) = A(£,0) exp(—ikay) + k.c. (la)
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3 PO3MIIEHNMHE TPOCTOPOBUMHE 3MIHHIMHE 1 He0OX1THO BH-
SHAYUTH TMOXIAHY KOMIIJIEKCHOI OOBIIHOL ¢, depes 3Ha-
JeHHs caMol PYHKINI Ta 11 moxigaux 3a &. OueBuano, mo
IJIg KpaitoBol 3amadi 3MIHHI & 1 T MIHATOTHCA MICITAM.
Ak Binomo [6], ocuoBra inea MBM nomngrae B ToMy, 10
noxinHa ¢ (&, T) 300pakeHa ACUMITOTHIHAM DPAIOM

oQ

$r = o, (4)

n=1

Jle TOX1IHI ¢, CTAHOBJAIOTH CODOI0 BHECOK Y BHUCILIHY
HOXIIHY YJIeHIB HOpanKy ¢, a aMiuni ¢, = ¢~ 7 BBa-
JKAIOThCA HE3AJIEKHUMH.

MMicoa mincranoBku (2-4) B ocHoBHe piBHAHHA (1) i
IPHUPIBHIOBAHHA KOeMIIMEHTIB IPpH OJHAKOBHX CTEIEHAX
€? orpumyemo anda n = 1,2, ...

n—1
(DO + O[l)d)(n) = — Z Dn,¢(n_”1)
n'=1
min(n,P) n—1
_ a, Z (qu—l)(n )qg(n—n )’ (5)
p=2 n'=p—1
¢ BBEJCHO ITO3HAYCHHA
_P 20
0 81502 ¢ 89@02’
. 92 92
Dy =2 —c?
! 8t08t1 ¢ 81‘035’
. 92 92 92
Dy =2 — =,
2= O, Tonz  Cae
n—1 82 82

Dn = 2 .
=2 ;_:1 Doty | Otp Dl

I3 nmepuroro 3 piBHAHS (5) BUILIMBAE, MO, AK | B MOYaT-

KoBHiT MoMeHT ¢ = (0, IBUAKI i TOBLABLHI 3MIHHI PO3Ii-
JAITHCA

qb(l)(x,t) = A(t1,ta, ..., &) exp’? +k.c.,
szto—kxo, (6)
e
w=3Vc?k%+ o (7)

— 3aKOH AHcIepcil JIHeapn30BaHol 3adatl.

Hapmasti posrigmaruMeMo TIABKH XBUJIIO, dKa MOIIH-
PIOETBCA B TOMATHOMY HANPAMKY OCH &, WO BIIMOBIZAE
sHakoBl “4” y 3akoni mmcrepcii (7). ITimctaBmo (6) B
pipagnHA (5) mpu n = 2. BiacyTHICTH CeKyIADHAX Hle-
HIB y po3B’asky ¢(2) (BimcyTHICTH HepIIol rapMOHIKH Yy

108

mpaBiii 9acTHHI DIBHAHHA) 3a0€3M€IyeThCs YMOBOIO

0w
— _,D (n) — .
Ay = =AW = S (8)
w) — rpynosa memakicTs. YacTHHHA PO3B’A30K He-

OIHOPLAHOTO PIBHAHHSI

o?) = b(()z) |A]2 + b(zz)(A2 exp?t® +k.c.),
2 o

W == 0 =g )
a1 3aq
leit posp’a30K BIATOBLAAE TeHepallll HYJIbOBOI 1 APYTOl
rapMOHIK Ha HEeJIIHIHHOCTI IPH MOITHPEHH] ITI0CKOL XBIII
(6).

[Tpu n = 3 BIATOBIIHO MAEMO YMOBY BIJICY THOCTH TIEP-
ol rapMoHiKE B mpasiit wactuni (5)

. 1
A, = =5~ (A, — ¢ Age) — g3l AP A,
1 10 o2
g3 = E (30[3 — ga—l) (10)

1 JaCTUHHHNA pPo3B’A30K HEOMHOPIIHOTO PIBHAHHA s

¢(3)

2
_ 33 : 3 _ _“ a3
¢(3)_b3 AP exp3i0 + k.c., by = 1202[%—1—@. (11)

IIponorxkytoun mpotnenypy and n = 4,5,..., KOXKHOTO
pasy 3HAXOIMMO HacTylHe Habmmkenns ¢ gk cymy
TapMOHIK 0 7 BKJKYHO, a 3 YMOBH BIACYTHOCTHU CEKY-
JIAPHOCTH B po3B’s3Ky ¢(™) — sHadeHHa moXigHOl Ae,
depes 3HaUYEHHs MOIMEpeaHIX MOXITHIX Ay o A

Obmexyounch 3HAYEHHAM 1 = 5, acCHMIOTOTHIHUI
poskaan pose’asky (2) sobpasumo AK obpisaHmii psam
dyp’e

n—13""

5

¢ = 0(1,8) + D _("¢u(r, &) exp(inf) + k.c.), (12)

n=1

e
2a olA)?

¢y = I)(()2)|A|2 + 62(b(()4)|A|4 — a—;ww(z) a€ )
¢1 = A(ga T)a
o = b5V A 4 b5V AP A7

2

= gz (34Ag + A7), (13)
1

3 = b5V A3 4 24243
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O 7 9043 a? ay’
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BaeRHICTh aMIUTITYn TrapMoHIK posB’asky (12—
13) Bim mOBIMBHUX 3MIHHHX T,& € HEABHOW: ¢ =
én (A, A%, Ae, .. .). EBommoniiie piBHAHHA A/ KOMILTEK-
crol 00BimHOI A(£,T) yCTAHOBJIIOEMO ULIAKXOM OOUIC-
JIEHHs MOXIOHOI A, dAK CyMH BCIX MOXimHUX A; , 3HAll-
JEeHUX 3 YMOB HeCeKyAApHOCTH po3B’asky (8), (10) i T.x.

(2)
i(Ar +oMAg) + €<—WQ—,A§§ + Q3|AI2A)
(3
—ie? (%Aggg +

(4)
W
+ (TA&& +baon A" Agg + baso| A|" Age

wWgs

(147

W

Fbo10A|Ag|* 4 bao A* (Ag)? + q5|A|4A) =0, (14)

new™) | g BusHaveni y dbopmyaax (8), (10) i, kpim Toro,

1 (Lad (35, B, ades (157 5o
(]5—2w ad \ 54 9 w? a? 6 w?

30[% 6y 84 agary
+ 8o, (1 ~ ) T3 . + 103 |, (15)
1? 202
w a
baoo = — ( 73+ —22(-0(2)) 5
w af
12 2 2
by = —2wW7 4wl )(]3 _ 160 (2)
w? 9a? ’
(2) _ 4,1 4a2
ww w a
ba10 = - 5 43— —2260(2),
w af
(2) — 4 202
ww w a
boor = _ 22,2
221 2w? 43 90[%(-0

IMapamerp poskiaany ¢ bopMaabHUM, TOMY Y dopMyIax
(12-14) moxna moKIacTH € = 1.

TakuM 9UHOM, €BOJIONIA CIEKTPAJIBHO BYy3bKOTO XBH-
JBOBOTO TaKeTa B CJAaOKOHEIHIAHOMY HaOJIMKEHHI 3
TOUHICTIO €° TIpH OYaTKOBI# yMoBi (1a) Moxe 6yTH onu-
cana, 3aMicTh piBHaAHHA (1), mpocTimum pisaanaam (14).
[Mpotenypy pemykiii JIETKO y3araJbHUTH IJId CHCTEMHU
HeTIHITHIX TudepeHmiaIbHIX pIBHAHD. | pannaamii Bu-
manoK HediHifiHOrO ocnmaaTopa (¢ = 0) mepeBoaAUTH piB-
uanad (1) B ysarasbhene piBHanHA Toddinra. Eso-
JIOTIA KOMILIeKCHOI aMiutiTyau (14) BusHadaeThed mpn
IHOMY TILJIBKHW HEJIHIHUME daeHaMH 3 KoedilleHTaMu
3, ¢5, 4Kl Oym HesajexkHo obuucseni B [15].

Bysio Takox mokasawo, mo mad piBHanHa Koaiina—
Topmona (1) 3 xy6iunoto memimiitmictio (as = 0,04 =
0,5 = 0) posKJIaf TOIHOTO PO3B‘A3KY y BUNIALL eJIin-
TuaHol yHKII mpw modaTkoBil ymosi (la) B 3sama-
HOMY TOPANKY 3a MapaMeTpPOM € TOYHO 30iraeThcd 3
poskaagoM (12), oTpuMaHIM MeTOIOM 6araThboX MacIll-
TabiB. BumHo, mo mpm BpaxyBaHHI TLIBKH TJIEHIB II0-
panky € pisuanns (14) nepexonuts y kiaacuune HPIII
[6, 7], Toal 4K BUII] MOPAAKH OMUCYIOTH ABHIIA HEJIHIH-
Hol amcrepcii. KpiM Toro, mpn JedKuX CHiBBIIHONIEHHAX
MUK KoedilieHTaMN o BIIOyBacThCcA AKICHA 3MiHa Xa-
pakKTepy €BOJIIOII1 KOMIIJIEKCHOI 06BIIHOI. 3J0KpeMa, pu

1002 .

q3 = 3az — 52 = 0 ocobamBocTi eBoTIONI1 BU3HAYATO-
. 1 c e . . e

ThCd TLIBKU OaJiaHCOM JHITHUX 1 HEJIHIRHUX mucrep-

CIAHUX YJICHIB.

g pobora 6yaa wacTKOBO MiATpUMaHa IPAHTOM
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ON THE THEORY OF THE NONLINEAR DISPERSION OF WAVE
PACKETS IN THE MULTIPLE SCALES METHOD

V. P. Lukomskii, Yu. V. Sedletskii
Institute of Physics of the National Academy of Sciences of Ukraine
46 Nauky Pr., Kyiv, UA-03039, Ukraine

The time evolution of spectrally narrow wavetrain that is described by the nonlinear Klein—Gordon equation
is investigated in weakly nonlinear medium. The asymptotic expansion of a solution is built by the method of
multiple scales up to € inclusive. This expansion is defined by a complex function that has the sense of the first
harmonic of a solution which satisfies the nonlinear evolutionary Schrédinger equation of a higher order.
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