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In this paper we propose ve di erent modi ations of the hard sphere potential for the modeling
of a short-range repulsion and the al ulation of thermodynami and transport properties of liquid
4 He. We al ulate the potential energy, the total energy, and the sound velo ity at T = 0 K. It is
shown that three of the proposed potentials give a satisfa tory des ription of these properties.
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I. INTRODUCTION

In this paper we al ulate some properties of the helium system using the modi ations of helium{helium
interatomi potential obtained in [1℄.
The method of re eiving the potential is based on the
olle tive variables formalism as des ribed in our previous work [1℄.
Numeri al methods ould be grouped in two large
parts: 1) al ulations with adjustable parameters using experimental data on thermodynami and transport
properties [2{5℄, 2) ab initio quantum-me hani al omputations (mainly Monte Carlo) [6,7℄. A good omparison between various potentials, al ulated properties of
helium, and the experimental data might be found in [8℄.
We analyze our potentials due to the form of the potential urve and su h properties as the potential energy,
the total energy, and the sound velo ity, all al ulated at
T = 0 K, i. e., for the ground state.
Con erning the form of the potential urve, one an
noti e that the short-range part of the potential is not
 and
very signi ant starting from distan es about 2 A
less. This statement be omes lear if one looks at the
pair distribution fun tion F2(R) of helium [9℄: F2(R <
2:212 
A) = 0.
On the other hand, the results for the potential from [1℄
lead to the value 7:8 K for the total energy of the system of helium atoms at 0 K, while the experiment gives
7:17 K [10℄, we onsider it as a good agreement. But
we obtained the value of the potential energy 15:5 K,
and omputer simulations [8℄ predi t it in the range from
about 20 to 22 K (there is no experimental measurements available for this quantity). This di eren e may
not seem to be quite satisfa tory if one al ulates quantities onne ted with the potential energy only.
Thus, we tried to orre t our potential for it ould
re e t the short-range intera tions more pre isely unlike
that obtained in [1℄. For this purpose we used some modi ation of the hard sphere potential.
The paper is organized as follows. The al ulating proedure is des ribed in Se tion 2. Di erent forms for the
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short-range repulsion are presented in Se tion 3, the respe tive potential urves are also given there. In Se tion 4 we addu e the omputation of the energy and the
sound velo ity of 4He in the ground state.
II. CALCULATING PROCEDURE

The following relation was used for the al ulation of
the potential Fourier image q , see [1,11℄:
N mq
+ q2 a2 (q) q2 a22(q)
V ~2

1 X k2 a (k; k; q; q)
2N k=6 0 4

X
( k q)k a3 (q; k; k q) = 0; (1)
+ N1
k6=0

N is the total number of parti les, V is the volume

of the system, in the thermodynami limit we have

N=V = onst =  = 0:02185 
A 3 ; m is the mass of
4 He atom; the quantities a3 ; a4 are expressed through
a2 , see [1,11℄.

We are going to solve this problem in the approximation of \two sums over the wave ve tor". Su h al ulations were made in [1℄ with the expression for a2 in the
form of

 1 1
1
a2 (q) = 1
2
Sq
2 (q);

(2)

(q) being omplex fun tional of a2 ontaining summation (integration) over the wave ve tor [1,11℄.
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The equation (1) for q is solved using iterative proedure. We have used the orre ted expression for the
zeroth approximation of the quantity a2 [12℄:


1 1 1 ;
(3)
a02 (q) =
2 Sq0 Sq
while in [1℄ we used
a02 (q) =

1 1 1  ;
2
Sq

(4)



k  .





















Sq0 stands for the short-range stru ture fa tor, i. e. it or-

responds to the short-range repulsive intera tions. The
question obtaining this stru ture fa tor Sq0 is elu idated
in the next se tion.
III. SHORT-RANGE POTENTIAL
A. Hard sphere repulsion

In this paper we rst onsider a short-range potential
0(R) in the form of hard sphere intera tion,

; Ra
0
(5)
 (R) = 1
0; R > a ;
a is the hard sphere diameter.
This leads to Sq0 = SqHS , the stru ture fa tor of the

hard sphere system. It was al ulated from the pair distribution fun tion of the hard sphere system in whi h we
negle ted all terms with orders of density higher than 2.
This approximation will be alled here 2 -approximation
or HS{2 .
It is known that the Per us{Yevi k approximation
(PY) gives quite a good des ription in the ase of shortrange intera tions. It has also another advantage: there
is an exa t solution of the Ornstein{Zernike equation for
the hard sphere system in PY [13℄. We denote the stru ture fa tor obtained in this fashion as SqPY .
The quantities SqHS 1 and SqPY 1 show a weak damping / 1=q2 at the large values of the wave ve tor. It leads
to the ompli ation of the al ulation pro edure sin e
one should extend the integration limits in the Fourier
transformation of q . More pre isely speaking, the damping of q was weak too and we used the extrapolation at
large q to obtain the orre t behaviour of (R) at small
distan es.
We have al ulated the Fourier image q and the potential (R) using the hard sphere stru ture fa tor both
in HS{2 and PY approximations. As one an see from
Fig. 1, the long-range behaviour of this potential is not
satisfa tory unlike the short-range one.
One an see from Fig. 1 the extra hill on the potential
urve at approximately 6 
A. We will try to nd out due
to what reasons it appears.
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Fig. 1. The potential (R) with short-range intera tions
in hard sphere approximation (HS-2 | solid line, PY |
dotted line) ompared with results of our previous work [1℄
(dashed line).
B. Softened repulsion

The true repulsive part of the potential should be a
bit \softened". It is easier to formulate this \softening"
in terms of the Meyer fun tion f (R):
f (R) = e (R) 1

(6)

that stays nite while (R) an have in nities, see (5).
For the hard sphere system f (R) reads

a
f HS (R) = (R a) 1 = 01; ; R
(7)
R>a ;
In these terms, the softening means that the straight
step of the Meyer fun tion of hard sphere must be slightly
\rounded". Here we onsider the variants of this \rounding".
Let us suppose the power dependen e in 0(R):
0
 (R) / 1=Rn. Then the kineti energy operator in the
S hrodinger equation gives:
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~2 n2 A 2n (A=R)n
 2 (A=R)n
e
=
2m R2
2m R2 R e
~2

+ O(1=Rn+2):

k  .


(8)

Thus, the power 2n + 2 must equal the power of inverse
distan e in the repulsive part of real potential. Assuming
it to be the Lennard{Jones potential we obtain n = 5.
Another way is to round the orners in the Meyer fun tion by dire tly a epting its form. For instan e, like in
the previous ase:
f (R) = e

(A=R)n

1:

(9)

The value of n should be taken large (larger than 5) in
order to resemble the hard sphere step. The parameter A
does not depend on the temparature unlike the exponent
in expression (6) written for a lassi system. The reason is that we onsider a quantum system in the ground
state and no temperature dependen e is studied here.
The rst ase (Lennard{Jones repulsion, n = 5) will
be alled \soft spheres" (SS), and the se ond one (dire tly a epted repulsion) will be denoted as \almost
hard spheres" (AHS).
Let us hoose the following values for AHS quantities
in (9):
A = 2:1 
A;

n = 12:

(10)

The Meyer fun tion then be omes quite lose to the hard
sphere step, see Fig. 2. That is the reason why we all it
\almost hard spheres".























Fig. 3. The potential (R) with short-range intera tions
in SS (dashed line) and AHS (solid line) approximation ompared with results of our previous work [1℄ (dotted line).

In spite of a large di eren e in 1=R powers (5 and 12),
the results do not yield to a onsiderably di erent behaviour in the region of small R: it still resembles that
of [1℄. From this point of view, the reason must lie in the
fundamental di eren e between soft and hard spheres,
namely in the analyti ity or non-analyti ity of the Meyer
fun tion that leads to di erent types of damping at large
q for the stru ture fa tor and, as a result, for the Fourier
image q .
One other fa t on erns the region of a potential well.
One an see that the in reasing of 1=R power from 5 to
12 moves the depth of the well loser to that obtained
from the hard sphere approximation. On the other hand,
a similar value was obtained in [1℄ and it appears not to
di er mu h from the results of omputer simulations [6,7℄
and the omputations with adjustable parameters [2{5℄.
Those results might be found in Table 1.
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Fig. 2. Meyer fun tions of hard spheres (solid line) and
almost hard spheres (dashed line).

We have al ulated the stru ture fa tor of the softened repulsive part using the PY approximation. Sin e
we do not need big a ura y, only the rst iteration in the
Ornstein{Zernike equation was used. Our results show
that the potential urve does not di er mu h from that
of our previous work [1℄, see Fig. 3.
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Extra Hill
0:26 K at 6.41 
A
1:99 K at 4.84 
A
3:64 K at 4.94 
A
0:23 K at 6.31 
A
0:27 K at 6.44 
A
0:23 K at 6.31 
A
no hill
no hill

Table 1. Parameters of the potential urve for di erent
types of the potential.





Well
10:59 K at 3.34 
A
10:86 K at 3.32 
A
11:55 K at 3.27 
A
11:76 K at 3.34 
A
15:95 K at 3.32 
A
11:72 K at 3.33 
A
11:01 K at 3.0 
A
11:04 K at 2.99 
A

The extra-hill was obtained on our potential urves
at the interatomi distan es of ' 5 7 
A. We onsider
it as a onsequen e of solving the problem of intera tion between helium atoms via quantum equations. But
the large values of hill maxima obtained in the ase of
hard-sphere intera tion should be treated as a result of
the Meyer fun tion non-analyti ity. We laim this sin e
the orrespondent values in the ase of soft spheres and
almost hard spheres are ommensurable with the value
from [1℄.
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The region of small R values is probably the most
ompli ated one. It seems that one should a ept the
hard-sphere approximation in order to obtain a good des ription here. We tried to join the advantages of the
PY short-range part with those of the AHS long-range
part by just \gluing" these two data sets at the point of
3.25 
A. The left side orresponds to PY; the right side {
to AHS.
Our values of the potential at small distan es, namely
, should not be onsidered as a orre t
for R < 2:5 A
quantitative result in this region but only as the qualitative one. What is done by a epting di erent models
for short-range intera tion are the data sets for the potential Fourier image q . In the ase of hard spheres q
damps at large q slowly giving a ontribution into the
potential as / 1=R after the Fourier transformation. If
any softened repulsion is a epted the potential remains
.
nite at R = 0 A
One an noti e that there is a onstant positive differen e between the minimum position (the equilibrium
interatomi distan e) of the potentials dis ussed in this
work and of those al ulated by Aziz et al. [2{5℄. We onsider it as a onsequen e of the e e tive nature of our potentials. Let us onsider the model of hard spheres with
the diameter a in order to illustrate this statement. The
equilibrium distan e between two atoms in the system of
two atoms is obviously a. But if one onsiders the system of three parti les then the average distan e slightly
in reases, namely by 5 per ent. Thus, the di eren e of
approximately 10 per ent in our ase might be at least
partially onsidered as a onsequen e of su h a geometri
e e t.

One an al ulate the potential energy  of the system
at 0 K using relation [14℄:

X 
 = N 2 0 + 2q 1 1 ;
(11)
q
q=
6 0
s
2q ;
~2 q 2
"q =
(12)
q = 1+
"
2m :
q

The total energy E reads:

X "q (
4
q6=0

q
q

1)2 :

m 2 = 0

1 X" (
8N q6=0 q

q
q

1)2 :

(14)

We give the results dis ussed above in Table 1 for the
sake of omparison. The left hand values of sound velo ity orrespond to the RPA (m 2 = 0 ), while the
right-hand values re e t the orre tion [12℄.
Potential =N , K E=N , K , m/s
Ref. 1
15:5
7:8 292 vs 238
HS-2 a)
+18:1 +38:8 407 vs 524
AHS
21:6
12:0 297 vs 240
SS
29:1
18:6 254 vs 182
Glued
16:7
8:0 324 vs 262
b
Ref. 8 )
21:7
7:1
241
Experiment
7:17 ) 240.3 d)
a )We do not give data for the potential obtained using S PY sin e
in this ase one annot obtain a \good" q : value of 1 + 2q ="q
is negative for some values of q.
b )The al ulation whi h uses the potential as in [2℄.
)Ref. 10.
d )This value orresponds to the sound velo ity at saturated vapour
pressure for T = 0:1 K [15℄. Ref. 16 gives 237.8 m/s at T = 0:8 K.
These values are not stri tly experimental but it is possible to
onsider them as the averaged experimental ones sin e they are
al ulated using the well-analyzed equation of state.

Table 2. Energy and sound velo ity with di erent potentials.

IV. ENERGY AND SOUND VELOCITY

E = +

want to have the next, postRPA approximation. Thus,
the orre ted expression reads [12℄:

(13)

The quantity 0 in these equation must be substituted with m 2 where is the sound velo ity in 4He.
The value m 2 = 0 orresponds to the RPA and we

As might be seen from Table 2, the HS model for
the short-range repulsion yields in orre t values for energy and sound velo ity. Unfortunately, we did not nd
the universal potential satisfying the requirements to des ribe the total energy and the potential energy with
similar a ura y. The best t for both these quantities is
found in the ase of \glued" potential but the method of
its obtaining looks very arti ial. One an see that the
best t of the potential energy is found in the AHS approximation for the short-range repulsion. On the other
hand, the previously obtained potential [1℄ remains the
best of those onsidered here due to the values of the
total energy and the sound velo ity.
Therefore, three potentials will be used in our further
works: the potential obtained in [1℄, the potential with
AHS short-range repulsion and the \glued" potential. A
omprehensive analysis of thermodynami and transport
properties that might be al ulated and ompared with
the experiment or the omputer simulations will determine the most suitable model potential.
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PREDSTAVLENN VZAMODÕ NA MALIH VDDALH U RDKOMU GELÕ
ZA DOPOMOGO MODIFKOVANIH POTENCLV TVERDIH SFER
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