ȷURNAL FIZIQNIH DOSLIDȷEN^ t. 5, ˝ 3/4 (2001) s. 246–254

JOURNAL OF PHYSICAL STUDIES v. 5, No. 3/4 (2001) p. 246–254

HYPERFINE INTERACTIONS OF THE NUCLEAR SPIN WITH ELECTRON SYSTEMS IN THE DENSITY MATRIX METHODS

R. L. Pavlov^1, P. P. Raychev^1, M. Dimitrova-Ivanovich^2, C. Valdemoro^3 1Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 72 Tsarigradsko Chaussee, BG–1784 Sofia, Bulgaria, 2Institute of Solid State Physics, Bulgarian Academy of Sciences, 72 Tsarigradsko Chaussee, BG–1784 Sofia, Bulgaria, 3Instituto de Matematicas y Fisica Fundamental, CSIC, 123 Serrano, 28006 Madrid, Spain (Received October 1, 2001)

The matrix elements and expectation values of the operators of the hyperfine electron-nuclear interactions in many-electron systems are presented in an analytical form, which can be applied for numerical calculations in the density matrix methods. The electron-nuclear spin-spin and contact interactions are considered, as well as the interaction between nuclear-spin and electron orbital motions. These interactions which take part in the effective Breit–Pauli Hamiltonian, determine hyperfine structure of the basic effects in the spectroscopy, which can be observed for example in electron spin resonance (ESR) and nuclear magnetic resonance (NMR) experiments. Applying the Wigner–Eckart theorem, using the irreducible tensor-operators technique and the spin-space separation scheme, the matrix elements and expectation values of these relativistic corrections are expressed in a form suitable for direct numeric calculations. The final result is presented as a product (or sums of products) of factors determined by the spin and (or) the angular momentum symmetry, and a spatial part determined by the action of the symmetrized tensor-operators on the normalized matrix or function of the spin distribution or the matrix of the charge distribution. The action of these space tensor operators is the same for a given spin multiplet. This action can be expressed by a standard procedure, well defined in the theory of the irreducible tensor-operators.

Key words: electron-nuclear interaction, hyperfine structure, relativistic correction, density matrix, Clebsch–Gordon coefficients.

PACS number(s): 31.20.Sy, 31.30.Gs, 31.30.Jv

I. INTRODUCTION

In the formalism of the reduced density matrices and functions (RDM & RDF)[1–3], the matrix elements, as well as expectation values of the different types of spininvolving operators take the form of a product of space and spin factors [1–4]. The spin part is determined by the spin symmetry and is reduced to 3j-symbols, while the spatial part is determined by the action of space operators on the spin distribution or spin correlations matrices or functions [1,4,5]. The spin distribution and spin correlations matrices and functions are built from the spatial parts of the RDMs of first and second order, respectively. In this approach, the space-spin separation results, first, from the possibility to separate the space and spin variables in RDMs [6–9] and, second, from the use of the split RDMs in order to represent the matrix elements of the perturbation terms in the Hamiltonian [1,4,10].

In terms of the RDMs and RDFs and in the scheme of the space-spin separation, the matrix elements and expectation values of the various spin-involving operators (presented in Refs. [1,4]) are connected with the relativistic corrections in the Breit–Pauli Hamiltonian [1–5]. The matrix elements and expectation values of the operators corresponding to the different types of relativistic corrections are reduced to the products of a factor determined by the spin symmetry which characterize a spin state or a transition between two states in a given spin multiplet, and a space part which is independent of the spin state or of a transition amplitude between two states. This space part is expressed by the action of the space operator, considered in general form, on the space part of the relevant spin distribution, or spin correlations matrices or functions.

In Refs. [11,12] we have taken a step further in the treatment of the matrix elements and expectation values of one of the main relativistic corrections, namely, the spin-orbit interactions and spin-spin, electron-electron interactions terms, in a form convenient for numerical calculations in the density matrix methods.

In the present paper we shall consider the matrix elements and expectation values of another type of spininvolving relativistic corrections, namely the electronnuclear spin-spin (dipolar) and electron-nuclear contact interactions, as well as the interaction between nuclearspin and electron orbital motion. These interactions terms in the effective Breit–Pauli Hamiltonian determine the hyperfine structure of the basic effects in the spectroscopy, observed for example in the EPR and NMR experiments.

Using the technique of the irreducible tensor operators and applying the Wigner–Eckart theorem, the matrix elements and expectation values of these relativistic corrections are expressed as products, or sums of products, of factors, determined by the spin symmetry and (or) the orbital momentum symmetry, and a spatial part determined by the action of the symmetrized tensor-operators over the normalized matrix or function of the spin distribution or the matrix of the charge distribution. The action of these space tensor operators is the same for a given spin multiplet and is independent of the investigated (splitting or transition) effect. This action is reduced to a standard procedure, well defined in the theory of the irreducible tensor-operators. The expectation values of these relativistic corrections, which give the value of splitting of the energy levels, are expressed in an analytical form suitable for numerical calculations. We also consider the transition matrix elements of these operators, which give the contribution of the electron-nuclear interactions under consideration to the corresponding induced transitions.

II. SPIN DISTRIBUTION MATRICES AND DENSITIES

A. Matrix elements in the RDM formalism

The RDM of the order s (s-RDM) of an N -electron system (1 ≤ s ≤ N ) in the state K, described by a wave function Ψ_K (τ_1, . . . , τ_N ), which is eigenfunction of the operators S^2 and S_Z , has the form [1–3, 13–16]

ρ(KK|τ_1, . . . , τ_s; τ^′_1, . . ., τ^′_s) = N (N − 1) . . . (N − s + 1) × ∫ Ψ_K (τ_1, . . . , τ_s; τ_{s+1}, . . . , τ_N )Ψ^∗_K (τ^′_1, . . ., τ^′_s; τ_{s+1}, . . . , τ_N )dτ_{s+1} . . . dτ_N , (1)

where τ_i = (r_i, σ_i), r_i is the position vector of the i-th electron and σ_i is the spin variable.

The corresponding RDF of the order s (s-RDF) is defined by the expression ρ(KK|τ_1, . . . , τ_s) = ρ(KK|τ_1, . . . , τ_s; τ^′_1, . . ., τ^′_s)|_τ ′_{{i}=τ{i}} = ρ(KK|τ_1, . . ., τ_s; τ_1, . . . , τ_s). (2) The generalized transition s-RDM between the states K and K^′ described by Ψ_K and Ψ_K′ has the form [1–3]: ρ(KK^′|τ_1, . . . , τ_s; τ^′_1, . . . , τ^′_s) = N (N − 1) . . . (N − s + 1) × ∫ Ψ_K (τ_1, . . . , τ_s; τ_{s+1}, . . ., τ_N )Ψ^∗_K′ (τ^′_1, . . . , τ^′_s; τ_{s+1}, . . ., τ_N )dτ_{s+1} . . . dτ_N . (3)

For the transition s-RDF we have a similar expression which follows from Eq. (2).

The expectation value of a s-particle operator, F(i_1, i_2, . . . i_s), can be written as ⟨F(i_1, i_2, . . . i_s)⟩ = Sp_{i1,i2,...is} F(i_1, i_2, . . . i_s)ρ(τ_1, . . . , τ_N ; τ^′_1, . . . , τ^′_N ) = Sp_{i1,i2,...is} F(i_1, i_2, . . . i_s)ρ(τ_1, . . . , τ_s; τ^′_1, . . . , τ^′_s). (4) In expression (4) Sp_{i1,i2,...is} denotes the operator of the integration over particle coordinates labeled with the corresponding numbers, after identification of the primed and unprimed coordinates.

In many-electron theory, the expectation values and matrix elements of symmetric sums of identical operators are of major importance. Then, for the expectation values of a symmetrized sum of identical s-particle operators, F(i_1, i_2, . . . i_s), (assuming that the numbers are ordered as follow i_k, 1 ≤ i_1 < i_2 < . . . < i_s ≤ N ), we obtain ⟨ ∑ {i_s} F(i_1, i_2, . . . i_s)⟩ = ⟨Ψ_K (τ_1, . . . , τ_N )| ∑ {i_s} F(i_1, i_2, . . . i_s)|Ψ_K (τ_1, . . . , τ_N )⟩

= 1 s! Sp F(i_1, i_2, . . . i_s)ρ(K|τ_{i1} , . . . , τ_{is} ; τ^′_{i1} , . . . , τ^′_{is} ), (5)

where ∑ {i_s} means a summation over all possible sets

(i_1, i_2 . . . , i_N ). Usually, only RDMs or RDFs of 1st or 2nd order are of importance. Higher-order matrices or functions are used only in specific cases.

After separation of the space and spin variables [1,2,6], the 1-RDM takes the form ρ(τ_1; τ^′_1) = ∑ γ,γ^′=α,β ρ^{γ,γ′} (r_1; r^′_1)γ(σ_1)γ^{′∗}(σ^′_1), (6)

where the ρ^{γ,γ′} (r_1; r^′_1) are the space components and the γ(σ) (γ = α, β) are two spin one-electron wave functions. The space components form the charge and spin distribution matrices (section II.B):

ρ(r_1; r^′_1) = ρ^{α,α}(r_1; r^′_1) + ρ^{β,β} (r_1; r^′_1) . (7)

For the expectation values of a sum of identical oneparticle operators, making use of Eq. (5) we obtain ⟨ ∑ i F(i)⟩ = ⟨Ψ_K (τ_1, . . . , τ_N )| ∑ i F(i)|Ψ_K (τ_1, . . . , τ_N )⟩

= Sp F(1)ρ(K|τ_1; τ^′_1) = ∫ τ^′_1 =τ_1

F(1)ρ(K|τ_1; τ^′_1)dτ_1. (8)

B. Spin distribution matrices and functions

In the spin eigenstate (with the eigenvalues S(S + 1) and M of the operators S^2 and S_z , respectively ) the spin distribution matrix can be written down in the following form [1,2,4,5]

q(r_1; r^′_1) = 1/2[ρ^{α,α}(r_1; r^′_1) − ρ^{β,β} (r_1; r^′_1)]. (9)

The spin distribution matrices q^{(M)}(r_1; r^′_1) for the different spin eigenstates (with M = S, S − 1, . . ., −S) can be expressed in terms of the normalized spin distribution matrices D_S (r_1; r^′_1), which are independent of M [17,18]:

q^{(M)}(r_1; r^′_1) ≡ q(KK|r_1; r^′_1) = M S q(K K|r_1; r^′_1)

= M D_S (r_1; r^′_1), (10)

where:

D_S (r_1; r^′_1) = 1 S q(K K|r_1; r^′_1). (11)

Here K is the index of the spin state corresponding to ⟨S_z ⟩ = M and K is the index corresponding to the maximal value M = S and q(KK|r_1; r^′_1) is presented in form (9), using the general definition [1,4]

q(KK^′|r_1; r^′_1)^1_m = ∫ σ^′_1 =σ_1

S^1_m(1)ρ(KK^′|τ_1; τ^′_1)dσ_1, (12)

where S^1_m(i), m = 0, ±1 are symmetrized components of the spin moment S(i) of the electron with the number i.

Similar formulas can be written for the spin distribution functions when r_1 = r^′_1 .

The matrices of the spin distribution for the transition between the states K(SM_S ) and K^′(S^′M_S′ ) satisfy relations [1,4]

q(KK^′| r_1; r^′_1)^1_m = C^{S 1 S′} M_S m M_S′ C^{S 1 S′} S m S^′ q(KK^′| r_1; r^′_1)^1_m, (13)

where C^{S 1 S′}

M_S m M_S′ are the Clebsch–Gordon coefficients.

From their properties it follows that m = M_S′ − M_S and m = S^′ − S. By analogy with (12) one obtain

q(KK^′|r_1; r^′_1)^1_m = ∫ σ^′_1 =σ_1

S^1_m(1)ρ(KK^′|τ_1; τ^′_1)dσ_1.

Applying the Wigner–Eckart theorem, from (13) to the transition between the states K(SM_S ) and K^′(SM^′_S ) one obtains

q(KK^′| r_1; r^′_1)^1_m = C^{S 1 S} M_S m M^′_S C^{S 1 S} S 0 S q(KK^′| r_1; r^′_1)

= ⟨SM_S |S^1_m|SM^′_S ⟩D_S (r_1; r^′_1), (14)

where S^1_m , m = 0, ±1 are the components of the symmetrized operator of the total spin. Eqs. (13) and (14) are generalization of Eq. (10) for the case of a transition between the different spin states.

III. ELECTRON-NUCLEAR DIPOLAR INTERACTIONS

The operator of dipole coupling between one electron spin magnetic moment S(i) and the magnetic moment I(λ) of the nucleus λ can be written down in as in [1,4,5] which separates electron and nucleus variables:

Ĥ^{SS}_{en} = g_0αα_p ∑ λ,i g_λS(i) · [ 3 r_{λi} ⊗ r_{λi} r^5_{λi} − n^2(i) r^3_{λi} ] · I(λ)

= g_0αα_p ∑ λ,i g_λ { 3[S(i) · r_{λi}][I(λ) · r_{λi}]

− r^2_{λi}S(i) · I(λ) } r^{−5}_{λi} . (15)

Here α = 1/2c is the fine structure constant, α_p is the structure constant of the proton, g_0 is the g-factor for the free electron [19], g_λ is the g-factor for the nucleus λ and n^2(i) is the unit tensor formed from the vector n(i) = r_{λi}/r_{λi}. We denote r_{λi} = r_i − R_λ, where R_λ is the position vector of the nucleus with number λ.

The interactions, described by this operator, determine the hyperfine structure of the effects observed in the EPR experiments.

For any one nucleus λ, the sum of one electron operator in Eq. (15) can be written as λ∑ i Ĥ^{SS}_{en} (i) = g_0αg_λα_p ∑ i r^{−3}_{λi} K(i) · I(λ), (16)

where

K(i) = 3[S(i) · n(i)]n(i) − S(i). (17)

The components of the axial vector K(i) can be presented in the form

K_k(i) = ∑ l D_{kl}S^{(1)}_l (i), (18)

where

D_{kl} = 3n_k(i)n_l (i) − δ_{kl}n_k(i)n_l(i) (19) is a traceless symmetric second-rank tensor which is proportional to the normalized spherical functions C^2(ϑ_i, φ_i) with components:

C^p_q (1) = C^p_q (ϑ_1, φ_1) = [4π/(2p + 1)]^{1/2}Y^p_q (ϑ_1, φ_1) .

As usual Y^p_q (ϑ_1, φ_1) are the components of the spherical functions.

The components of the symmetrized vector K^1(i) are given by

K^1_q (i) = C[D^2 ⊗ S^1]^1_q = C ∑ m,m^′ C^{2 1 1} m m^′ qC 2 m(ϑ_i, φ_i)S^1_m′ (i), (20)

where [D^2 ⊗ S^1]^1 is an irreducible first-rank tensor built from the tensor product of D^2 and S^1. The constant C can be derived from atomic spectroscopy theory [20,21] and its value is 10^{1/2}.

Using the relations given above and expressing the scalar product of K and I as a tensor product of their symmetrized forms K^1 and I^1, Eq. (16) takes the form

λ∑ i Ĥ^{SS}_{en} (i) = g_0αg_λα_p ∑ i r^{−3}_{λi} ∑ q (−1)^q (K)^1_q (i) · I^1_{−q}(λ)

= √ 10 g_0αg_λα_p ∑ q (−1)^q ∑ m,m^′ C^{2 1 1} m m^′ q ∑ i r^{−3}_{λi} C^2_m(ϑ_{i,}φ_i)S^1_m′ (i)I^1_{−q} (λ). (21)

If one separates the electron and nuclear parts of the wavefunction, for the matrix elements of the transition between the states K and K^′ of the electron system and K_λ and K^′_λ of the nucleus λ one obtains:

⟨KSM_S K_λ| λ∑ i Ĥ^{SS}_{en} (i)|K^′SM^′_S K^′_λ⟩ = √ 10 g_0αg_λα_p ∑ q (−1)^q ∑ m,m^′ C^{2 1 1} m m^′ q

× ⟨KSM_S | ∑ i r^{−3}_{λi} C^2_m(ϑ_{i,}φ_i)S^1_m′ (i)|K^′SM^′_S ⟩⟨K_λ|I^1_{−q}(λ)|K^′_λ⟩. (22)

We will consider only the transition between the states K and K^′ belonging to one and the same spin multiplet. The transitions between different spin multiplets are forbidden as can be seen from the consideration of their symmetry properties.

Using Eqs. (12)–(14) we can express the matrix elements of the electron part in the following form

⟨KSM_S | ∑ i r^{−3}_{λi} C^2_m(ϑi, φ_i)S^1_m′ (i)|K^′SM^′_S ⟩ = ∫ r^′_1=r_1

r^{−3}_{λ1} C^2_m(ϑ1, φ_1)q(KK^′|r_1; r^′_1)^1_m′ dr^′_1

= ⟨SM_S |S^1_m′ |SM^′_S ⟩ ∫ r_1

r^{−3}_{λ1} C^2_m(ϑ1, φ_1)D_S (r_1)dr_1, (23) where S^1_m are the symmetrized components of the total spin S of the many electron system and D_S (r_1) = q(K K|r_1; r_1)^1_0/S is the normalized spin distribution function, i.e the spin density, which is the same within any given spin multiplet.

Applying the Wigner–Eckart theorem to the matrix element in Eq. (23) we obtain

⟨SM_S |S^1_m′ |SM^′_S ⟩ = √ 3 2 1 √ 2S + 1 C^{S 1 S} M_S m^′ M^′_S . (24)

Finally, for the matrix elements of the operator Ĥ^{SS}_{en} for the transition between the states K and K^′ of the electron system and K_λ and K^′_λ of the nuclear system one obtains

⟨KSM_S K_λ|Ĥ^{SS}_{en} |K^′SM^′_S K^′_λ⟩ = √ 15 g_0αα_p 1 √ 2S + 1 ∑ λ g_λ ∑ q (−1)^q

× ∑ m,m^′ C^{2 1 1} m m^′ q C S 1 S M_S m^′ M^′_S ∫ r^{−3}_{λ1} C^2_m(ϑ_1, φ_1)D_S (r_1)dr_1⟨K_λ|I^1_{−q} (λ)|K^′_λ⟩. (25)

In particular for a given electronic term, this matrix element takes the form ⟨KSM_S K_λ|Ĥ^{SS}_{en} |KSM_S K^′_λ⟩ = √ 15 g_0αα_p 1 √ 2S + 1 ∑ λ g_λ ∑ q (−1)^q ∑ m C^{2 1 1} m 0 qMS

× ∫ r^{−3}_{λ1} C^2_m(ϑi, φ_i)D_S (r_1)dr_1⟨K_λ|I^1_{−q}(λ)|K^′_λ⟩. (26)

The expectation value (26) gives the width of the spectral line splitting due to the electron-nucleus spin-spin interaction.

IV. ELECTRON-NUCLEAR CONTACT INTERACTION

The term of the electron-nuclear contact interaction in the effective Breit–Pauli Hamiltonian has the form as in [1,4,5]

Ĥ^{SS}_{en(cont)} = 8 3 πg_0αα_p ∑ λ,i g_λδ(r_{λi})I(λ) · S(i). (27)

These interactions (and the operator Ĥ^{SS}_{en} as well) determine the hyperfine structure of the effects in the EPR experiments.

Expressing the scalar product of I(λ) and S(i) in Eq. (27) in terms of their symmetrized components we obtain

Ĥ^{SS}_{en(cont)} = 8 3 πg_0αα_p ∑ λ,i g_λδ(r_{λi}) ∑ m (−1)^mS^1_m(i)I^1_{−m}(λ). (28)

Separating the wave function into the electron and nuclear part, for the matrix element of Ĥ^{SS}_{en(cont)} one easily obtains

⟨KSM_S K_λ|Ĥ^{SS}_{en(cont)}|K^′SM^′_S K^′_λ⟩ = 8 3 πg_0αα_p ∑ λ g_λ

× ∑ m (−1)^m⟨KSM_S | ∑ i δ(r_{λi})S^1_m(i)|K^′SM^′_S ⟩⟨K_λ|I^1_{−m}(λ)|K^′_λ⟩. (29)

Using the same procedure as in section III, for the first matrix element in this expression we have

⟨KSM_S | ∑ i δ(r_{λi})S^1_m(i)|K^′SM^′_S ⟩ = C^{S 1 S}_{MS m M} ′_S /C^{S1S}_{S0S}

× ∫ r^′_1=r_1

δ(r_{λ1})q(KK^′|r_1; r^′_1)^1_0dr_1 = ⟨SM_S |S^1_m|SM^′_S ⟩

× ∫ r_1

δ(r_{λ1})D_S (r_1)dr_1 = √ 3 2 1 √ 2S + 1 C^{S 1 S} M_S m M^′_S DS (Rλ). (30)

Finally for the matrix element of Ĥ^{SS}_{en(cont)}, we obtain

⟨KSM_S K_λ|Ĥ^{SS}_{en(cont)}|K^′SM^′_S K^′_λ⟩ = 8 3 √ 3 2 πg_0αα_p 1 √ 2S + 1 × ∑ λ g_λ ∑ m (−1)^mC^{S 1 S} M_S m M^′_S DS (Rλ)⟨Kλ|I 1 −m(λ)|K^′_λ⟩. (31)

For a given term Eq. (30) formally takes the following simple form:

⟨KSM_S K_λ|Ĥ^{SS}_{en(cont)}|KSM_S K^′_λ⟩ 8 3 √ 3 2 πg_0αα_p 1 √ 2S + 1 ∑ λ g_λM_S D_S (R_λ)⟨K_λ|I^1_{−0}(λ)|K^′_λ⟩. (32)

V. NUCLEAR-ELECTRON SPIN-ORBITAL INTERACTION

The interaction between the magnetic moment of nuclei and the orbital electronic motion which contribute to the effects of chemical shifts in NMR-experiments can be described by the operator Ĥ^{LS}_{en} in the form [1,4,5]: Ĥ^{LS}_{en} = 2αα_p ∑ λ,i g_λr^{−3}_{λi} I(λ) · L_λ(i). (33)

Here, in the absence of external magnetic fields L_λ(i) is the angular moment of the i-th electron according to the nucleus λ

L_λ(i) = L_{(i)/λ} = r_{λi} × p(i) = r_i × p(i) − R_λ × p(i).

(34)

Expressing the scalar product in (33) in terms of symmetrizied components of I(λ) and L_λ(i) the operator Ĥ^{LS}_{en} takes the form Ĥ^{LS}_{en} = 2αα_p ∑ λ,i g_λr^{−3}_{λi} ∑ m (−1)^mI^1_{−m}(λ)(L_λ(i))^1_m. (35)

In particular if one supposes that the origin of coordinate system is on the nucleus the operator (35) can be written down as aĤ^{LS}_{en} = 2αα_pg_λ ∑ i r^{−3}_i ∑ m (−1)^mI^1_{−m}(λ)L^1_m(i), (36)

where L^1_m(i) are the spherical components of the orbital angular moment of the i-th electron, i.e L(i) = r_i × p(i). Taking into account that p(i) = −i∇_i, and that

∇ = n ∂ ∂r + 1 r ∇_Ω,

where n is the normal of r and ∇_Ω is the spherical part of ∇ one can write down L(i) = −i[n(i) × ∇_{Ωi} ] [22].

Thus, after some calculations, one obtains

L^1_m(i) = − √ 2 ∑ p,q C^{1 1 1} p q mC 1 p (θ_i, φ_i)(∇_{Ωi} )^1_q . (37)

Using these results for the matrix element of the operator of the nuclear-electronic spin-orbit interaction which determine the transition between two electronic states K and K^′ and the nuclear states K_λ and K^′_λ one obtains

⟨KK_λ |^a Ĥ^{LS}_{en} | K^′K^′_λ⟩ = 2αα_pg_λ ∑ m (−1)^m ⟨K | ∑ i r^{−3}_i L^1_m(i) | K^′⟩⟨K_λ | I^1_{−m} | K^′_λ⟩, (38) where the matrix element for the transition of the electronic system has the form: ⟨K | ∑ i r^{−3}_i L^1_m(i) | K^′⟩ = ∫ r^′_1=r_1

r^{−3}_1 L^1_m(i)ρ_1(KK^′ | r_1; r^′_1)dr_1 =

− √ 2 ∑ p,q C^{1 1 1} p q m ∫ r^′_1=r_1

r^{−3}_1 C^1_p (θ_1, φ_1)(∇_{Ω1} )^1_q ρ(KK^′ | r_1; r^′_1)dr_1, (39)

where ρ(KK^′ | r_1; r^′_1) is the reduced density matrix of the first rank.

From the general formula of the matrix element of a product of two tensor operators: ⟨K | f · g | K⟩ = ∑ K^′ ⟨K | f | K^′⟩⟨K^′ | g | K⟩

it follows that R_λ × p(i) = 0, because the matrix element of R_λ differs from zero only when M_L(i) = M^′_L(i) while that of p(i) differs from zero only when M^′_L(i) = M_L(i) + 1 (see [21]). Here as usual M_L(i) are the projections of orbital momenta L(i).

In the case of consideration for the matrix elements of operator Ĥ^{LS}_{en} , Eq.(33) one obtains ⟨KK^′_λ | Ĥ^{LS}_{en} | K^′K^′_λ⟩ = 2αα_p ∑ λ g_λ ∑ m (−1)^m⟨K | ∑ i r^{−3}_{λi} (L_λ(i))^1_m | K^′⟩⟨K_λ | I^1_{−m}(λ) | K^′_λ⟩, (40)

where the matrix element of the electronic part take the form, analogous to (39):

⟨K | ∑ i r^{−3}_{λi} (L_λ(i))^1_m | K^′⟩ = − √ 2 ∑ p,q C^{1 1 1} p q m ∫ r^′_1=r_1

r^{−3}_{λi} C^1_p (θ_1, φ_1)(∇_{Ω1} )^1_q ρ(KK^′ | r_1; r^′_1)dr_1. (41)

VI. CONCLUSION

The results presented here give the possibility to include electron-nuclear spin-spin and contact interactions as well as the interaction between nuclear-spin and electron orbital motion in a density matrix theory for spinpolarized many electron systems in excited and degenerate states. These results allow not only to include the considered relativistic corrections in the variational approach of density matrix methods but also to perform calculations in terms of vector-model and valence-bond schemes.

The matrix elements and expectation values of operators with a complicated analytical form, as for example these of the operator of the electron-nuclear spin-spin interaction given by Eq. (15), are easily reduced to a form which is very simple and suitable for the direct numerical application. The only specific component in the expressions (25), (26), (31) and (32) is contained in the matrix elements of the operators Ĥ^{SS}_{en} and Ĥ^{SS}_{en(cont)}. These operators must be constructed and used in the numerical procedure for the normalized spin distribution density, which is the same for a given spin multiplet and does not depend on the considered transition processes between two states K and K^′ of splitted energy levels.

The calculation of the matrix elements of the operator Ĥ^{LS}_{en} (Eqs. (39), (41)) in terms of density matrix of first order is straightforward. The same holds for density functionals built up in terms of density matrices. We could use the local-density functional obtained form of the spin distribution functions or average local-density functional approximation [23] for the spin distribution matrices and, at the end, the first order density matrix in Kohn–Sham equations in order to include the considered relativistic corrections.

In the Barth–Hedin construction [24–26], the most widely used in the Kohn–Sham-type calculations for spin-polarized systems, the energy functional is defined in terms of the first-order density matrix. This does not permit the description of relativistic corrections, which require a two-particle density matrix. In this approach one can only determine the influence of an external magnetic field, and only for the ground state.

The formalism presented here and in [11,12] can be used in the density matrix and density functional methods for the determination of all relativistic corrections described by Breit–Pauli Hamiltonian not only for the ground state, but for any arbitrary state of the spin multiplet as well. The same formalism can be used for the calculation of the effect of an external magnetic field.

The use of a suitable minimization procedure, e.g., the local-scaling transformation scheme [27–29], and more precisely speaking, its formulation for spin-polarized systems [30,31], that keeps automatically space and spin symmetry, would allow direct minimization of the energy density-matrix functional, including relativistic terms. This is an aim of our future investigations.

[1] R. McWeeny, Methods of Molecular Quantum Mechanics (Academic Press, New York, 1989).

[2] M. M. Mestetchkin, Mietody priviediennoi matricy plotnosti v kvantovoi moliekuliarnoi tieorii (Methods of Reduced Density Matrices in Quantum Molecular Theory) (Naukova Dumka, Kiev, 1977).

[3] K. Husimi, Proc. Phys. Math. Soc. Jpn 22, 264 (1940). [4] R. McWeeny, J. Chem. Phys. 42, 1717 (1965). [5] J. Maruani, Electron and Magnetization Densities in Molecules and Crystals, edited by P. Becker, (Plenum Press, New York, 1980).

[6] V. A. Fock, Zh. Eksp. Teor. Fiz. 10, 961 (1940). [7] R. McWeeny, Y. Mizuno, Proc. R. Soc., London, Ser. A 259, 554 (1961).

[8] R. McWeeny, Mol. Eng. 7, 7 (1997).

[9] R. McWeeny, Adv. Quantum Chem. 31, 15 (1999). [10] A. P. Yutsis, I. B. Levinson, V. V. Vanagas, Matiematichieskij formalizm v tieorii uglovogo momienta (Mathematical Formalism of Angular Momentum Theory) (Gospolizdat, Vilnius, 1968).

[11] R. L. Pavlov, A. I. Kuleff, P. Tz. Yotov, J. Maruani, Ya. I. Delchev, in Trends in Quantum System in Chemistry and Physics, edited by J. Maruani et al., (Kluwer Acad. Publishers, Netherlands, 2001), p. 63.

[12] R. L. Pavlov, A. I. Kuleff, P. Tz. Yotov, J. Maruani, Adv.

Quantum Chem. 39, 295 (2001).

[13] R. McWeeny, Proc. R. Soc., London, Ser. A 223, 63 (1954).

[14] P.-O. Lowdin, Phys. Rev. 97, 1474 (1955). [15] C. N. Yang, Rev. Mod. Phys. 34, 694 (1962). [16] R. McWeeny, Rev. Mod. Phys. 32, 355 (1960);

P.-O. Lowdin, Rev. Mod. Phys. 32, 328 (1960); A. J. Coleman, Rev. Mod.Phys. 35, 668 (1963).

[17] H. M. McConnell, J. Chem. Phys. 28, 1188 (1958).

[18] W. H. Moores, R. McWeeny, Proc. R. Soc., London, Ser.

A 322, 365 (1973).

[19] A. I. Akhiezer, V. B. Berestetzkii, Kvantovaia Eliektrodinamika (Quantum Electrodynamics) (Nauka, Moskow, 1969).

[20] L. C. Biedenharn, J. D. Louck, Angular Momentum in Quantum Physics (Addison Wesley, Massachusetts, 1981).

[21] I. I. Sobelman, Vviedieniie v tieoriiu atomnykh spiektrov (Introduction to Atomic Spectra Theory), (Nauka, Moscow, 1977).

[22] D. A. Varshalovich, A. N. Moskalev, V. K. Khersonsky, Quantum theory of angular momentum: irreducible tensors, spherical harmonics, vector coupling coefficients, 3nj symbols (World Sci., Singapore, 1988).

[23] O. Gunnarsson, B. I. Lundqvist, Phys. Rev. B 13, 4274 (1976).

[24] U. Barth, L. von Hedin, J. Phys. C 5, 1629 (1972). [25] M. M. Pant, A. K. Rajagopal, Solid State Commum. 10, 1157 (1972).

[26] A. Rajagopal, J. Gallaway, Phys. Rev. B 7, 1912 (1973). [27] I. Zh. Petkov, M. V. Stoitsov, Teor. Mat. Fiz. 55, 407 (1983); Yad. Fiz. (Sov. J. Nucl. Phys.) 37, 1167 (1983).

[28] I. Zh. Petkov, M. V. Stoitsov, E. S. Kryachko, Int. J.

Quantum Chem. 29, 140 (1986).

[29] I. Zh. Petkov, M. V. Stoitsov, Nuclear Density Functional Theory (Oxford University Press, Oxford, 1991).

[30] R. L. Pavlov, J. Maruani, Ya. I. Delchev, R. McWeeny, Int. J. Quantum Chem. 65, 241 (1997); Erratum, ibid. 68, 75 (1998).

[31] R. L. Pavlov, F. E. Zakhariev, Ya. I. Delchev, J. Maruani, Int. J. Quantum Chem. 65 (1997) 257; Erratum, ibid. 68, 77 (1998).

NADTONK¨ VZA˝MOD¨Õ DERNOGO SP¨NU Z ELEKTRONNIMI SISTEMAMI V METODAH MATRIC¨ GUSTINI

R. L. Pavlov^1 , P. P. Raȷqev^1, M. D˛m˛trova–¨vanov˛q^2 , K. Valdemoro^3 1¨nstitut ffldernih dosl˛dıen~ ta ffldernoÝ enerİ˛Ý, Bolgars~ka akadem˛ffl nauk, Car˛gradske xosse, 72, BG–1784, Sof˛ffl, Bolgar˛ffl.

2¨nstitut f˛ziki tverdogo stanu, Bolgars~ka akadem˛ffl nauk, Car˛gradske xosse, 72, BG–1784, Sof˛ffl, Bolgar˛ffl.

3¨nstitut matematiki ˛ fundamental~noÝ f˛ziki, CSIC, 123, Serrano, Madrid, 28006, ¨span˛ffl

Podano v anal˛tiqn˛ȷ form˛ matriqn˛ elementi ta oq˛kuvan˛ znaqennffl operator˛v nadtonkih ffldernih vza‚mod˛ȷ u bagatoelektronnih sistemah. Voni moıut~ buti zastosovan˛ dlffl qislovih rozrahunk˛v u metodah matric˛ gustini. Rozglfflnuto elektronno-ffldernu, sp˛n-sp˛novu ta kontaktnu vza‚mod˛ a takoı vza‚- mod˛ m˛ı ffldernim sp˛nom ta elektronnimi orb˛tal~nimi ruhami. C˛ vza‚mod˛Ý, wo nafflvn˛ v efektivnomu gam˛l~ton˛ffln˛ Breȷta–Paul˛, viznaqat~ nadtonku strukturu osnovnih efekt˛v u spektroskop˛Ý, fflk˛ moına

R. L. PAVLOV, P. P. RAYCHEV, M. DIMITROVA-IVANOVICH, C. VALDEMORO

sposter˛gati, napriklad, v eksperimentah z elektronnogo sp˛novogo rezonansu (ESR) ta ffldernogo magnetnogo rezonansu (MR). Na p˛dstav˛ teoremi V˛İnera–Ekarta ȷ vikoristannffl tehn˛ki nezv˛dnih tenzornih operator˛v ˛ shemi sp˛n-prostorovogo rozd˛lennffl matriqn˛ elementi ȷ oq˛kuvan˛ znaqennffl cih relffltiv˛sts~kih popravok viraıeno u form˛, pridatn˛ȷ dlffl prfflmih qislovih rozrahunk˛v. Ostatoqniȷ rezul~tat zapisano fflk dobutok (abo suma dobutk˛v) mnoınik˛v, wo viznaqat~sffl sp˛nom ˛ (abo) simetr˛‚ kutovogo momentu k˛l~kosti ruhu ta prostorovoÝ qastini, fflka viznaqa‚t~sffl d˛‚ simetrizovanih tenzornih operator˛v na normovanu matric abo funkc˛ sp˛novogo rozpod˛lu qi matric zarffldovogo rozpod˛lu. D˛ffl cih prostorovih tenzornih operator˛v odnakova dlffl zadanoÝ sp˛novoÝ mul~tipletnosti. Cffl d˛ffl moıe buti viraıena standartno proceduro, dobre oznaqeno v teor˛Ý nezv˛dnih tenzornih operator˛v.