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Using the supersymmetri method the quasi-exa tly solvable (QES) periodi potentials with
two known eigenstates have been onstru ted. The expli it examples of QES periodi potentials are
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I. INTRODUCTION

The energy spe trum of the ele trons on a latti e as
a entral problem of ondensed matter physi s has been
investigated for a long time. Nevertheless, there is rather
a limited number of exa tly solvable periodi potentials
even in one dimension. As the lassi al text-book example of the exa tly solvable potential one an mention
the Kronig{Penny model. Another well-studied lass of
periodi potentials is the lass of the ellipti fun tion
potential or Lame's potential [1℄.
Be ause of the fa t that the number of the exa tly solvable potentials is limited, mu h attention has been given
re ently to the quasi-exa tly solvable (QES) potentials
for whi h a nite number of the energy levels and the
orresponding wave fun tions are known expli itly. The
lass of QES trigonometri periodi potentials was presented in [2℄. In [3℄ it was shown that the Lame equation
is a pe uliar example of QES systems. The authors of
paper [4℄ onsidered a family of spe tral equation whi h
extends those of [3℄. A short time ago some new exa tly
solvable and QES periodi potentials were dis overed [5{
11℄.
The powerful tool for studying the problem of exa t solvability of the S hrodinger equation is the supersymmetri (SUSY) quantum me hani s (for a review of
SUSY quantum me hani s see [12℄). Various aspe ts of
SUSY quantum me hani s with periodi potentials have
been dis ussed in [5,6℄. In [7{9℄ using the formalism of
SUSY quantum me hani s a large number of new solvable and QES periodi potentials was obtained. Note also
a very re ent paper [10℄ where the se ond-order SUSY
transformation was applied for studying periodi potentials.
In our re ent works [13,14℄ we have proposed a new
SUSY method for the onstru tion of the QES potentials
with two known eigenstates. Within the frame of this
method using nonsingular superpotentials we obtained
QES potentials for whi h we found in the expli it form
the energy levels and the wave fun tions of the ground
and rst ex ited states. In [15℄ we have extended this
SUSY method for onstru ting QES potentials with arbitrary two known eigenstates using singular superpo40

tentials. Note, that paper [15℄ was inspired by paper by
Dolya and Zaslavskii [16℄ where they showed how to generate QES potentials with arbitrary two known eigenstates without resorting to the SUSY quantum me hani s.
In this paper using the results of our previous study
[15℄ we generate the QES periodi potentials with two
known eigenstates.
II. SUSY QUANTUM MECHANICS AND QES
PROBLEMS

In this se tion we reprodu e the main results of our
previous papers [13{15℄ and adapt them for the generating QES periodi potentials.
In the Witten's model of supersymmetri quantum mehani s the SUSY partner Hamiltonians H read

H = B  B  =

1 d2
+ V (x);
2 dx2

(1)

where
1
2

B = p





d
 dx
+ W (x) ;

1

(2)



V (x) = W 2 (x)  W 0(x) ; W 0 (x) =
2

dW (x)
; (3)
dx

and W (x) is referred to as a superpotential. In this paper we shall onsider the systems on the full real line
1 < x < 1 with periodi superpotential W (x + L) =
W (x). This superpotential leads to the periodi potential
energy V (x + L) = V (x).
We shall study the eigenvalue problem for the Hamiltonian H

B+ B

E

(x) = E

E

(x):

(4)

It is easy to show that the eigenfun tions of H and H+
are related as follows
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+

E

(x) = CB

E

(x) = CB +

E

E

(x);

(5)

(x):

(6)

+

with the energy level E =  for the Hamiltonian H


Due to the fa torization of the Hamiltonian the wave
fun tion of the zero energy state for H satis es the
equation B 0 = 0 and reads
0

(x) = C0 exp



Z



W (x)dx ;

(7)

where C0 is the onstant.
For the periodi systems the wave eigenfun tions are
the Blo h fun tions. Then for the zero energy ground
state they must be periodi fun tions with the same period L as the potential energy. The superpotential in this
ase is a periodi fun tion and must satisfy the ondition
[5,6℄
Z
0

L

W (x) = 0;

(8)

whi h leads to a restri tion of the wave fun tion. In [5,6℄
a detailed analysis of the SUSY quantum me hani s was
done for this ase.
In order to obtain one more state of H we use the
following well-known pro edure exploited in the frame
of SUSY quantum me hani s. Let us onsider the SUSY
partner of H , i. e., the Hamiltonian H+ . If we al ulate some state of H+ we immediately nd a new ex ited
state of H using transformation (6). In order to al ulate some state of H+ let us rewrite it in the following
form

H+ = H (1) +  = B1+ B1 + ;  > 0;

(9)

whi h leads to the following relation between the potential energies and superpotentials

V+ (x) = V (1) (x) + ;
W 2 (x) + W 0(x) = W 2(x) W 0 (x) + 2;
1

1

(10)
(11)

where  is the energy of the state of H+ sin e we supposed
that H (1) similarly to H has the zero-energy state, B1
and V (1)(x) are given by (2) and (3) with the new superpotential W1 (x).
As we see from (9) the wave fun tion of H+ with the
energy E =  being also the zero-energy wave fun tion
of H (1) and satisfying the equation B1 + (x) = 0. The
solution of this equation is
+



(x) = C + exp



Z



W1 (x)dx :

(12)

Using (6) we obtain the wave fun tion of the ex ited state

(x) = C W+ (x) exp



Z



W1 (x)dx ;

(13)

where we have introdu ed the notation W+ (x) =

W1 (x) + W (x).

In order to obtain an expli it expression for the wave
fun tions 0 (x) and  (x) given by (7) and (13) it is
ne essary to obtain an expli it expression for superpotentials W (x) and W1 (x). The superpotentials W (x) and
W1 (x) satisfy equation (11). It is the Ri ati equation
whi h annot be solved exa tly with respe t to W1 (x)
for the given W (x) and vi e versa. But we an nd su h
a pair of W (x) and W1 (x) that satis es equation (11).
For this purpose let us rewrite equation (11) in the following form

W+0 (x) = W (x)W+ (x) + 2;

(14)

where

W+ (x) = W1 (x) + W (x);

(15)

W (x) = W1 (x) W (x):

(16)

We an solve this new equation with respe t to W (x)
for the given W+ (x) as well as with respe t to W+ (x) for
the given W (x). In this paper we use the solution of
equation (14) with respe t to W (x) [13℄

W (x) = (W+0 (x) 2)=W+ (x):

(17)

Then from (15), (16) and (17) we obtain the pair of
W (x), W1(x) that satis es equation (11)

W (x) =

1
W (x)
2 +

(W+0 (x)

2)=W+ (x) ;

W1 (x) =

1
W (x) + (W+0 (x)
2 +

2)=W+ (x) ;





(18)
(19)

here W+ (x) is some fun tion of x whi h generates the
superpotentials W (x) and W1 (x). It is ne essary to note
that the general solutions (18), (19) of equation (11) were
obtained earlier in [17℄ in the ontext of parasupersymmetri quantum me hani s.
In our earlier paper [13℄ we onsidered only nonsingular superpotentials W (x) and W1 (x). In [15℄ we showed
that it is possible to obtain the nonsingular potential energy using generating fun tion W+ (x) with many zeros
and singularities as well. In this paper we apply the result
obtained in [15℄ for the periodi generating fun tions.
Case 1. Suppose that W+ (x) has simple zeros at the
points xk
1
W+ (x) = W+0 (xk )(x xk ) + W+00(xk )(x xk )2
2
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+ O ((x

xk )3 ):

(20)

The zeros of the fun tion W+ (x) lead to the poles of the
fun tion W (x) and to the superpotential W (x) with the
following behaviour in the vi inity of xk

W (x) =







1
2

1

the potential energy V (x) is free of singularities. It is
onvenient to split the set of xk into two subsets x+
k
0
and xk for whi h W+0 (x+
k ) = 2 > 0 and W+ (xk ) =
2 < 0. We suppose in this paper that  > 0. Be ause
+
of W+0 (x+
k ) = 2 the singularity at the points xk is anelled and W (x), W1 (x) have singularities only at the
points xk

W+0 (xk ) x xk

W (x) =



1 W 00 (xk ) 1

+
+ O (x xk ): (21)
2 W 0 (xk ) 2 W+0 (xk )

The behaviour of the superpotential W1 (x) in the vi inity of xk is similar to W (x) having the opposite sign.
This superpotential leads to the following behaviour of
the potential energy in the vi inity of xk
2V (x) =

"

2



1
4

W+0 (xk )


#

(22)


W 00(xk ) 1
+ O ( onst):
W 0 (xk ) (x xk )

1

 (x x )2
k

W1 (x) =

W+ (x) =
(23)

1 G 1 + 1 1 G0
(G
+
2 x x0k
2G 1

W1(x) =

1G
2 x

1

xk
0

+

1 G0
(G
2G 1

The superpotential W (x) (27) gives a nonsingular potential energy for the ase 2a: G 1 = 1 and G0 is an
arbitrary onstant, and for the ase 2b: G 1 = 3 and
G0 = 0.
Case 2a. For the ase G 1 = 1 in the vi inity of x0k
we have the nonsingular superpotential W (x) and the
singular one W1(x)

W (x) = G0 + O(x xk );

(29)

0

W1 (x) =

1

x x0k

+ O(x

xk ):
0

(30)

The wave fun tions 0 (x) and  (x) al ulated with
these superpotentials do not have zeros at the points x0k ,
whi h we shall denote in this ase as ak . Using the result
42

xk );

(24)

1

+ O(x

xk ):

(25)

x xk

G 1
+ G0 + O (x x0k ):
x x0k

(26)

Then

W (x) =

1

+ O(x

x xk

Substituting W (x) into (7) one an show (for details see
[15℄) that the wave fun tion 0 (x) with the zero energy
having zeros at the points xk , namely, 0  (x xk )
in the vi inity of xk . Substituting W+ (x) given by (20)
and W1(x) given by (25) into (13) we nd that the wave
fun tion  (x) with the energy  has zeros at the points
x+k :  (x)  (x x+k ).
Case 2. Let us assume that the fun tion W+ (x) in addition to the zeros has the simple poles at the points x0k
with the behaviour in the vi inity of x0k as follows

Thus, in the ase

W+0 (xk ) = 2

1

1

1

1) + O (x

x0k );

(27)

+ 1) + O (x

x0k ):

(28)

obtained in ase 1 we see that 0 (x) has zeros at xk and
+
 has zeros at xk .
Case 2b. The ase G 1 = 3 and G0 = 0 leads to the
following behaviour of superpotentials in the vi inity of

x0k

W (x) =
W1(x) =

1

+ O(x

x0k );

(31)

2

+ O(x

x0k ):

(32)

x x0k
x x0k

The wave fun tions 0 (x) and  (x) al ulated with
these superpotentials have ommon zeros at the points
x0k , whi h we shall denote in this ase as bk . Thus, when
in addition to poles the fun tion W+ (x) has zeros at the
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0
points x+
k , xk , the wave fun tion 0 (x) has zeros at xk ,
+
xk and  (x) has zeros at x0k , xk .
Let us onsider a general ase whi h ombines the ases
1, 2a and 2b. The fun tion W+ (x) has zeros with negative derivatives at the points xk , poles at the points ak
with asymptoti behaviour in the vi inity of these points
1=(x ak ) + onst and poles at the points bk with the
asymptoti behaviour 3=(x bk ). The wave fun tion
0 (x) has the nodes at the points xk and bk . The wave
fun tion  (x) has the nodes at the points x+
k and bk .
Thus, the onsidered ases 1, 2a, 2b and the ombined
general ase lead to the nonsingular QES periodi potential energy V (x) given by (3), where the superpotential
W (x) is expressed over the fun tion W+ (x) by equation
(18). The zero-energy wave fun tion 0 (x) and the wave
fun tion  (x) with the energy  are given by (7) and
(13), respe tively. In order to obtain the bounded wave
fun tions the superpotentials W (x) and W1 (x) must satisfy ondition (8). One of the easiest ways to satisfy ondition (8) for W (x) and W1 (x) is to hoose the odd periodi fun tions W+ (x). Then as one an see from (18),
(19) the superpotentials W (x) and W1 (x) are the odd
periodi fun tions too and thus they satisfy ondition
(8).
Note, that in the ase of nonsingular superpotential
W (x) the zero energy wave fun tion orresponds to the
ground state, but in the ase of singular superpotential the energy of the ground state is less than zero and
the zero-energy wave fun tion orresponds to an ex ited
state.
In on lusion of this se tion let us re all that a solution of the S hrodinger equation with periodi potential
satis es the ondition

(x + L) = eikL (x);

(33)

where k is alled the quasi-momentum or the momentum of the rystal. The energy spe trum for the periodi
potential has the band stru ture, i. e., the eigenvalues belong to the allowed energy bands [E0; E1℄; [E1 ; E2℄; : : : :
The edges of the band orrespond to kL = 0;  and
the wave fun tions at the band edges satisfy the ondition (x + L) =  (x). Note that the band edge energies and the wave fun tions are often alled eigenvalues and eigenfun tions. The os illation theorem states
that for a periodi potential with period L the band
edge wave fun tion arranged in order of in reasing energy E0  E1  E1  E2  E2  E3 : : : are
of period L; 2L; 2L; L; L; 2L; 2L; : : : : The orresponding
numbers of wave fun tions nodes in the interval L are
0; 1; 1; 2; 2; 3; 3; : : : :
0

0

0

III. EXAMPLES OF QES PERIODIC

and obtain as a result various QES potentials. To illustrate the above des ribed method we give few expli it
examples of the nonsingular QES periodi potentials.
Example 1

Let us onsider a ontinuous fun tion W+ (x) whi h
orresponds to the ase 1

W+ (x) = sin x;

(34)

where
> 0. This fun tion has zeros with positive
derivatives at the points x+
k = 2k and negative derivatives at xk = (2k + 1). From the ondition of nonsingularity of the potential energy it follows that  =
W 0 (2k)=2 = =2. Then using (18) and (19) we obtain
for the superpotentials

W (x) =

1
x
sin x + tan
;
2
2

(35)

W1 (x) =

1
sin x
2

(36)

tan

x
2

:

The superpotential W (x) gives the following QES potential
16V (x) = ( + 4)

2

2

os 2x

os x; (37)

8

whi h is of the period L = 2.
The zero-energy wave fun tion (7) and wave fun tion
with the energy  = =2 (13) read
0



x





x





(x) = C0 os exp
os x ;
2
2

(38)

os x :
(x) = C sin exp
2
2

(39)

As we see 0 (x) is of period 2L = 4, has one node
at the interval L and 0 (x + 2) =
0 (x). The wave
fun tion  (x) is of the period 2L = 4, has one node at
the interval L and  (x + 2) =  (x). The fun tion
0 (x) orresponds to the energy E1 whi h is the upper
edge energy of the rst band. The fun tion  (x) orresponds to the energy E1 whi h is the lower edge energy
of the se ond band. Thus, the gap between the rst and
se ond bands is equal to E1 E1 =  = =2. Note, that
this example reprodu es one of the potentials studied in
[2℄.
0

0

Example 2

Let us onsider a more ompli ated example for whi h
the fun tion W+ (x) has zeros and poles. One of the simplest fun tions of this kind is as follows


POTENTIALS

W+ (x) = sin(2x) + tan x = 1 + 2 os2 x tan x: (40)

Note, that all expressions depend on the generating
fun tion W+ (x). We may hoose various fun tions W+ (x)

Let > 1=2. Then zeros and poles of W+ (x) originate from tan x only. Note that this generating fun tion
43
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orresponds to ase 2a.
Choosing

=

W+0 (0)
2

and the nonsingular potential energy

=

1
+
2

16V (x) = 6 + (12 + )
(41)

+

we obtain the superpotentials
4+ +
W (x) =
1+ +

W1 (x) =

2

os 2x
sin 2x;
os 2x 2

os3 x sin x + tan x
1 + + os 2x

2

+
0 (x) = C0 (1 +


(x) = C (1 + +

(42)

os 2x)3=4 exp
os 2x)
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(x) = C(3 + +



1
sin x exp
4

os 2x :

=

(46)

W+0 (0)
2

= +

3
2

(48)

we obtain the superpotentials

W (x) =

2

sin 2x + tan x +

W1 (x) = 2 tan x +

3 sin 2x
;
2(3 + + os 2x)

2 2 sin x os3 x
3 + + os 2x

(49)
(50)

and the nonsingular potential energy
16V (x) = 14 + (20 + )
2

os 4x +

os 2x

28

54 24
(3 + +

2

os2 x
;
os 2x)2

(51)

whi h is of the period L = . For this QES potential we
know expli itly the wave fun tions whi h orrespond to
the zero energy and the energy  = +3=2, respe tively,

(47)

os 2x)3=4 os x exp
os 2x)

(45)

Let > 3=2. Then like in the example 2 the zeros and
poles of W+ (x) originate from tan x only. Choosing

W+ (x) = sin(2x) + 3 tan x



(44)

os 2x ;

In this example we onsider the generating fun tion
whi h orresponds to the ase 2b

+
0 (x) = C0 (3 +

os2 x
:
os 2x)2



1
4



1=4

Example 3.



os 4x

(43)

0

os2 x tan x :

2

2

The potential energy V (x) is of the period L = . For
this QES potential we know expli itly the wave fun tions whi h orrespond to the zero energy and the energy
 = + 1=2, respe tively,

As we see 0 (x) is of the period of the potential energy L = , has no nodes and orresponds to the ground
state. The wave fun tion  (x) is of the period 2L, has
one node at the interval L =  and in addition satis es
 (x +  ) =
 (x). This fun tion an orrespond to
the upper edge energy E1 of the rst band or to the lower
edge energy E1 of the se ond band. In order to nd to
whi h band the wave fun tion  (x) belongs we onsider
the system on a ir le. Let us assume that the number of
the elementary ells on the ir le is n. Then the allowed
band ontains n levels. In the onsidered ase the number of zeros of W+ (x) at x+
k is the same as the number
of poles at x0k and is equal to n. Then a ording to ase
2a  (x) has nodes at x+
k the number of whi h is equal
to n. Thus, this fun tion orresponds to the upper edge
energy E1 of the rst band. It is interesting to note that
for = 0 we arrive at the free parti le ase.

= 3+2

6 + 24
(1 + +

os 2x

20



1
4



1=4

1
sin 2x exp
4



os 2x ;

(52)



os 2x :

(53)
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The fun tion 0 (x) is of the period 2L = 2, has one
node at the interval L =  and satis es the ondition
 (x) is of the pe0 (x +  ) =
0 (x). The fun tion
riod L = , has two nodes at the interval L =  and
satis es the ondition  (x + ) =  (x). In order to
nd to whi h energy edge bands these fun tions orrespond we onsider our system on the ir le similarly as
for example 2. Then the wave fun tion 0 (x) has nodes
at x0k the number of whi h is n and thus it orresponds
to the upper energy edge E1 of the rst band. The wave
fun tion  (x) has the nodes at the points x0k and x+
k
the number of whi h is 2n and thus this fun tion orresponds to the upper energy edge E2 of the se ond band.
Note, that similarly to example 2 in this ase for = 0
we have a free parti le.
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