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Inhomogeneous dust distribution in the presene of the osmologial onstant (�) is onsidered.

The exat solution to the Einstein equations generalizing the Tolman solution for the paraboli mo-

tion of the dust, and the solution desribing FRW-like Universe with nonzero osmologial onstant,

are studied.
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I. INTRODUCTION

Aording to the last suÆiently preise observational

data the osmologial onstant plays an important dy-

namial role in our Universe. Among the experiments

being evidene of above there are the observations on

supernova, studying the temperature anisotropies in the

osmi mirowave bakground and using the method of

estimation the mass density by \weighing" lusters of

galaxies [1{6℄. The most severe onstrains on the mat-

ter density and the value of osmologial onstant are

given by the observational data onerning the super-

nova and osmi mirowave bakground. Espeially one

should mention the experimental results of the year 2000.

These data exlude the existene of losed Universe while

preferring at open models. As far as the problem of the

vauum energy is one of the most fundamental prob-

lems of theoretial physis, it is also very important to

note that the osmologial onstant an be treated as the

vauum energy. On this basis it seems to be interesting

to onsider the astrophysial and osmologial models

in the presene of the osmologial onstant. Taking into

aount the fat that the radiation prevailed only in early

Universe, we hose for now the metri desription of the

dust matter distribution.

II. TOLMAN SOLUTION WITH THE

COSMOLOGICAL CONSTANT

Let us take the metri in synhronous oordinates.

For the dust matter this oordinate system is a omov-

ing system. And for the vauum with the state equation

" + p = 0 any oordinate system plays the role of a o-

moving system.

The metri interval is represented by
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where r

0

= �r=�R and f(R) is an arbitrary funtion of

integration. The funtion f(R) determines the total en-

ergy of the dust partiles in a shell R: f(R) = E(R)=m

2

.

Let us onsider the paraboli motion f(R) = 1. For ho-

mogeneous and isotropi models this ase orresponds to

a at spae. From the Einstein equations and metrie (1)

for the ase under onsideration we have
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here _r(R; t) = �r=�t and m(R) is a mass funtion whih

determines the total mass of a dust ball with the radius

R (in length units)
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Making the replaement
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we will obtain
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This equation has the exat analytial solution from

whih we have
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for the ase of ollapse (�1 < t < t

0

), and
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for the ase of expansion (t

0

< t <1).

t

0

(R) is another arbitrary funtion of integration

whih de�nes either the time of ollapse (for solution

(6)) or the start time of expansion (for solution (7)), it is

speial for eah shell R. The obtained solutions (6) and

(7) represent the generalization of well-known Tolman
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solution [7℄ to the ase of nonzero osmologial onstant.

Indeed within the limit of � ! 0 these solutions turn

into orrespondent Tolman solutions for the ollapsing

and expanding spherially symmetri dust:
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Studying the behaviour of (6) and (7) in the limit of

small (t

0

(R) � t) we will obtain the same results as if it

ame from (8). Thus the osmologial onstant does not

play any role at the beginning of the expansion nor near

the ollapse singularity.

Under the ondition
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solution (7) an be written as
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It represents the de Sitter metri [7℄ and turns into

Lemaitre{Robertson solution under m(R) � R

3

and

t

0

(R) = 0 [7℄.

III. FRIEDMAN SOLUTION WITH THE

COSMOLOGICAL CONSTANT

For homogeneously and isotropially distributed dust

matter under ondition f

2

(R) = 1 we have r = Ra(t),

t

0

(R) = 0 and the interval will take the form:
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hene this is a at model. Sine energy density has only

dependene on time it follows from (3) that
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here a

0

is a dimensionful onstant with units of length.

In this ase
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: (13)

Using (7) and (13) we an write the sale fator for the

homogeneous and isotropi at Universe:
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This expression was disussed in paper [10℄, and or-

respondent solution at �rst was obtained by Lemaitre

(1927). Here we have introdued the onstant a

�

=

�

�1=2

whih is a minimal radius of normal setion

of 4-dimensional hyperboloid embedded into a at 5-

dimensional spae. This hyperboloid represents the de

Sitter spae. Similarly to the generalized Tolmen solu-

tion the solution (14) under small t (t ! 0) goes to the

ordinary Friedman solution, and in the limit of great t

turns into the Lemaitre-Robertson one whih desribes

the de Sitter spae and orresponds to paraboli setions

of 4-dimensional hyperboloid [8℄.

Let us �nd the density parameters of the dust matter

and vauum [1℄. From (12) we have for the matter energy

density:
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the vauum energy density is given by
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and for the ritial energy density we have
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From here we an write the density parameters:
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and deeleration parameter for the Universe expansion

is given by

q =

2� osh 3t=a
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Under ondition
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parameter q goes to zero. Taking into aount the fat

that 


�

+ 


M

= 1 (sine we onsider the at Universe)

we an �nd the point of zero Universe expansion a-

eleration, it turns to be 


�

= 1=3;


M

= 2=3. When

t < t

�

the expansion is deelerated, i. e., Universe with

the sale fator (14) behaves similarly to the Friedman{

Robertson{Walker (FRW) model (with no �). Under

t = t

�

deeleration beomes an aeleration, whih grows
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exponentially with time. One should note that all the pa-

rameters depend only on osmologial term (ontain a

�

)

and not on the matter harateristis (do not inlude a

0

).
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Fig. 1.

Fig. 1 shows 


�

and 


M

dependene on time. At the

start moment (t = 0)


M

= 1 (


M

always equals unity

when � is absent). Then 


M

dereases with time, and

at the limit of t ! 1 


M

! 0. 


�

grows with time

from zero (when t = 0) to unity (when t!1). Aord-

ing to reent data 


M

� 0:3 and 


�

� 0:7 [1, 2℄. This

orresponds to the fat that
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here t
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represents up-to-date time, and if we take a
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Comparing t

n

with the time of hanging deeleration into

aeleration t

�

(21) (t

�

� 1:5 � 10

17

se) one an see that

t

n

= 1:08 � t

�

, i. e., at present deeleration has already

hanged into aeleration.

IV. CONCLUSIONS

An exat solution for the inhomogeneous distribution

of the dust matter with nonzero osmologial onstant

is obtained and investigated. The paraboli motion of

the dust partiles is onsidered. It is shown that the ob-

tained solution represents generalization of the Tolman

solution for the ase of nonzero osmologial onstant.

It is shown that near the singularity solution (6) turns

into the Tolman solution and goes to the de Sitter one

at late times. The solution for the homogeneous dust

matter with at spae is found. This solution desribes

the FRW-like Universe in the presene of the osmologi-

al onstant (14). The energy density parameters for the

matter and vauum are alulated, and the deeleration

parameter for the expansion of our Universe is found. We

also demonstrate that all these parameters depend only

on the osmologial onstant and nor on the dust matter

harateristis. The density parameters dependene on

time is plotted
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Rozgl�nuto neodnor�dni� rozpod�l pilu pri na�vnost� kosmolog�qnoÝ staloÝ �. Vivqeno toqni� rozv'�-

zok r�vn�n~ A�nxta�na, �ki� uzagal~n� rozv'�zok Tolmena dl� parabol�qnogo ruhu pilu, � rozv'�zok z

nenul~ovo� kosmolog�qno� post��no�, �ki� opisu Vsesv�t Fr�dmana{Robertsona{Uokera.
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