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Theoreti
al studies of 
osmi
 ray parti
le a

eleration in the �rst-order Fermi pro
ess at rela-

tivisti
 sho
ks are reviewed. At the beginning we dis
uss the a

eleration pro
esses a
ting at mildly

relativisti
 sho
k waves. An essential role of oblique �eld 
on�gurations and �eld perturbations in

forming the parti
le energy spe
trum and 
hanging the a

eleration time s
ale is dis
ussed. Then,

we report on attempts to 
onsider parti
le a

eleration at ultra-relativisti
 sho
ks, often yielding

an asymptoti
 spe
tral index � � 2:2 at large sho
k Lorentz fa
tors. We explain why this result

is limited to the 
ases of highly turbulent 
onditions near sho
ks. We 
on
lude that our present

knowledge of the a

eleration pro
esses a
ting at relativisti
 sho
ks is insuÆ
ient to allow for real-

isti
 modelling of the real sho
ks. The present review is a modi�ed extended and updated version

of [M. Ostrowski, in Frontier Obje
ts in Astrophysi
s and Parti
le Physi
s (Vul
ano Workshop),

edited by F. Giovannelli, G. Manno

hi (1999), p. 319.℄.
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I. INTRODUCTION

Relativisti
 plasma 
ows are dete
ted or postulated to

exist in a number of astrophysi
al obje
ts, ranging from

a mildly relativisti
 jet of SS433, through the Lorentz

fa
tor of a few jets in AGNs and gala
ti
 `mini-quasars',

up to ultra-relativisti
 out
ows in sour
es of gamma ray

bursts and, possibly, in pulsar winds. As nearly all su
h

obje
ts are eÆ
ient emitters of syn
hrotron radiation

and/or high energy photons requiring the existen
e of

energeti
 parti
les, our attempts to understand the pro-


esses generating 
osmi
 ray parti
les are essential for

understanding the fas
inating phenomena observed. Be-

low we will dis
uss the work 
arried out in order to un-

derstand the 
osmi
 ray �rst-order Fermi a

eleration

pro
esses a
ting at relativisti
 sho
ks. One should note

that in the present dis
ussion we 
onsider the high energy

parti
les with gyroradii (or mean free paths) mu
h larger

than the sho
k thi
kness de�ned by the 
ompressed `ther-

mal' plasma. The present review is an updated version

of [1℄, also in
luding an extended dis
ussion of the a

el-

eration pro
esses a
ting at ultra-relativisti
 sho
ks [2℄.

II. PARTICLE ACCELERATION AT

NON-RELATIVISTIC SHOCK WAVES

Pro
esses of the �rst-order parti
le a

eleration at

non-relativisti
 sho
k waves were widely dis
ussed by a

number of authors during the last two de
ades (for re-

view, see, e. g. [3{6℄). Below, we review the basi
 physi
al

pi
ture and some important results obtained within this

theory for test parti
les, to be later 
ompared with the

results obtained for relativisti
 sho
ks.

The simple des
ription of the a

eleration pro
ess pre-

ferred by us 
onsists of 
onsidering two plasma rest

frames, the upstream frame and the downstream one.

We use indi
es `1' or `2' to indi
ate quantities measured

in the upstream or the downstream frame, respe
tively.

If one negle
ts the se
ond-order Fermi a

eleration, the

parti
le energy is a 
onstant of motion in any of these

plasma rest frames and energy 
hanges o

ur when the

parti
le momentumis Lorentz-transformed at ea
h 
ross-

ing of the sho
k. In the 
ase of parallel sho
k, with

the mean magneti
 �eld parallel to the sho
k normal,

the a

eleration of an individual parti
le is due to the


onse
utive sho
k 
rossings by the di�usive wandering

parti
le. Ea
h upstream{downstream{upstream di�usive

loop results in a small in
rement of parti
le momentum,

�p / p � (U

1

� U

2

)=v, where v is the parti
le velo
ity

and U

i

is the sho
k velo
ity in the respe
tive i = 1 or 2

frame, U

1

� v. One should note that in oblique sho
ks,

the parti
le heli
al traje
tory 
an 
ross the sho
k surfa
e

a number of times at any individual sho
k transition or

re
e
tion.

The most interesting feature of the �rst-order Fermi

a

eleration at a non-relativisti
 plane-parallel sho
k

wave is the independen
e of the test-parti
le stationary

parti
le energy spe
trum from the ba
kground 
onditions

near the sho
k, in
luding the mean magneti
 �eld 
on-

�guration and the spe
trum of MHD turbulen
e. The

main reason behind that is a nearly-isotropi
 form of the

parti
le momentum distribution at the sho
k. If a suf-

�
ient amount of s
attering o

urs near the sho
k, this


ondition always holds for the sho
k velo
ity along the

upstream magneti
 �eld U

B;1

� U

1

= 
os	

1

� v (	

1

is

the upstream magneti
 �eld in
lination to the sho
k nor-

mal). Independently of the �eld in
lination at the sho
k,

the parti
le density is 
ontinuous a
ross it and the spe
-

tral index for the phase-spa
e distribution fun
tion, �, is

given ex
lusively in the terms of a single parameter |

the sho
k 
ompression ratio R:

� =

3R

R� 1

: (2:1)
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Be
ause of the isotropi
 form of the parti
le distribu-

tion fun
tion, the spatial di�usion equation has be
ome

a widely used mathemati
al tool for des
ribing parti
le

transport and a

eleration pro
esses in non-relativisti



ows. With its use the 
hara
teristi
 a

eleration time

s
ale at the parallel (	

1

= 0) sho
k 
an be derived as

T

a



=

3

U

1

� U

2

�

�

1

U

1

+

�

2

U

2

�

; (2:2)

where �

i

� �

k;i

is the respe
tive parti
le spatial di�usion


oeÆ
ient along the magneti
 �eld, as dis
ussed by [7℄.

Ostrowski [8℄ (see also [9℄) derived an analogous expres-

sion for sho
ks with oblique magneti
 �elds and small

amplitude magneti
 �eld perturbations. For a negligible


ross-�eld di�usion and for U

B;1

� 
 it 
an be written in

essentially the same form as the one given in Eq. (2.2),

with all quantities taken as the normal (n) ones with re-

spe
t to the sho
k (�

n;i

for �

i

(i = 1, 2)). As �

n

< �

k

,

the oblique sho
ks may be more rapid a

elerators when


ompared to the parallel sho
ks.

Not dis
ussed here non-linear and time dependent ef-

fe
ts, in
lusion of additional energy losses and gains,

et
., make the physi
s of the a

eleration more intri
ate,

allowing, e. g. for non-power-low and/or non-stationary

parti
le distributions.

III. COSMIC RAY ACCELERATION

AT RELATIVISTIC SHOCK WAVES

A. The Fokker{Plan
k des
ription

of the a

eleration pro
ess

In the 
ase of the sho
k velo
ity (or its proje
tion U

B;1

)

rea
hing values 
omparable to the light velo
ity, the par-

ti
le distribution at the sho
k be
omes anisotropi
. This

fa
t 
ompli
ates to a great extent both the physi
al pi
-

ture and the mathemati
al des
ription of parti
le a

el-

eration. The �rst attempt to 
onsider the a

eleration

pro
ess at the relativisti
 sho
k was presented in 1981 by

Pea
o
k (see also [1℄); however, no 
onsistent theory was

proposed until a paper of Kirk & S
hneider [11℄ (see also

[12℄) appeared. Those authors 
onsidered the stationary

solutions of the relativisti
 Fokker{Plan
k equation for

parti
le pit
h-angle di�usion for the 
ase of the parallel

sho
k wave. In the situation with the gyro-phase aver-

aged distribution f(p; �; z), whi
h depends only on the

unique spatial 
o-ordinate z along the sho
k velo
ity, and

with � being the pit
h-angle 
osine, the equation takes

the form:

�(U + v�)

�f

�z

= C(f) + S; (3:1)

where � � 1=

p

1� U

2

is the 
ow Lorentz fa
tor, C(f)

is the 
ollision operator and S is the sour
e fun
tion. In

the presented approa
h, the spatial 
o-ordinates are mea-

sured in the sho
k rest frame, while the parti
le momen-

tum 
o-ordinates and the 
ollision operator are given in

the respe
tive plasma rest frame. For the applied pit
h-

angle di�usion operator, C = �=��(D

��

�f=��), they

generalised the di�usive approa
h to higher order terms

in parti
le distribution anisotropy and 
onstru
ted gen-

eral solutions at both sides of the sho
k whi
h involved

solutions of the eigenvalue problem. By mat
hing two

solutions at the sho
k, the spe
tral index of the result-

ing power-law parti
le distribution 
an be found by tak-

ing into a

ount a suÆ
iently large number of eigen-

fun
tions. The same pro
edure yields the parti
le an-

gular distribution and the spatial density distribution.

The low-order trun
ation in this approa
h 
orresponds

to the standard di�usion approximation and to a some-

what more general method des
ribed by Pea
o
k. The

above analyti
 approa
h (or the `semi-analyti
' one, as

the mentioned mat
hing of two series involves numeri
al

�tting of the respe
tive 
oeÆ
ients) was veri�ed by Kirk

& S
hneider [13℄ by the method of parti
le Monte Carlo

simulations.

An appli
ation of this approa
h to more realisti
 
on-

ditions | but still for parallel sho
ks | was presented

by Heavens & Drury [14℄, who investigated the 
uid dy-

nami
s of relativisti
 sho
ks (
f. also [15℄) and used the

results to 
al
ulate spe
tral indi
es for a

elerated par-

ti
les (Fig. 1). They 
onsidered the sho
k wave propa-

gating into ele
tron{proton or ele
tron{positron plasma,

and performed 
al
ulations using the analyti
 method of

Kirk & S
hneider for two di�erent power spe
tra for the

s
attering MHD waves. In 
ontrast to the non-relativisti



ase, they found (see also [12℄) that the parti
le spe
tral

index depends on the form of the wave spe
trum. The

unexpe
ted fa
t was noted that the non-relativisti
 ex-

pression (2.1) provided a quite reasonable approximation

to the a
tual spe
tral index.

Fig. 1. The parti
le spe
tral indi
es � at parallel sho
k

waves propagating in the 
old (e, p) plasma versus the sho
k

velo
ity U

1

[14℄. On the right verti
al axis the respe
tive syn-


hrotron spe
tral index 
 is given. Using the solid line (b)

and the dashed line (a) we show indi
es for two 
hoi
es of the

turbulen
e spe
trum. The dashed line (
) gives the spe
tral

index derived from Eq. (2.1). The horizontal line � = 4:0 is

given for the referen
e.
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A substantial progress in understanding the a

eler-

ation pro
ess in the presen
e of highly anisotropi
 par-

ti
le distributions is due to the work of [16℄ (see also

[17℄ and [18℄), who 
onsidered parti
le a

eleration at

subluminal (U

B;1

< 
) relativisti
 sho
ks with oblique

magneti
 �elds. They assumed the magneti
 momentum


onservation, p

2

?

=B = 
onst, at parti
le intera
tion with

the sho
k and applied the Fokker{Plan
k equation dis-


ussed above to des
ribe parti
le transport along the �eld

lines outside the sho
k, while ex
luding the possibility of


ross-�eld di�usion. In the 
ases when U

B;1

rea
hed rela-

tivisti
 values, they derived very 
at energy spe
tra with


 � 0 at U

B;1

� 1 (Fig. 2). In su
h 
onditions, the parti-


le density in front of the sho
k 
an substantially | even

by a few orders of magnitude | ex
eed the downstream

density (see the 
urve denoted `�8:9' at Fig. 3). Creating


at spe
tra and great density 
ontrasts is due to the ef-

fe
tive re
e
tions of anisotropi
ally distributed upstream

parti
les from the region of 
ompressed magneti
 �eld

downstream of the sho
k. However, the 
onditions lead-

ing to very 
at spe
tra are supposed to be a

ompanied

by pro
esses | like a large amplitude wave generation

upstream of the sho
k | leading to spe
trum steepening

(
f. Se
. III.B).

Fig. 2. Spe
tral indi
es � of parti
les a

elerated at oblique

sho
ks versus sho
k velo
ity proje
ted at the mean magneti


�eld, U

B;1

. On the right the respe
tive syn
hrotron spe
tral

index 
 is given. The sho
k velo
ities U

1

are given near the re-

spe
tive 
urves taken from [16℄. The points were taken from

simulations deriving expli
itly the details of parti
le-sho
k

intera
tions [8℄. The results are presented for 
ompression

R = 4.

As stressed by Begelman & Kirk [19℄, in relativisti


sho
ks one 
an often �nd the superluminal 
onditions

with U

B;1

> 
, where the above presented approa
h is

no longer valid. Then, it is not possible to re
e
t up-

stream parti
les from the sho
k and to transmit down-

stream parti
les into the upstream region. In e�e
t, only

a single transmission of upstream parti
les re-shapes the

original distribution by shifting parti
le energies to larger

values. The energy gains in su
h a pro
ess, involving a

highly anisotropi
 parti
le distribution, 
an be quite sig-

ni�
ant, ex
eeding the value expe
ted for the adiabati



ompression.

The approa
h proposed by Kirk & S
hneider [11℄ and

[16℄, and the derivations of [19℄ are valid only in 
ase of

weakly perturbed magneti
 �elds. However, in the eÆ-


iently a

elerating sho
ks one may expe
t large ampli-

tude waves to be present, when both the Fokker{Plan
k

approa
h is no longer valid and the magneti
 momentum


onservation no longer holds for oblique sho
ks. In su
h

a 
ase, numeri
al methods have to be used.

Fig. 3. The energeti
 parti
le density a
ross the relativis-

ti
 sho
k with an oblique magneti
 �eld [20℄. The sho
k with

U

1

= 0:5, R = 5:11 and  

1

= 55

Æ

is 
onsidered. The 
urves for

di�erent perturbation amplitudes are 
hara
terized with the

value log �

?

=�

k

given near the 
urve. The data are verti
ally

shifted for pi
ture 
larity. The value X

max

is the distan
e from

the sho
k at whi
h the upstream parti
le density de
reases to

10

�3

part of the sho
k value.

B. Parti
le a

eleration in the presen
e of large

amplitude magneti
 �eld perturbations

The �rst attempt to 
onsider the a

eleration pro-


ess at parallel sho
k wave propagating in a turbu-

lent medium was presented by [21℄, who in
luded into

Eq. (3.1) the Boltzmann 
ollision operator des
ribing the

large angle s
attering. By solving the resulting integro-

di�erential equation they demonstrated the hardening of

the parti
le spe
trum due to in
reasing 
ontribution of

the large-angle s
attering. The reason for su
h a spe
-

tral 
hange is the additional isotropization of parti
les

intera
ting with the sho
k, leading to an in
rease in the

parti
le mean energy gain. In oblique sho
ks, this sim-

pli�ed approa
h 
annot be used be
ause the 
hara
ter

of individual parti
le-sho
k intera
tion | re
e
tion and

transmission 
hara
teristi
s | depends on the magneti


�eld perturbations. Let us additionally note that appli-


ation of the point-like large-angle s
attering model in
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relativisti
 sho
ks does not provide a viable physi
al rep-

resentation of the s
attering at MHD waves [9℄.

To handle the problem of the parti
le spe
trum in a

wide range of ba
kground 
onditions, the Monte Carlo

parti
le simulations were proposed [8,9,13,22{26℄. At

�rst, let us 
onsider subluminal sho
ks. The �eld per-

turbations in
uen
e the a

eleration pro
ess in various

ways. As they enable the parti
le 
ross �eld di�usion, a

modi�
ation (de
rease) of the downstream parti
le's es-


ape probability may o

ur. This fa
tor tends to harden

the spe
trum. Next, the perturbations de
rease parti
le

anisotropy, leading to an in
rease of the mean energy

gain of re
e
ted upstream parti
les, but | what is more

important for oblique sho
ks | this also in
reases the

parti
le upstream-downstream transmission probability

due to less eÆ
ient re
e
tions, enabling them to es
ape

from further a

eleration. The third fa
tor is due to per-

turbing parti
le traje
tory during an individual intera
-

tion with the sho
k dis
ontinuity and breakdown of the

approximate 
onservation of p

2

?

=B. Be
ause re
e
ting a

parti
le from the sho
k requires a �ne tuning of the par-

ti
le traje
tory with respe
t to the sho
k surfa
e, even

small amplitude perturbations 
an de
rease the re
e
-

tion probability in a substantial way. Simulations show

(see Fig. 4 for U

B;1

< 1:0) that | until the wave ampli-

tude be
omes very large | the fa
tors leading to eÆ
ient

parti
le es
ape dominate with the resulting steepening of

the spe
trum to 
 � 0:5� 0:8, and the in
reased down-

stream transmission probability lowers the 
osmi
 ray

density 
ontrast a
ross the sho
k (Fig. 3).

Fig. 4. Spe
tral indi
es for oblique relativisti
 sho
ks ver-

sus perturbation amplitude ÆB=B [23℄. Di�erent �eld in
lina-

tions are 
hara
terized by the values of U

B;1

given near the re-

spe
tive results, U

B;1

< 1 for subluminal sho
ks and U

B;1

� 1

for superluminal ones. Absen
e of data for small �eld ampli-

tudes in superluminal sho
ks is due to extremely steep power

law spe
tra o

urring in these 
onditions (
f. [18℄). De
reas-

ing the �eld in
lination 	

1

! 0 (i. e., to the parallel sho
k

with U

B;1

= U

1

) gives spe
tral indi
es more and more similar

to a 
onstant line � = 3:72, not shown here for pi
ture 
larity

(
f. Figs. 1,2).

In parallel sho
k waves propagating in a highly tur-

bulent medium, the e�e
ts dis
overed for oblique sho
ks


an also manifest their presen
e be
ause of the lo
al per-

turbed magneti
 �eld 
ompression at the sho
k. The

problem was 
onsidered using the te
hnique of parti
le

simulations by Ballard & Heavens [24℄ (
f. [27℄ for non-

relativisti
 sho
k). They showed a possibility of having a

very steep spe
trum in this 
ase, with the spe
tral index

growing from 
 � 0:6 at medium relativisti
 velo
ities

up to nearly 2:0 at U

1

= 0:98. These results apparently

do not 
orrespond to the large-perturbation-amplitude

limit of [23℄ (see the dis
ussion therein) simulations for

oblique sho
ks and the analyti
 results of [14℄.

For large amplitude magneti
 �eld perturbations the

a

eleration pro
ess in superluminal sho
ks 
an lead to

the power-law parti
le spe
trum formation, against the

statements of [18℄ valid at small wave amplitudes only.

Su
h a general 
ase was dis
ussed by Ostrowski [23℄ (see

Fig. 4 for U

B;1

� 1) and by Bednarz & Ostrowski [9,26℄.

C. The a

eleration time s
ale

The sho
k waves propagating with relativisti
 velo
ities

also raise interesting questions pertaining to the 
os-

mi
 ray a

eleration time s
ale, T

a



. A simple 
om-

parison to non-relativisti
 values shows that T

a



rela-

tively de
reases with in
reasing sho
k velo
ity for par-

allel [22,28℄ and oblique [25,29{32℄ sho
ks. However, the

numeri
al approa
hes used there, based on assuming par-

ti
le isotropization for all s
atterings, negle
t or underes-

timate a signi�
ant fa
tor a�e
ting the a

eleration pro-


ess | the parti
le anisotropy. Ellison et al. [22℄ and

Naito & Takahara [25℄ also in
luded the more realisti
,

in our opinion, derivations involving the pit
h-angle dif-

fusion approa
h. The 
al
ulations of Ellison et al. for par-

allel sho
ks show similar results to those they obtained

for large amplitude s
attering. For the sho
k with ve-

lo
ity 0:98 
 the a

eleration time s
ale is redu
ed by

the fa
tor � 3 with respe
t to the non-relativisti
 for-

mula of Eq. 2.2 . Naito & Takahara 
onsidered sho
ks

with oblique magneti
 �elds. They 
on�rmed the redu
-

tion of the a

eleration time s
ale with an in
reasing in-


lination of the magneti
 �eld, derived earlier for non-

relativisti
 sho
ks. However, their approa
h negle
ted

e�e
ts of parti
le 
ross �eld di�usion and assumed the

adiabati
 invariant 
onservation in parti
le intera
tions

with the sho
k, thus limiting the validity of their results

to a small amplitude turbulen
e near the sho
k.

A wider dis
ussion of the a

eleration time s
ale is pre-

sented by Bednarz & Ostrowski [9℄, who apply numeri
al

simulations involving the small angle parti
le momentum

s
attering. The approa
h is also believed to provide a rea-

sonable des
ription of parti
le transport in the presen
e

of large ÆB, and thus to enable modelling of the e�e
ts of


ross-�eld di�usion. The resulting values (Figs. 5, 6) are

given in the sho
k normal rest frame (
f. [19℄). In par-

allel (	

1

= 1

Æ

) sho
ks T

a



diminishes with the growing

perturbation amplitude and sho
k velo
ity U

1

. However,

it is approximately 
onstant for a given value of U

1

if we

use the formal di�usive time s
ale, �

1

=(U

1


)+ �

2

=(U

2


),

as the time unit. A new feature dis
overed in oblique
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sho
ks is that due to the 
ross-�eld di�usion T

a




an


hange with ÆB in a non-monotoni
 way (Fig. 5). The

a

eleration pro
ess leading to the power-law spe
trum

is possible in superluminal sho
ks only in the presen
e

of large amplitude turbulen
e. Then, in 
ontrast to the

quasi-parallel sho
ks, T

a



in
reases with in
reasing ÆB.

In the 
onsidered 
ases with the oblique �eld 
on�gura-

tions one may note a possibility to have an extremely

short a

eleration time s
ale 
omparable to the parti
le

gyroperiod in the magneti
 �eld upstream of the sho
k.

A 
oupling between the a

eleration time s
ale and the

parti
le spe
tral index is presented in Fig. 6. One should

note that the form of involved relation is 
ontingent to a

great extent on the magneti
 �eld 
on�guration.

Fig. 5. The a

eleration time T

a



versus the level of parti-


le s
attering measured by the ratio of �

?

=�

k

[9℄. We present

results for three values of the magneti
 �eld in
lination:

a.) parallel sho
k ( 

1

= 1

Æ

), b.) a subluminal sho
k with

 

1

= 45:6

Æ

and 
.) a superluminal sho
k with  

1

= 89

Æ

. r

e;1

is the parti
le gyroradius in the e�e
tive (in
luding pertur-

bations) upstream magneti
 �eld.

Fig. 6. The relation of T

a



versus the parti
le spe
tral in-

dex � at di�erent magneti
 �eld in
linations  

1

given near

the respe
tive 
urves. The minimum value of the model pa-

rameter �

?

=�

k

o

urs at the en
ir
led point of ea
h 
urve

and the wave amplitude monotonously in
reases along ea
h


urve up to ÆB � B; r

e;1

{ see Fig. 5.

IV. ENERGY SPECTRA OF COSMIC RAYS

ACCELERATED AT LARGE LORENTZ-FACTOR

SHOCKS

Ultra-relativisti
 sho
k waves suggested to be sour
es

of gamma-ray bursts are also expe
ted by some au-

thors to produ
e ultra-high-energy 
osmi
 ray parti
les.

The pro
ess of the �rst-order Fermi a

eleration in su
h

sho
ks was dis
ussed in a series of papers by Bednarz &

Ostrowski [33,26℄ (see also [34{38℄ and [39℄). Below, fol-

lowing Ostrowski & Bednarz [2℄ we shortly 
ompare and

dis
uss di�erent approa
hes to the 
onsidered a

elera-

tion pro
ess.

A. The �rst-order Fermi a

eleration at

ultra-relativisti
 sho
ks

The �rst-order Fermi a

eleration pro
ess at an

ultra-relativisti
 sho
k wave involves extreme parti
le

anisotropy at the sho
k in the upstream plasma rest

frame (UPF), and more mild distributions in the sho
k

normal rest frame or the downstream plasma rest frame

(
f. [19℄). Let us 
onsider an individual 
osmi
 ray par-

ti
le a

eleration starting with a parti
le 
rossing the

sho
k upstream (
f. [40℄). Then, in UPF, its momen-

tum is nearly parallel to the sho
k normal. When the

sho
k Lorentz fa
tor is large (� � 1) the parti
le stays

in front of the sho
k for a time required for a slight,

� 1=�, de
e
tion of its momentum allowing the sho
k

to overtake it and transmit to the downstream region.

The de
e
tion pro
eeds due to the magneti
 �eld up-

stream of the sho
k, 
onsisting of the large s
ale smooth

ba
kground stru
ture perturbed by the MHD 
u
tua-

tions. This tiny 
hange of parti
le momentum upstream

of the sho
k allows for its transmission downstream of the

sho
k, where | due to the Lorentz transformation with

a large � | its momentum dire
tion 
an be 
hanged at

a large angle with respe
t to its original dire
tion before

the transmission upstream. Su
h large amplitude angu-

lar s
atterings 
an enable a �nite fra
tion of parti
les

to follow traje
tories leading to su

essive transmissions

upstream of the sho
k. Repeating of the des
ribed loops,

with ea
h roughly doubling the parti
le energy, leads to

formation of the power law parti
le spe
trum. Several

authors [26,36,40℄ dis
ussed this pro
ess leading to for-

mation of the spe
trum with the energy spe
tral index

� � 2:2 at � � 1. Essentially the same results were

obtained within di�erent approa
hes presented by the

above authors and by Kirk et al. [38℄ and Vietri [39℄.

The work of [26,33℄ was based on Monte Carlo sim-

ulations of parti
le transport governed by small am-

plitude pit
h angle s
attering. Thus, depending on the

mean time between su

essive s
attering a
ts, �t, and

the maximum angular s
attering amplitude, �


max

, it

was possible to model situations with di�erent mean �eld


on�gurations and di�erent amounts of turbulen
e. The

mean �eld 
on�guration downstream of the sho
k was
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derived from the mean upstream �eld using the appropri-

ate jump 
onditions and traje
tories of parti
les intera
t-

ing with the sho
k dis
ontinuity were derived exa
tly for

su
h �elds. The approa
h takes into a

ount 
orrelations

in the pro
ess due to the regular part of the magneti


�eld, but irregularities responsible for pit
h angle s
atter-

ing are introdu
ed as random. In order to model parti
le

pit
h angle di�usion upstream of the sho
k, with nearly

a delta-like angular distribution an extremely small s
at-

tering amplitude should be used, �


max

� �

�1

. In
reas-

ing the sho
k Lorentz fa
tor results in de
reasing the mo-

mentum perturbation required for its transmission down-

stream and leaves a shorter time for this perturbation,

t

1

. In the applied pit
h angle di�usion approa
h the mo-

mentum variation due to the regular 
omponent of the

magneti
 �eld s
ales like t

1

, when
e the di�usive 
hange

s
ales like t

1=2

1

. Thus growing � leads to de
reasing t

1

and the di�usive term have to dominate at suÆ
iently

large �. However, one should note that with de
reasing

�t and �


max

, when the intera
tion pro
eeds at the sub-

resonan
e (� r

g

) spatial s
ale, a serious physi
al prob-

lem with the applied approa
h appears: it requires the

large amplitude short wave turbulen
e to be non-linear

at shortest s
ales.

An analogous, pit
h angle di�usion modelling ap-

pended 
onsiderations of [36℄ (for a more detailed de-

s
ription see [37℄), who obtained essentially the same

spe
tral indi
es as the asymptoti
 one derived by Bed-

narz & Ostrowski [26℄. They 
onsidered a highly tur-

bulent 
onditions near the sho
k leading to the parti
le

pit
h angle di�usion with respe
t to the sho
k normal,

i. e., the regular part of the magneti
 �eld (or 
ontinuity

of the �eld a
ross the sho
k) was negle
ted. Thus, for ex-

ample, if the amplitude of the magneti
 �eld turbulen
e

is limited, it 
an not reprodu
e spe
trum steepening (or


attening at intermediate Lorentz fa
tors) in the pres-

en
e of oblique magneti
 �elds (
f. [19,23,26℄). The both

above models des
ribe essentially the same physi
al situ-

ation only for sho
ks propagating in the highly turbulent

medium.

An alternative dis
ussion of the a

eleration pro
ess

presented by Gallant & A
hterberg [40℄ was based on

a simple turbulen
e model. In their approa
h a highly

turbulent magneti
 �eld 
on�guration was assumed up-

stream and downstream of the sho
k, idealized as 
ells

�lled with randomly oriented uniform magneti
 �elds.

With su
h an approa
h parti
les 
rossing the sho
k en-

ter a new 
ell with a randomly sele
ted magneti
 �eld


on�guration. Thus, there always o

ur 
on�gurations

allowing some parti
les 
rossing the sho
k downstream

to rea
h it again and to form the power law spe
trum.

In this model there is no need for the upstream mag-

neti
 �eld perturbations and a model with the uniform

upstream �eld yields the same power law distribution.

Two quasi-analyti
 approa
hes to the 
onsidered a
-


eleration pro
ess were presented by [38℄ and Vietri [39℄.

Both attempt to solve the Fokker{Plan
k equation de-

s
ribing parti
le adve
tion with the general plasma 
ow

and the small amplitude s
attering of parti
le pit
h an-

gle as measured with respe
t to the sho
k normal. The

important work of Kirk et al. modi�ed the [11℄ series

expansion approa
h to treat the delta-like angular dis-

tribution upstream of the sho
k. An analyti
ally more

simple Vietri approa
h applies 
onvenient ansatzes for

the anisotropi
 upstream and downstream parti
le distri-

butions, resembling the [41℄ approa
h to a

eleration at

`ordinary' relativisti
 sho
ks. Both methods 
on�rm the

results of the earlier numeri
al modelling. A de�
ien
y

of the above semi-analyti
 approa
hes is its inability to

treat situations with mildly perturbed magneti
 �elds, on

average oblique to the sho
k normal. If 
onsidered valid

for di�erent magneti
 �eld 
on�gurations these models

require the large amplitude short wave turbulen
e to re-

move any signature of the uniform ba
kground �eld or

of the long wave perturbations.

B. A

eleration at the ultra-relativisti
 sho
k near

the Crab Pulsar

In the dis
ussion above, to treat the sho
k as the 
ow

dis
ontinuity, and the a

eleration pro
ess to be of the

�rst-order Fermi type, one had to 
onsider very high en-

ergy parti
les. Quite interesting alternative approa
h in-

tended to study the a

eleration pro
ess starting from

low `thermal' energies was proposed by Hoshino et al.

[42℄ (see also [43℄; for review [44℄). They 
onsidered a
-


eleration at the ultra-relativisti
 sho
k formed in the

wind out
ow of the (e

+

,e

�

) pair plasma 
ontaining heavy

nu
lei and being permeated by the weak magneti
 �eld

oriented perpendi
ular to the 
ow dire
tion, i. e., in a

model wind for the Crab Pulsar. In the large Lorentz

fa
tor wind, the ram pressure of nu
lei dominates over

the ram pressure of the pair plasma, and both these pres-

sures are mu
h larger than the magneti
 �eld pressure.

At the 
ollisionless sho
k, the pairs' bulk velo
ity is

isotropized mu
h more eÆ
iently, leaving nu
lei pene-

trating the downstream region as a parti
le beam. This

pro
ess generates an ele
tri
 �eld in the sho
k and | due

to the ion distribution anisotropy | generates long ele
-

tromagneti
 plasma waves. Damping of su
h waves by

pairs a

elerates some of ele
trons/positrons to energies


omparable to the iron nu
lei energies downstream of the

sho
k. The work mentioned here is based on the results

of numeri
al plasma simulations of the ultra-relativisti



ollisionless sho
k.

V. FINAL REMARKS

One may note that observations of possible sites of

relativisti
 sho
k waves (knots and hot spots in extra-

gala
ti
 radio sour
es), whi
h allow for the determina-

tion of the energeti
 ele
tron spe
tra, often yield parti
le

spe
tral indi
es 
lose to � = 4:0 (
 = 0:5). The theo-

reti
al work done to date on the test parti
le 
osmi
 ray

a

eleration at mildly relativisti
 sho
ks yields not too

promising results for meaningful modelling of these as-

trophysi
al sour
es. The main reason for this de�
ien
y

is | in 
ontrast to the non-relativisti
 sho
ks | a dire
t
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dependen
e of the derived spe
tra on the 
onditions near

the sho
k. Not only the sho
k 
ompression ratio, but also

other parameters, like the mean in
lination of the mag-

neti
 �eld or the turbulen
e spe
trum and its amplitude,

are signi�
ant. Depending on the a
tual 
onditions one

may obtain spe
tral indi
es as 
at as � = 3:0 (
 = 0:0)

or very steep ones with � > 5:0 (
 > 1:0). The ba
k-

ground 
onditions leading to the very 
at spe
tra are

probably subje
t to some instabilities; however, there is

no detailed derivation des
ribing the instability growth

and the resulting 
osmi
 ray spe
trum modi�
ation.

The situation was supposed to be simpler for large �

sho
ks, where the spe
tral index seems to 
onverge to

the universal limit �

1

� 2:2. However, as pointed out

above, the validity of this result may be quite limited.

In this moment it is diÆ
ult to evaluate if the required


onditions are satis�ed at the studied ultra-relativisti


sho
ks.

A true progress in modelling parti
le a

eleration in

a
tual sour
es requires a full plasma non-linear des
rip-

tion (see also [45℄), in
luding the se
ond-order a

eler-

ation pro
esses and a feedba
k of a

elerated parti
les

at the turbulent wave �elds near the sho
k wave, the


ow modi�
ation 
aused by the 
osmi
 rays' plasma

pre-sho
k 
ompression and, of 
ourse, the appropriate

boundary 
onditions. A simple non-linear approa
h to

the parallel sho
k 
ase was presented by Baring & Kirk

[46℄, who found that relativisti
 sho
ks 
ould be very eÆ-


ient a

elerators. However, it seems to us that in a more

general 
ase it will be very diÆ
ult to make any substan-

tial progress in that matter. For very 
at parti
le spe
-

tra the non-linear a

eleration pi
ture depends to a large

extent on the detailed knowledge of the ba
kground and

boundary 
onditions in the s
ales relevant for parti
les

near the upper energy 
ut-o�. The existen
e of stationary

solutions is doubtful in this 
ase. A noti
eable progress

in 
onsidering detailed physi
s of the a

eleration in rel-

ativisti
 
ollisionless sho
ks may result from appli
ation

of the parti
le-in-
ell simulations, in
luding physi
al pro-


esses (instabilities) dis
ussed by, e. g., Hoshino et al.

[42℄, Medvedev & Loeb [47℄ or Pohl et al. [48℄.
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PRISKORENN� KOSM�QNIH PROMEN�V PRI REL�TIV�STS^KIH UDARAH

M. Ostrovs~ki�

Astronom�qna observator�� ��ellons~kogo un�versitetu

vul. Orla, 171, 30{244, Krak�v, Pol~wa

e-mail: mio�oa.uj.edu.pl

Zrobleno ogl�d teoretiqnih dosl�d�en~ priskorenn� qastinok kosm�qnih promen�v u perxomu por�dku

ferm�-pro
esu na front� rel�tiv�sts~kih udarnih hvil~. Spoqatku obgovoreno pro
es priskorenn�, �ki�

d�
 v pom�rnih rel�tiv�sts~kih udarnih hvil�h. Proanal�zovano sutt
vu rol~ nepr�moÝ zm�ni konf�gura
�Ý

pol� v utvorenn� spektra ener��Ý qastinok � zm�ni qasovoÝ xkali priskorenn�. Dal� rozgl�nuto priskorenn�

v ul~trarel�tiv�sts~kih udarnih hvil�h, �k� qasto da�t~ asimptotiqni� spektral~ni� �ndeks � � 2:2 dl�

velikih loren
-faktor�v. Po�sneno, qomu 
e� rezul~tat obme�eni� vipadkom visokoturbulentnih umov

poblizu front�v udarnih hvil~. Zrobleno visnovok, wo suqasne rozum�nn� pro
es�v priskorenn�, �k� d��t~

u rel�tiv�sts~kih udarnih hvil�h, 
 nedostatn�m dl� real�stiqnogo model�vann� udarnih hvil~.
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