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Sformul~ovano ta proanal�zovano umovi Puankare-�nvar��ntnosti var��
��nogo opisu ne-

disipativnogo su
�l~nogo seredoviwa. Vkazano zagal~nu strukturu funk
�Ý La�ran�a, �ka

zabezpequ
 taku �nvar��ntn�st~ � zale�it~ v�d poh�dnih ne viwe v�d perxogo por�dku. Za

dopomogo� teoremi Neter otrimano 10 zakon�v zbere�enn�, vigl�d �kih, zokrema, vstanov-

l�
 strukturu tenzora ener��Ý-�mpul~su sistemi. Obgovoreno pereh�d v�d la�ran�evih do o�-

lerovih zm�nnih. Pokazano, �k postul�vann� dodatkovih simetr�� dozvol�
 formul�vati

qastkov� model� rel�tiv�stiqnogo su
�l~nogo seredoviwa, zokrema g�drodinam�ku ta model~

�zotropnogo t�la.
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I. VSTUP

Sprobi rel�tiv�stiqnogo uzagal~nenn� mehan�ki

su
�l~nogo seredoviwa rozpoqalis� ma��e v�drazu

p�sl� stvorenn� spe
��l~noÝ teor�Ý v�dnosnosti [1℄.

Pereva�no voni stosuvalis� problem g�drodinam�ki

� bazuvalis� �k na fenomenolog�qnih zasadah [2℄, tak

� na metodah ner�vnova�noÝ statistiqnoÝ mehan�ki [3℄.

S~ogodn� rel�tiv�stiqna g�drodinam�ka 
 povnoprav-

nim � glibokim rozd�lom teoretiqnoÝ f�ziki. Nato-

m�st~ rel�tiv�stiqn� uzagal~nenn� mehan�ki defor-

m�vnogo tverdogo t�la [4{6℄ v�dom� nabagato menxe.

Pevna fenomenolog�qna model~ rel�tiv�stiqnogo di-

sipativnogo kontinuumu, wo ne obme�u
t~s� vipad-

kom r�dini, zaproponovana u pra
� [7℄ na baz� zagal~-

nogo formal�zmu Sur�o [8,9℄.

U 
�� statt�, �ka ne vihodit~ za me�� nedisipativ-

nogo vipadku, rozgl�nuto var��
��ni� prin
ip dl�

rel�tiv�stiqnogo su
�l~nogo seredoviwa, wo privo-

dit~ do strukturi tenzora ener��Ý-�mpul~su, uzgo-

d�enoÝ z rezul~tatom [7℄. Proponovani� tut feno-

menolog�qni� p�dh�d bliz~ki� do metod�v la�ran�e-

vogo formul�vann� rel�tiv�stiqnoÝ teor�Ý pr�mih

m��qastinkovih vza
mod�� [10,11℄. Vih�dnim punk-

tom slu�it~ vimoga Puankare-�nvar��ntnosti, �ka

formul�
t~s� za dopomogo� real�za
�Ý grupi Pu-

ankare peretvorenn�mi strumenevogo (jet-) prodov-

�enn� konf�gura
��nogo prostoru sistemi. Vkazana

vimoga vira�a
t~s� sistemo� l�n��nih diferen
��-

nih r�vn�n~ perxogo por�dku dl� funk
�Ý La�ran�a

L; � ÝÝ vikonann� privodit~, zg�dno z teoremo� Ne-

ter, do �snuvann� 10 zakon�v zbere�enn�, dozvol��qi,

zokrema, vivesti formu tenzora ener��Ý-�mpul~su.

Dal� prodemonstrovano zastosuvann� simetr��nogo

p�dhodu do formul�vann� konkretnih modele� re-

l�tiv�stiqnogo su
�l~nogo seredoviwa | g�drodina-

m�ki ta �zotropnogo t�la. Na v�dm�nu v�d b�l~xosti

pra
~ u 
~omu napr�mku, tut na samomu poqatku

vikoristano trivim�rni� p�dh�d u me�ah mitt
voÝ

formi dinam�ki. Var��
��n� prin
ipi ta zakoni zbe-

re�enn� sformul~ovano sperxu v la�ran�evih zm�n-

nih, a lixe pot�m zd��sneno pereh�d do zm�nnih O�-

lera, wo 
 popul�rn�ximi, osoblivo v g�drodinam�
�.

II. FUNKC�� LA�RAN�A

Pri�ma
mo, wo v poqatkovi� moment qasu su
�l~ne

seredoviwe (t�lo) za�ma
 pevnu oblast~ O � R

3

z ko-

ordinatami �

i

, i = 1; 2; 3 (zm�nn� La�ran�a), �k� slu-

�itimut~ dl� �dentif�ka
�Ý mater��l~nih element�v

su
�l~nogo seredoviwa. �ogo evol�
�� z qasom t opi-

su
t~s� sv�tovo� trubko� | kon�ruen
�
� sv�tovih

l�n�� u prostor� M�nkovs~kogoM

4

z koordinatami x

�

,

� = 0; 1; 2; 3 [4℄. Metriku v M

4

vibira
mo u vigl�d�

k�

��

k = diag(�1; 1; 1; 1).

U me�ah mitt
voÝ formi dinam�ki [10℄ paramet-

riqne r�vn�nn� 
�
Ý trubki ma
 vigl�d

�

x

i

= x

i

(t; �); i = 1; 2; 3;

x

0

= 
t;

(2.1)

de � � (�

1

; �

2

; �

3

), priqomu

x

i

(0; �) = �

i

: (2.2)

Zruqno vva�ati, wo xukan� funk
�Ý x

i

(t; �) viznaqa-

�t~s� perer�zami F! E de�koÝ lokal~no triv��l~noÝ

v'�zki (bundle) �: E ! F, �ka v lokal~nih koordina-

tah vigl�da
 tak:

� : (t; �

i

; x

i

) 7! (t; �

i

): (2.3)
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Pri�ma
mo, wo mno�ina M perer�z�v v'�zki �, �k�

opisu�t~ ruh naxoÝ sistemi na qasovomu �nterval�

I � R, mo�e buti viznaqena z umovi sta
�onarnosti

funk
�onala

I =

Z

I

dt

Z

O

d

3

� L; (2.4)

de funk
�� La�ran�a L : J

1

� ! R zadana na mnogo-

vid� J

1

� 1-strumen�v v'�zki �. Koordinatami 
~ogo

mnogovidu slu�at~ veliqini

(t; �

i

; x

i

; v

i

; x

i

j

); (2.5)

oznaqen� tak, wo na perer�z�, �ki� v�dpov�da
 funk
�Ý

x

i

(t; �), znaqenn� v

i

ta x

i

j


 ÝÝ perximi poh�dnimi za

t � �

j

, v�dpov�dno:

v

i

=

�x

i

(t; �)

�t

; x

i

j

=

�x

i

(t; �)

��

j

(2.6)

(b�l~xe tehn�qnih detale� mo�na zna�ti v [12,13℄).

Zauva�imo v�drazu, wo v rel�tiv�stiqn�� mehan�
�

sistemi qastinok pripuwenn�, wo la�ran���n L za-

dano na J

1

�, privodit~ do triv��l~nogo rezul~tatu

[10,11,14℄, � neobh�dno rozgl�dati la�ran���ni na

J

1

�, zale�n� v�d poh�dnih bezme�no visokogo po-

r�dku. U mehan�
� su
�l~nogo seredoviwa, �k bude

vidno dal�, situa
�� znaqno l�pxa.

Mno�ina M sta
�onarnih perer�z�v dl� fun-

k
�onala (2.4) viznaqa
t~s� r�vn�nn�mi O�lera{

La�ran�a

�L

�x

i

�D

t

�L

�v

i

�D

j

�L

�x

i

j

= 0; (2.7)

de vektorn� pol� D

t

� D

j

| operatori \povnih poh�d-

nih" za t ta �

j

, v�dpov�dno:

D

t

=

�

�t

+ v

i

�

�x

i

+ v

i

t

�

�v

i

+ x

i

jt

�

�x

i

j

+ : : : ;

D

j

=

�

��

j

+ x

i

j

�

�x

i

+ v

i

j

�

�v

i

+ x

i

kj

�

�x

i

k

+ : : : ; (2.8)

v

i

t

=

�v

i

�t

; v

i

j

=

�v

i

��

j

;

x

i

jt

=

�

2

x

i

�t��

j

; x

i

kj

=

�

2

x

i

��

k

��

j

: (2.9)

Formul�vann� umov rel�tiv�stiqnoÝ �nvar��nt-

nosti vimaga
 oznaqenn� d�Ý grupi Puankare | grupi

simetr�Ý zamknenih rel�tiv�stiqnih sistem | u

prostor� J

1

�, u �komu zadana funk
�� La�ran�a.

Dl� 
~ogo, �k � v mehan�
� sistemi qastinok [10,11,14℄,

pobudu
mo spoqatku real�za
�� algebri L� grupi Pu-

ankare dotiqnimi vektornimi pol�mi. C�lkom ana-

log�qno do diskretnogo vipadku oznaqimo pol�, wo

v�dpov�da�t~ qasovim (H) � prostorovim (P

i

) trans-

l�
��m, prostorovim povorotam (J

i

) ta peretvoren-

n�m Loren
a (K

i

), formulami:

H = D

t

�

�

�t

; (2.10)

P

i

=

�

�x

i

; (2.11)

J

i

= �

ijk

�

x

j

�

�x

k

+ v

j

�

�v

k

+ x

j

l

�

�x

kl

+ � � �

�

; (2.12)

K

i

=

�

�tÆ

j

i

+

1




2

x

i

v

j

�

�

�x

j

+

�

D

t

�

�tÆ

j

i

+

1




2

x

i

v

j

��

�

�v

j

+

�

D

k

�

�tÆ

j

i

+

1




2

x

i

v

j

��

�

�x

j

k

+ � � � : (2.13)

Trivim�rn� �ndeksi i; j; k : : : p�dn�ma�t~s� ta opuska-

�t~s� dekartovo� metriko� �

ij

= Æ

ij

, tak wo, napri-

klad,

x

kl

= Æ

ki

�x

i

��

l

= Æ

ki

x

i

l

; (2.14)

�

ijk

| antisimetriqni� tenzor Lev�{Q�v�ta.

Legko perekonatis�,wo vektorn� pol� (2.10){(2.13)

d��sno zadovol~n��t~ komuta
��n� sp�vv�dnoxenn�

algebri L� grupi Puankare. Voni ne d��t~ na baz�

F v'�zki � (tobto na zm�nn� t; �), zada�qi t. zv. verti-

kal~nu real�za
�� algebri Puankare.

Neznaqna modif�ka
�� operator�v H � K

i

,

H !

^

H = H�D

t

= �

�

�t

; (2.15)

K

i

!

^

K

i

= K

i

�

1




2

x

i

D

t

=

= �tP

i

�

x

i




2

�

�t

+

�

�Æ

j

i

+

v

i

v

j




2

�

�

�v

j

+

1




2

x

ik

v

j

�

�x

j

k

+ � � � ; (2.16)

�ka ne vpliva
 na Ýhn� komuta
��n� sp�vv�dnoxenn�,

privodit~ do 10 operator�v (2.11), (2.12), (2.15),

(2.16), wo �eneru�t~ strumeneve prodov�enn� pere-

tvoren~ total~nogo prostoru E v'�zki �. C� peretvo-

renn� otrimu�t~s� prostim �nte�ruvann�m v�dpov�d-

nih r�vn�n~ L� ta ma�t~ vigl�d:

{ dl� qasovih transl�
��
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e

�

^

H

: (t; x

i

) 7! (t � �; x

i

); (2.17)

{ dl� prostorovih transl�
��

e

�

i

P

i

: (t; x

i

) 7! (t; x

i

+ �

i

); (2.18)

{ dl� prostorovih povorot�v

e

�

i

J

i

: (t; x

i

) 7! (t; R

i

j

(�)x

j

); (2.19)

de R

i

j

(�) | orto�onal~na matri
�;

Æ

kl

R

k

i

R

l

j

= Æ

ij

; (2.20)

{ dl� peretvoren~ Loren
a

e

�

i

K

i

: (t; x

i

) 7! (t

0

; x

i

0

); (2.21)

de

t

0

= �

�

t�

V

i




2

x

i

�

;

x

i

0

= x

i

+

�

2

1 + �

V

i

V

k




2

x

k

� tV

i

� � A

i

k

(V )x

k

� tV

i

�;

� �

1

p

1� V

2

=


2

(2.22)

� zam�st~ kanon�qnogo parametra � vikoristano veli-

qinu V | xvidk�st~ sistemi v�dl�ku, wo pov'�zana

z � sp�vv�dnoxenn�m

V




=

�

j�j

thj�j: (2.23)

V�dznaqimo, wo vs� vektorn� pol� (2.10){(2.16) ne d�-

�t~ na koordinatu �. Legko perekonatis� za dopo-

mogo� (2.1), wo peretvorenn� (2.17){(2.22) privod�t~

do zviqa�nih peretvoren~ grupi Puankare u prostor�

M�nkovs~kogo. Navpaki, vihod�qi z ostann�h, mo�na

pri�ti do �enerator�v (2.10){(2.13) zviqnimi dl� re-

l�tiv�stiqnoÝ mehan�ki m�rkuvann�mi [10,11℄.

Dostatn~o� umovo� �nvar��ntnosti mno�ini M

rozv'�zk�v r�vn�n~ O�lera{La�ran�a (2.7) 
 �nvar�-

�ntn�st~ funk
�onala d�Ý (2.4) abo \�nvar��ntn�st~ z

toqn�st� do povnoÝ poh�dnoÝ" v�dpov�dnoÝ funk
�Ý La-

�ran�a [15{17℄. To� umovi Puankare-�nvar��ntnosti

var��
��nogo opisu rel�tiv�stiqnogo su
�l~nogo se-

redoviwa formul�
mo za dopomogo� �enerator�v

(2.10){(2.13) u vigl�d� sistemi l�n��nih diferen
��-

nih r�vn�n~ perxogo por�dku dl� funk
�Ý La�ran�a

L:

HL = D

�




�

0

; P

i

L = D

�




�T

i

; J

i

L = D

�




�R

i

; (2.24)

K

i

L = D

�




�L

i

; D

0

� D

t

; (2.25)

de 
 | de�k� funk
�Ý, �k�, analog�qno do diskretnogo

vipadku [10,11,14℄, mo�na vibrati u vigl�d�




�T

i

= 0; 


�R

i

= 0; 


i

0

= 0; 


jL

i

= 0; (2.26)




0

0

= L; 


0L

i

= 


�2

x

i

L: (2.27)

Tod� r�vn�nn� (2.24), (2.25) nabira�t~ formi

�L

�t

= 0;

�L

�x

i

= 0; (2.28)

�

ijk

�

v

j

�L

�v

k

+ x

j

l

�L

�x

kl

�

= 0; (2.29)

^

K

i

L = 


�2

v

i

L: (2.30)

Zna�demo Ýh zagal~ni� rozv'�zok. Z (2.28) vipli-

va
, wo L ne m�stit~ t � funk
�� x

i

. Umovu (2.30) z

urahuvann�m (2.28) zapisu
mo tak:

�

�Æ

j

i

+

v

i

v

j




2

�

�L

�v

j

+

1




2

x

ik

v

j

�L

�x

j

k

�

v

i




2

L = 0: (2.31)

P�dstavl�nn�

L = �F

p

1� v

2

=


2

(2.32)

zniwu
 u (2.31) qlen, propor
��ni� do L, privod�qi

do r�vn�n~, odnor�dnih za poh�dnimi v�d novoÝ nev�do-

moÝ funk
�Ý F :

^

K

i

F �

�

�Æ

j

i

+

v

i

v

j




2

�

�F

�v

j

+

1




2

x

ik

v

j

�F

�x

j

k

= 0: (2.33)

Umovami Ýh sum�snosti slu�it~ vimoga obertovoÝ �n-

var��ntnosti (2.29). V�dnotu
mo, wo stosovno povo-

rot�v, �enerovanih vektornim polem (2.12), veliqini

v

i

ta x

i

k

peretvor��t~s� odnakovo| �k komponenti

3-vektor�v za �ndeksom i. Odnor�dn�st~ operatora

^

K

i

za x

i

k

dozvol�
 xukati qastkov� rozv'�zki r�vn�nn�

(2.33) u vigl�d� obertovo-�nvar��ntnih viraz�v

g

kl

= x

i

k

x

j

l

B

ij

(v) (2.34)

z de�ko� matri
e� B

ij

(v), zale�no� v�d xvidkosti

v

i

. �dino� sensovno� strukturo� simetriqnoÝ mat-

ri
� B

ij

, �ku mo�na pobuduvati z v

i

, 


B

ij

= b

1

Æ

ij

+ b

2

v

i

v

j

; (2.35)

de b

1

, b

2

| funk
�Ý v�d v

2

. Ma
mo
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^

K

i

g

kl

= x

m

k

x

n

l

�

�Æ

j

i

+

v

i

v

j




2

�

�B

mn

�v

j

+

v

j




2

(x

ik

x

m

l

B

jm

+ x

il

x

m

k

B

mj

) (2.36)

= x

m

k

x

n

l

��

�Æ

j

i

+

v

i

v

j




2

�

�B

mn

�v

j

+

v

j




2

(Æ

im

B

jn

+ Æ

in

B

jm

)

�

:

Umova obertann� v nul~ f�gurnoÝ du�ki dozvol�


viznaqiti funk
�Ý b

1

, b

2

z (2.35), a ot�e, � matri
�

B

ij

:

B

ij

= Æ

ij

+

v

i

v

j




2

� v

2

= Æ

ij

+ 


2

v

i

v

j




2

;


 �

1

p

1� v

2

=


2

: (2.37)

Takim qinom, zg�dno z zagal~nim pravilom rozv'�zu-

vann� r�vn�n~ u qastkovih poh�dnih perxogo por�dku

(div. [15,18℄), zagal~nim rozv'�zkom r�vn�nn� (2.33)

bude dov�l~na funk
�� 9-ti veliqin g

kl

, �

i

:

F = F (g

kl

; �

i

): (2.38)

U nerel�tiv�stiqnomu nabli�enn� funk
�� La�-

ran�a deform�vnogo tverdogo t�la v la�ran�evih ko-

ordinatah 
 tako�: [19,20℄

L

(0)

= �

0

(�)

�

1

2

v

2

� u

(0)

�

g

(0)

kl

; �

i

�

�

; (2.39)

de �

0

(�) | rozpod�l gustini v poqatkovi� moment

qasu � u

(0)

| nerel�tiv�stiqna gustina vnutr�xn~oÝ

ener��Ý t�la, vira�ena v term�nah tenzora deforma
�Ý

g

(0)

kl

= Æ

ij

x

i

k

x

j

l

. Umova uzgod�enosti z nerel�tiv�s-

tiqnim nabli�enn�m p�dkazu
 taki� vib�r zagal~noÝ

strukturi la�ran���na rel�tiv�stiqnogo su
�l~nogo

seredoviwa:

L = ��

0

(�)(


2

+ u)

p

1� v

2

=


2

; (2.40)

de u | gustina vnutr�xn~oÝ ener��Ý t�la,

u = u(g

kl

; �

i

); (2.41)

�ka 
 loren
ovim skal�rom:

^

K

i

u = 0: (2.42)

Veliqina g

kl

, oznaqena formulami (2.34), (2.37), u

nerel�tiv�stiqnomu nabli�enn� zb�ga
t~s� z tenzo-

rom deforma
�Ý g

(0)

kl

= Æ

ij

x

i

k

x

j

l

� mo�e rozgl�datis�

�k rel�tiv�stiqna m�ra deforma
�Ý t�la. Tenzor B

ij

,

�ki� viznaqa
 faktiqno v�dhilenn� g

kl

v�d g

(0)

kl

, ma


nizku 
�kavih vlastivoste�:

�

Æ

j

i

�

v

i

v

j




2

�

B

jk

= Æ

ik

; (2.43)

A

i

k

(v)A

k

j

(v) = B

i

j

; (2.44)

de A

i

k

(V ) | tenzor, wo vhodit~ u peretvorenn� Lo-

ren
a (2.22) (�ogo vlastivost� dokladno obgovoren�,

napriklad, u pra
� [21℄). Druge �z 
ih sp�vv�dnoxen~

pokazu
, wo g

kl

mo�na podati tak:

g

kl

= Æ

ij

y

i

k

y

j

l

; (2.45)

de veliqini

y

i

k

� A

i

j

(v)x

j

k

(2.46)

v�dr�zn��t~s� v�d zviqa�nih komponent tenzora dis-

tors�Ý x

i

k

(matriqnim) mno�nikom, wo harakteri-

zu
 loren
eve skoroqenn� ruhomih ob'
kt�v.Formula

(2.43) zasv�dqu
, wo g

kl

zb�ga
t~s� z rel�tiv�stiqno�

m�ro� deforma
�Ý, vvedeno� u pra
� [7℄. Tam �e obgo-

voreno ÝÝ f�ziqni� zm�st: dl� sv�tovih l�n�� bliz~kih

mater��l~nih element�v � ta � + d� vona harakteri-

zu
 veliqinu 4-�ntervalu m�� toqkami 
ih l�n��, wo

le�at~ na g�perplowin�, orto�onal~n�� (u sens� pros-

toru M�nkovs~kogo) do 4-vektora xvidkosti

û

�

= 
(
;v); û

�

û

�

= �


2

: (2.47)

Vislovl��qis~ po-�nxomu, g

kl

por�vn�
 veliqinu

poqatkovogo �ntervalu Æ

ij

d�

i

d�

j

z prostorovim �nter-

valom m�� toqkami sv�tovih l�n�� element�v � ta

�+d�, odnoqasnimi z pogl�du suputn~oÝ sistemi v�d-

l�ku, xvidk�st~ �koÝ dor�vn�
 xvidkost� elementa �

u moment vim�r�vann�.

�k � sl�d bulo spod�vatis�, zale�n�st~ u v�d entro-

p�Ý s mo�na vvesti lixe tod�, koli ostann�, vira�ena

v la�ran�evih koordinatah, ne zale�it~ v�d t:

s = s(�): (2.48)

Tod� mo�na poklasti

u = u(g

kl

; s; �): (2.49)
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Pri 
~omu, zviqa�no, �k vipliva
 z (2.16), entrop��

bude skal�rom wodo peretvoren~ Loren
a:

^

K

i

s = 0: (2.50)

Ce � stosu
t~s� � temperaturi, oznaqenoÝ sp�vv�dno-

xenn�m

� =

�u

�s

(2.51)

(div. (2.42)). Takim qinom, � | 
e temperatura, vi-

m�r�na termometrom, wo ruha
t~s� razom z t�lom [2℄.

Uka�emo we vigl�d funk
�Ý La�ran�a (2.40) v o�-

lerovih zm�nnih. �kwo v oblast� I �O viznaqnik

� � detkx

i

j

k (2.52)

ne dor�vn�
 nulev�, to sp�vv�dnoxenn� x

i

= x

i

(t; �)

mo�na obernuti, vira�a�qi � qerez t;x. Vikoristo-

vu�qi 
� virazi, us� rozgl�nut� veliqini v

i

, x

i

j

, . . .

mo�na vva�ati funk
��mi zm�nnih O�lera t;x. Tod�

vektor xvidkosti v(t;x) �eneruvatime ruh zg�dno z

r�vn�nn�m L�

dx

dt

= v(t;x); (2.53)

�ke sl�d �nte�ruvati z poqatkovo� umovo� (2.2). V�d-

pov�dno do zagal~nih pravil zv'�zku m�� funk
�-

�mi La�ran�a v la�ran�evih ta o�lerovih zm�nnih

[19,20℄, ma
mo

L

Euler

= �

�1

L

Lagrange

; (2.54)

de � | �kob��n perehodu, oznaqeni� formulo�

(2.52). Poznaqa�qi

� � �

0

p

1� v

2

=


2

�

�1

; (2.55)

otrimu
mo

L

Euler

= ��(


2

+ u); (2.56)

de vs� veliqini u � ta u vva�a�t~s� vira�enimi v

term�nah funk
�� �

i

(t;x), obernenih do (2.1), ta Ýh po-

h�dnih za t � x

i

.

III. TENZOR ENER��Õ-�MPUL^SU

Va�livo� riso� la�ran�evogo formal�zmu 
 mo�-

liv�st~ otrimuvati zakoni zbere�enn� (r�vn�nn� ne-

perervnosti) z umov �nvar��ntnosti za dopomogo� te-

oremi Neter. Tak, u naxomu vipadku �nvar��ntnost�

wodo 10-parametriqnoÝ grupi peretvoren~ (2.17){

(2.22) v�dpov�da
 10 r�vnoste� nulev� povnih diver-

�en
��:

qasovim transl�
��m |

D

t

E +D

i

�

i

= 0; (3.1)

E = v

i

�L

�v

i

� L; �

i

= v

j

�L

�x

j

i

; (3.2)

prostorovim transl�
��m |

D

t

P

i

+D

j

P

i

j

= 0; (3.3)

P

i

=

�L

�v

i

; P

i

j

=

�L

�x

i

j

; (3.4)

prostorovim povorotam |

D

t

J

i

+D

j

J

i

j

= 0; (3.5)

J

i

= �

ijk

x

j

P

k

; J

i

j

= �

ikl

x

k

P

lj

; (3.6)

peretvorenn�m Loren
a |

D

t

K

i

+D

j

K

i

j

= 0; (3.7)

K

i

= �tP

i

+

1




2

x

i

E; K

i

j

= �tP

i

j

+

1




2

x

i

�

j

: (3.8)

V�dnotu
mo, wo sp�vv�dnoxenn� (3.3) prosto zb�ga�-

t~s� z r�vn�nn�mi ruhu (2.7).

Zakoni zbere�enn� (3.1){(3.8) varto te� podati v

o�lerovih zm�nnih (t; x

i

). Sp�vv�dnoxenn�

D

t

f

t

+D

j

f

j

= 0 (3.9)

u term�nah (t; x

i

) nabira
 vigl�du

�

t

f

t

+ v

i

�

i

f

t

+ x

i

j

�

i

f

j

= 0; (3.10)

de qerez �

t

, �

i

poznaqeno poh�dn� za t; x

i

v�d funk
��,

vira�enih v o�lerovih zm�nnih. Vid�l��qi povnu

diver�en
��, ma
mo

�

t

f

t

+ �

i

�

v

i

f

t

+ x

i

j

f

j

�

� f

t

�

i

v

i

� f

j

�

i

x

i

j

= 0: (3.11)

Urahovu�qi toto�nost�

�

i

v

i

=

1

�

D

t

� = ��D

t

1

�

= ��(�

t

+ v

i

�

i

)

1

�

;

�

i

x

i

j

=

1

�

D

j

� = ��D

j

1

�

= ��x

i

j

�

i

1

�

; (3.12)

mo�na perepisati (3.11) �k
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�

�

�

t

f

t

�

+ �

i

1

�

�

v

i

f

t

+ x

i

j

f

j

�

�

= 0: (3.13)

Takim qinom, nasl�dkom sp�vv�dnoxen~ (3.9) u la�-

ran�evih zm�nnih (t; �) za umovi � 6= 0 
 r�vnost�

�

�

~

f

�

= 0 (3.14)

v o�lerovih zm�nnih (t;x). Tut �

0

= 


�1

�

t

�

~

f

0

= 


f

t

�

;

~

f

i

=

1

�

�

v

i

f

t

+ x

i

j

f

j

�

: (3.15)

Pri 
~omu funk
�Ý f

t

, f

i

, v

i

, x

i

j

pripuska
mo vira-

�enimi v term�nah (t; x

i

).

Oder�ani� rezul~tat dozvol�
 sformuvati z veli-

qin (3.2), (3.4) simetriqni� tenzor ener��Ý-�mpul~su

T

��

, wo zadovol~n�
 r�vn�nn� neperervnosti

�

�

T

��

= 0: (3.16)

�ogo komponenti 
 takimi:

T

00

=

E

�

; T

0i

=

1

s�

�

v

i

E + x

i

j

�

j

�

; (3.17)

T

i0

=

s

�

P

i

; T

ij

=

1

�

�

v

i

P

j

+ x

i

k

P

jk

�

: (3.18)

Pri 
~omu umovi Puankare-�nvar��ntnosti zabezpe-

qu�t~ �ogo simetriqn�st~: legko perekonatis�, wo

umova obertovoÝ �nvar��ntnosti (2.29) privodit~ do

T

ij

= T

ji

; (3.19)

a �nvar��ntn�st~ wodo peretvoren~ Loren
a, zg�dno z

(2.31), | do

T

0i

= T

i0

: (3.20)

Z formuli (2.40) dl� funk
�Ý La�ran�a ma
mo:

P

i

=

�L

�v

i

= �

0




2

+ u

p

1� v

2

=


2

v

i




2

� �

0

�u

�v

i

p

1� v

2

=


2

; (3.21)

P

i

j

=

�L

�x

i

j

= ��

0

�u

�x

i

j

p

1� v

2

=


2

; (3.22)

E = �

0




2

+ u

p

1� v

2

=


2

� �

0

v

i

�u

�v

i

p

1� v

2

=


2

: (3.23)

Vikoristovu�qi oznaqenn� (2.55), komponenti (3.17),

(3.18) tenzora ener��Ý-�mpul~su mo�na podati tak:

T

00

= �




2

+ u

1 � v

2

=


2

� �v

i

�u

�v

i

; (3.24)

T

0i

= �




2

+ u

1 � v

2

=


2

v

i




� 
�

�u

�v

i

; (3.25)

T

ij

= �




2

+ u

1 � v

2

=


2

v

i

v

j




2

� �

�

x

i

k

�u

�x

jk

+ v

i

�u

�v

j

�

: (3.26)

Poznaqmo

�

�

x

i

k

�u

�x

jk

+ v

i

�u

�v

j

�

� �

ij

: (3.27)

Z r�vn�nn� (2.33), �ke zadovol~n�
 funk
�� u, vipli-

va
, wo

�

�u

�v

i

=

1




2

v

j

�

ji

; (3.28)

simetr�� tenzora �

ij


 pr�mim nasl�dkom obertovoÝ

�nvar��ntnosti funk
�Ý u. Takim qinom, komponenti

tenzora ener��Ý-�mpul~su deform�vnogo tverdogo t�la

nabuva�t~ standartnogo vigl�du [2,7℄:

T

00

= �




2

+ u

1 � v

2

=


2

�

1




2

v

i

v

j

�

ij

;

T

0i

= �




2

+ u

1 � v

2

=


2

v

i




�

1




v

j

�

ij

; (3.29)

T

ij

= �




2

+ u

1 � v

2

=


2

v

i

v

j




2

� �

ij

:

Legko perekonatis� u vikonann� sp�vv�dnoxen~ [2℄

T

��

û

�

= ��(


2

+ u)û

�

;
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T

��

û

�

û

�

= 


2

�(


2

+ u); (3.30)

de 4-xvidk�st~ û

�

oznaqena formulo� (2.47).

Zakoni zbere�enn� (3.5), (3.7) �vno formu�t~s� v

zakon zbere�enn� momentu

M

���

= x

�

T

��

� x

�

T

��

; (3.31)

�

�

M

���

= 0; (3.32)

vikonann� �kogo 
 prostim nasl�dkom simetr�Ý T

��

.

Narext�, oqevidn� r�vnost�

D

t

�

0

(�) = 0; D

t

s(�) = 0 (3.33)

privod�t~ do zakon�v zbere�enn� qisla qastinok ta

entrop�Ý v o�lerovih zm�nnih:

�

�

n

�

= 0; n

�

= �û

�

; (3.34)

�

�

s

�

= 0; s

�

= �sû

�

; (3.35)

de � oznaqeno formulo� (2.55).

P�dstavivxi komponenti (3.29) u r�vn�nn� (3.16),

otrima
mo (div. [7℄):

�

t

�

�


2

(


2

+ u)� 


�2

�

ij

v

i

v

j

�

+�

i

�

�


2

(


2

+ u)v

i

� v

j

�

ij

�

= 0; (3.36)

�

t

�

�


2

(


2

+ u)v

i

� �

ij

v

j

�

+�

j

�

�


2

(


2

+ u)v

i

v

j

� 


2

�

ij

�

= 0: (3.37)

Qleni 
ih r�vn�n~, wo ne m�st�t~ �

ij

, mo�na pere-

tvoriti za dopomogo� formuli (3.34):

�

t

�


2

(


2

+ u) + �

i

�


2

(


2

+ u)v

i

= �

�


(


2

+ u)n

�

= n

�

�

�


(


2

+ u) = �
D
(


2

+ u); (3.38)

�

t

�


2

(


2

+ u)v

i

+ �

j

�


2

(


2

+ u)v

i

v

j

= �

�


(


2

+ u)v

i

n

�

= n

�

�

�


(


2

+ u)v

i

= �
D
(


2

+ u)v

i

; (3.39)

de D | operator D

t

, vira�eni� u term�nah (t; x

i

):

D �

�

�t

+ v

i

�

�x

i

: (3.40)

Tod� r�vn�nn� (3.36), (3.37) nabira�t~ vigl�du [7℄

�
D

�


(


2

+ u)

�

= �

i

�

ij

v

j

+

1




2

�

t

�

ij

v

i

v

j

; (3.41)

�
D

h




�

1 +

u




2

�

v

i

i

= �

j

�

ij

+

1




2

�

t

�

ij

v

j

: (3.42)

Domno�ivxi r�vn�nn� (3.42) skal�rno na v

i

ta vra-

huvavxi (3.41), oder�u
mo

�
(


2

+ u)D
 = 


2

�

v

i

�

�

j

�

ij

+

1

s

2

�

t

�

ij

v

j

�

�

v

2




2

�

�

i

�

ij

v

j

+

1




2

�

t

�

ij

v

i

v

j

��

: (3.43)

Za dopomogo� 
~ogo sp�vv�dnoxenn� podamo (3.41) �k

[7℄

�Du = �

ij

�

�

i

v

j

+

1




2

v

j

�

t

v

i

�

: (3.44)

R�vn�nn� (3.42), (3.44), (3.34), (3.35) sklada�t~ sis-

temu r�vn�n~ ruhu nedisipativnogo rel�tiv�stiqnogo

su
�l~nogo seredoviwa. U nerel�tiv�stiqnomu na-

bli�enn� r�vn�nn� (3.42), (3.44) zvod�t~s� do stan-

dartnoÝ formi [19℄

�Dv

i

= �

j

�

ij

; �Du = �

ij

�

i

v

j

: (3.45)

Rozgl�n~mo dokladn�xe rel�tiv�stiqni� tenzor

napru�en~ �

ij

, oznaqeni� formulo� (3.27). Funk
��

u zale�it~ v�d x

i

k

, v

i

lixe qerez g

kl

. Zg�dno z (2.34)

ma
mo

�g

kl

�x

i

j

= (Æ

jk

x

m

l

+ Æ

jl

x

m

k

)B

mi

; (3.46)

�g

kl

�v

i

= x

m

k

x

n

l

�B

mn

�v

i

: (3.47)

Osk�l~ki, �k vipliva
 z (2.37) � (2.43),

�B

mn

�v

i

=

1




2

v

j

(B

mi

B

jn

+B

ni

B

jm

) ; (3.48)

formula (3.47) nabira
 vigl�du

�g

kl

�v

i

=

1




2

x

m

k

x

n

l

v

j

(B

mi

B

jn

+B

ni

B

jm

) ; (3.49)

� dl� virazu, wo viznaqa
 �

ij

, zg�dno z (3.27), mati-

memo

x

ik

�u

�x

j

k

+ v

i

�u

�v

j

= f(x

ik

x

m

l

+ x

il

x

m

k

)B

mj

+

1




2

x

m

k

x

n

l

v

i

v

p

(B

mp

B

jn

+ B

mj

B

np

)

�

�u

�g

kl

= x

m

k

x

n

l

�

B

mj

�

Æ

in

+

1




2

v

i

v

p

B

np

�
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+B

nj

�

Æ

im

+

1




2

v

i

v

p

B

mp

��

�u

�g

kl

: (3.50)

Urahovu�qi, wo, �k vipliva
 z (2.37) abo (2.43),

Æ

ij

+

1




2

v

j

v

k

B

ik

= B

ij

; (3.51)

mo�emo, vikoristovu�qi simetr�� g

kl

, zapisati

�

ij

= 2�

�u

�g

kl

x

m

k

x

n

l

B

mi

B

nj

: (3.52)

Ce dozvol�
 rozgl�dati �

ij

�k rel�tiv�stiqne uza-

gal~nenn� tenzora napru�en~ Kox�. �kwo oznaqiti

��

kl

� 2�

�u

�g

kl

; (3.53)

to oder�imo

�

ij

= ��

kl

x

m

k

x

n

l

B

mi

B

nj

: (3.54)

Za dopomogo� wo�no vvedenih veliqin (3.53)

mo�na podati trohi po-�nxomu r�vn�nn� (3.44) dl�

vnutr�xn~oÝ ener��Ý. Rozrahu�mo povnu poh�dnu za t

v�d g

kl

. U la�ran�evih koordinatah, vikoristovu�qi

formulu (3.48), ma
mo:

D

t

g

kl

=

�

�

2

x

m

�t��

k

x

n

l

+

�

2

x

n

�t��

l

x

m

k

�

B

mn

+x

m

k

x

n

l

�B

mn

�v

i

D

t

v

i

=

�

�v

m

��

k

x

n

l

+

�v

n

��

l

x

m

k

�

B

mn

+

1




2

x

m

k

x

n

l

v

j

(B

mi

B

nj

+ B

mj

B

ni

)D

t

v

i

: (3.55)

Pereh�d do o�lerovih koordinat da


Dg

kl

=

�

�v

m

�x

j

x

j

k

x

n

l

+

�v

n

�x

j

x

j

l

x

m

k

�

B

mn

+

1




2

x

m

k

x

n

l

v

j

(B

mi

B

nj

+B

mj

B

ni

)

�

�v

i

�t

+ v

q

�v

i

�x

q

�

= x

m

k

x

n

l

�

1




2

(B

mi

B

nj

+B

mj

B

ni

)v

j

�v

i

�t

+

�v

i

�x

j

��

Æ

mj

+

1




2

v

j

v

q

B

qm

�

B

in

+

�

Æ

nj

+

1




2

v

j

v

q

B

qn

�

B

im

��

(3.56)

abo, vrahovu�qi (3.51),

Dg

kl

= x

m

k

x

n

l

(B

mi

B

nj

+ B

mj

B

ni

)

�

�

�v

j

�x

i

+

1




2

v

j

�v

i

�t

�

: (3.57)

Por�vn�nn� (3.54) � (3.57) pokazu
, wo r�vn�nn� (3.44)

mo�na zapisati tak:

�Du =

1

2

��

kl

Dg

kl

; (3.58)

wo vira�a
 perxi� zakon termodinam�ki dl� ad��-

batiqnogo ruhu rel�tiv�stiqnogo su
�l~nogo seredo-

viwa.

Zauva�imo, wo la�ran���nom (2.40) mo�na for-

mal~no koristuvatis� � v disipativnomu vipadku,

vva�a�qi u formul� (2.49) gustinu entrop�Ý s zada-

no� funk
�
� qasu:

s = s(t; �): (3.59)

Ce poruxit~ �nvar��ntn�st~ wodo qasovih transl�-


�� (2.17) � peretvoren~Loren
a (2.22), tak wo zakoni

zbere�enn� (3.1), (3.7), �k� v�dpov�da�t~ tak�� �nvar�-

�ntnost�, peretvor�t~s� v balansov� sp�vv�dnoxenn�:

u Ýhn�h pravih qastinah z'�vl��t~s� virazi ��L=�t

ta �


�2

x

i

�L=�t v�dpov�dno. Osk�l~ki, �k vipliva
 z

(2.40) � (2.51),

�

�L

�t

= �

0




�1

�u

�s

�s

�t

= �

0




�1

�

�s

�t

; (3.60)

to pri perehod� do o�lerovih zm�nnih perxi� zakon

termodinam�ki (3.58) nabere pravil~nogo vigl�du

�Du =

1

2

��

kl

Dg

kl

+ ��Ds: (3.61)

Odnak pobuduvati korektn� r�vn�nn� ruhu dl� entro-

p�Ý s(t; �), vihod�qi z la�ran���na (2.40), nemo�livo

| dl� 
~ogo potr�bna sutt
va zm�na �ogo strukturi,

pov'�zana z uvedenn�m novih dinam�qnih zm�nnih, wo

stanovit~ problemu, ne rozv'�zanu we � u me�ah ne-

rel�tiv�stiqnoÝ teor�Ý.
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IV. SLABKOREL�TIV�STIQN� POPRAVKI

Rozgl�n~mo rozvinenn� la�ran���na (2.40) za ste-

pen�mi 


�2

dl� vstanovlenn� vigl�du perxoÝ slab-

korel�tiv�stiqnoÝ popravki (por�dku 


�2

) do nere-

l�tiv�stiqnogo virazu (2.39). Pri�ma�qi, wo

u =

1

X

n=0

u

(n)




�2n

; (4.1)

� vrahovu�qi rozvinenn�

p

1� v

2

=


2

= 1�

v

2

2


2

�

v

4

8


4

+ O(


�6

); (4.2)

g

kl

= x

i

k

x

j

l

�

Æ

ij

+

v

i

v

j




2

�

+ O(


�4

); (4.3)

ma
mo

u(g

kl

) = u

(0)

�

g

(0)

kl

�

+

1




2

�u

(0)

�

g

(0)

kl

�

�g

(0)

kl

x

i

k

x

j

l

v

i

v

j

+

1




2

u

(1)

�

g

(0)

kl

�

+ O(


�4

); (4.4)

abo, vrahovu�qi (3.52),

u(g

kl

) = u

(0)

�

g

(0)

kl

�

+

1

2


2

�

�

(0)ij

v

i

v

j

+

1




2

u

(1)

�

g

(0)

kl

�

+ O(


�4

): (4.5)

Ot�e, perx� qleni rozvinenn� la�ran���na (2.40) za stepen�mi 


�2

ma�t~ vigl�d

L = � �

0

(�)


2

+ �

0

(�)

�

v

2

2

� u

(0)

�

g

(0)

kl

�

�

+ �

0

(�)

v

4

8


2

+

1

2


2

�

0

(�)

�

v

2

u

(0)

�

1

�

�

(0)ij

v

i

v

j

�

+

1




2

u

(1)

�

g

(0)

kl

�

+ O(


�4

): (4.6)

Otriman� virazi toqno v�dtvor��t~ zagal~nu strukturu slabkorel�tiv�stiqnogo la�ran���na sistemi N

vza
mod��qih qastinok [10,11℄:

L = �

X

a

m

a




2

+

X

a

m

a

v

2

a

2

�

X

a<b

u

ab

(r

ab

) +

X

a

m

a

v

4

a

8


2

+

1

2


2

X

a<b

�

(v

a

� v

b

)u

ab

(r

ab

)� (r

ab

� v

a

)(r

ab

� v

b

)

1

r

ab

du

ab

dr

ab

�

+  (r

ab

;v

a

� v

b

): (4.7)

Tut u

ab

(r

ab

) | nerel�tiv�stiqni� statiqni� poten-


��l dvoqastinkovoÝ vza
mod�Ý, r

ab

= x

a

� x

b

| v�d-

nosn� koordinati qastinok �  (r

ab

;v

a

�v

b

) | dov�l~n�

�al�le�-�nvar��ntn� funk
�Ý, wo vinika�t~ u pro
es�

nabli�enogo �nte�ruvann� umov rel�tiv�stiqnoÝ �n-

var��ntnosti la�ran�evogo opisu sistemi toqkovih

qastinok. Zokrema dl� vza
mod��, simetriqnih wodo

perestavl�nn� qastinok,  (r

ab

;0) = 0. Por�vn��qi

virazi (4.6) � (4.7), sl�d urahuvati, wo v nedisipativ-

nomu vipadku, dl� �kogo napisan� la�ran���ni (2.40)

� (4.6), nehtu
t~s� r�zni
�mi m�� seredn~o� xvid-

k�st� qastinki hv

i

a

i ta seredn~o� xvidk�st� v

i

(t;x)

elementa su
�l~nogo seredoviwa, poblizu �kogo zna-

hodit~s� qastinka v moment t | same do takih r�z-

ni
~ propor
��n� teplov� potoki (div., napriklad,

[22,23℄).

V. DODATKOV� SIMETR�Õ

La�ran���n (2.40) vivedeni� u pripuwenn� Puan-

kare-�nvar��ntnosti opisu su
�l~nogo seredoviwa �

ohopl�
, vlasne ka�uqi, us� mo�liv� model� re-

l�tiv�stiqnogo nedisipativnogo su
�l~nogo seredo-

viwa za v�dsutnosti zovn�xn�h vpliv�v. Podal~xa

konkretiza
�� modele� mo�liva v me�ah teoretiko-

grupovogo p�dhodu vvedenn�m dodatkovih simetr��,

wo harakterizu�t~ pevnu model~. Pri�memo, wo v�d-
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pov�dna grupa dodatkovih simetr�� real�zu
t~s� pe-

retvorenn�mi total~nogo prostoru E v'�zki �. Õhn�

�nf�n�tezimal~na forma

t 7! t+ �

�

�

0

�

(t; �;x) + o(�);

�

i

7! �

i

+ �

�

�

i

�

(t; �;x) + o(�); (5.1)

x

i

7! x

i

+ �

�

�

i

�

(t; �;x) + o(�);

de �

�

, � = 1; : : : ; r, | parametri peretvoren~, �

0

�

,

�

i

�

, �

i

�

| de�k� funk
�Ý. Umovi simetr�Ý la�ran�evogo

opisu wodo peretvoren~ (5.1) vira�a�t~s� sp�vv�dno-

xenn�m

X

�

L = D

�




�

�

; � = 0; 1; 2; 3; (5.2)

de 


�

�

| dov�l~n� funk
�Ý, X

�

| �eneratori verti-

kal~noÝ real�za
�Ý peretvoren~ (5.1):

X

�

=

�

�

i

�

� v

i

�

0

�

� x

i

j

�

j

�

�

�

�x

i

+

�

D

t

�

�

i

�

� v

i

�

0

�

� x

i

j

�

j

�

��

�

�v

i

+

+

�

D

j

�

�

i

�

� v

i

�

0

�

� x

i

k

�

k

�

��

�

�x

i

j

+ � � � : (5.3)

Poklada�qi




�

�

= ��

�

�

L+ F

�

�

(5.4)

z dov�l~nimi funk
��mi F

�

�

ta vikoristovu�qi �v-

ni� viraz (2.40) dl� la�ran���na, prihodimo do r�v-

noste�

2

�

x

n

l

B

in

�

D

k

�

i

�

+ 


�2

x

j

k

v

j




2

D

t

�

i

�

�

�x

j

k

v

j




2

�

D

l

�

0

�

+ 


�2

x

n

l

v

n




2

D

t

�

0

�

+ 


�2

g

ln

D

t

�

n

�

�

�g

jl

D

k

�

j

�

	

�u

�g

kl

+ �

j

�

�u

��

j

+ (


2

+ u)

�

1

�

0

D

j

�

0

�

j

�

+


2

�

D

t

�

0

�

� 


�2

v

j

D

t

�

j

�

+ x

j

k

v

j

D

t

�

k

�

�	

= ��

�1

0


D

�

F

�

�

: (5.5)

Vikonann� umov �nvar��ntnosti (5.5) �mpl�ku
 �snu-

vann� zakon�v zbere�enn�

D

�

G

�

�

= 0 (5.6)

dl� veliqin

G

0

�

=

�

�

i

�

� v

i

�

0

�

� x

i

j

�

j

�

�

�L

�v

i

+ �

0

�

L � F

0

�

; (5.7)

G

j

�

=

�

�

i

�

� v

i

�

0

�

� x

i

k

�

k

�

�

�L

�x

i

j

+ �

j

�

L � F

j

�

: (5.8)

Komponenti zbere�nih veliqin (5.7), (5.8) zruqno

podati v term�nah funk
��, oznaqenih formulami

(3.2), (3.4):

G

0

�

= �

i

�

P

i

� �

0

�

E � �

j

�

x

i

j

P

i

� F

0

�

;

G

j

�

= �

i

�

P

i

j

� �

0

�

�

j

� �

k

�

�

x

i

k

P

i

j

� Æ

j

k

L

�

� F

j

�

: (5.9)

V o�lerovih zm�nnih, zg�dno z (3.15), (3.16), zakoni

zbere�enn� (5.6) zapisu
mo �k

�

�

~

G

�

�

= 0; (5.10)

de

~

G

0

�

= 
�

�1

G

0

�

;

~

G

i

�

= �

�1

�

v

i

G

0

�

+ x

i

j

G

j

�

�

: (5.11)

Zg�dno (5.9) � formul (3.17), (3.18), (2.54) voni pere-

tvor��t~s� do formi

~

G

�0

= �

�i

T

i0

� 
�

0

�

T

00

� �

j

�

x

ij

T

i0

� 
�

�1

F

0

�

; (5.12)

~

G

i

�

= �

�j

T

ij

� 
�

0

�

T

0i

� �

k

�

x

jk

�

T

ij

� Æ

ij

L

Euler

�

� �

�1

�

v

i

F

0

�

+ x

i

j

F

j

�

�

: (5.13)

Rozgl�n~mo model�, �k� harakterizu�t~s� de�ko�

grupo� peretvoren~ zm�nnih �

i

(mater��l~nogo kon-

tinuumu) | grupo� r�vnopravnosti, za Trusdellom

[24℄.U 
~omu vipadku u formulah (5.1) sl�d poklasti

�

i

�

= �

i

�

(�); �

0

�

= 0; �

i

�

= 0: (5.14)

Umova �nvar��ntnosti (5.5) nabere pri 
~omu vigl�du

�2g

pl

�u

�g

kl

��

p

�

��

k

+

�u

��

k

�

k

�

+




2

+ u

�

0

�(�

0

�

k

�

)

��

k

= 0 (5.15)

(dl� prostoti tut pokladeno F

�

�

� 0). V�dpov�dn� zbe-

re�n� veliqini v o�lerovih zm�nnih viznaqatimu-

t~s� formulami:

~

G

�0

= ��

j

�

x

ij

T

i0

; (5.16)

~

G

�j

= ��

k

�

x

jk

�

T

ij

� Æ

ij

L

Euler

�

: (5.17)

Model� r�dini ta gazu (g�drodinam�ka) harakteri-

zu�t~s� �nvar��ntn�st� wodo peretvoren~, �k� zber�-

ga�t~ m�ru �

0

(�)d

3

� v mater��l~nomu kontinuum�, tak

wo funk
�Ý �

k

�

zadovol~n��t~ umovu
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�(�

0

�

k

�

)

��

k

= 0; (5.18)

zagal~ni� rozv'�zok �koÝ 
 taki�:

�

j

�

=

1

�

0

�

jkl

�'

k

��

l

(5.19)

z dov�l~nimi funk
��mi '

k

= '

k

(�). Ot�e, u 
~omu

vipadku grupa �nvar��ntnosti bezme�novim�rna.

Pri�memo, wo vnutr�xn� ener��� t�la ma
 vigl�d

u = u(g

kl

; �

0

; �

i

); (5.20)

de

�

k

�

�u

��

k

= 0: (5.21)

Tod� umovi �nvar��ntnosti (5.15) vigl�datimut~ tak:

�2g

pl

�u

�g

kl

��

p

�

��

k

+

�u

��

0

��

0

��

k

�

k

�

= 0: (5.22)

Urahovu�qi, wo, vnasl�dok (5.18),

�

k

�

��

0

��

k

+ �

0

��

k

�

��

k

= 0; (5.23)

umovu (5.22) mo�na peretvoriti do formi

�

2g

pl

�u

�g

kl

+ Æ

kp

�

0

�u

��

0

�

��

p

�

��

k

= 0: (5.24)

Zv�dsi vipliva
, wo u mo�e zale�ati v�d g

kl

lixe

qerez �nvar��nt g

1

= detkg

kl

k, priqomu

2g

1

�u

�g

1

+ �

0

�u

��

0

= 0: (5.25)

Ostann
 r�vn�nn� pokazu
, wo funk
�� u povinna

buti tako�:

u = u(�; �

i

); (5.26)

de � = �

0

=

p

g

1

. Osk�l~ki

g

1

= detjjg

kl

jj = �

2

detkB

ij

k = �

2




2

; (5.27)

veliqina � za umovi � > 0 zb�ga
t~s� z veliqino�,

vvedeno� formulo� (2.55) pri dosl�d�enn� perehodu

v�d la�ran�evogo do o�lerovogo opisu.

Koli, �k 
e zviqa�no robit~s� v g�drodinam�
�, po-

klasti

u = u(�; s); (5.28)

to entrop�� s(�) povinna, zg�dno z (5.21), zadovol~-

n�ti umovu

�

k

�

�s

��

k

= 0: (5.29)

Urahovu�qi, wo dl� funk
�Ý vidu (5.28)

�u

�v

i

=

�u

��

��

�v

i

= ��


2

v

i




2

�u

��

; (5.30)

�u

�x

i

k

=

�u

��

��

�x

i

k

= �

�u

��

�

0


�

2

��

�x

i

k

= ��

�u

��

~x

k

i

; (5.31)

de

~x

k

i

=

1

�

��

�x

i

k

(5.32)

| komponenti matri
�, obernenoÝ do x

i

k

,

x

ik

~x

k

j

= Æ

ij

; (5.33)

dl� rel�tiv�stiqnogo tenzora napru�en~ r�dini pri-

hodimo, zg�dno z (3.27), do v�domoÝ formuli [2℄

�

ij

= �PB

ij

; (5.34)

de tisk P oznaqa
t~s� �k:

P � �

2

�u

��

: (5.35)

Beruqi do uvagi viraz (2.37) dl� B

ij

, tenzor ener��Ý-

�mpul~su rel�tiv�stiqnoÝ r�dini za dopomogo� ozna-

qenoÝ formulo� (2.47) 4-xvidkosti û

�

mo�na zapi-

sati kompaktno [2℄

T

��

= (P=


2

+ �)û

�

û

�

+ P�

��

; (5.36)

de �


2

| gustina vlasnoÝ ener��Ý r�dini:

� = �

�

1 +

u




2

�

: (5.37)

Za dopomogo� �ndeksu r�dini, �ki� uv�v L�hneroviq,

f � 1 +

1




2

�

u+

P

�

�

= 1 +

i




2

; (5.38)

de i � u + P=� | pitoma ental~p�� [25℄, viraz (5.36)

mo�na zapisati tak:
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T

��

= �fû

�

û

�

+ P�

��

: (5.39)

R�vn�nn� ruhu r�dini �

�

T

��

= 0 p�sl� vrahuvann�

oznaqenn� (2.47) ta zakonu zbere�enn� qisla qasti-

nok (3.34) nabira�t~ vigl�du [25℄

�fû

�

�

�

û

�

+

�

�

��

+ 


�2

û

�

û

�

�

�

�

P = 0: (5.40)

U nerel�tiv�stiqnomu nabli�enn� voni zvod�t~s�

do

�Dv

i

+ �

i

P = 0; (5.41)

utvor��qi razom �z zakonami zbere�enn� qisla qas-

tinok (3.34) ta entrop�Ý (3.35),

D� + ��

i

v

i

= 0; Ds = 0; (5.42)

sistemu r�vn�n~ O�lera klasiqnoÝ g�drodinam�ki

(div., napriklad, [26℄).

�nvar��ntnost� r�vn�n~ g�drodinam�ki wodo pere-

tvoren~, oznaqenih funk
��mi (5.19), v�dpov�da
 bez-

me�ni� nab�r zbere�nih veliqin, �k� znahod�t~ za

formulami (5.16), (5.17). Uz�vxi do uvagi (5.38),

(5.39), Ýh mo�na podati tak:

~

G

�0

= �
�

j

�

x

i

j

v

i




2

�f; (5.43)

~

G

�i

= ��

k

�

x

jk

B

ij

�f: (5.44)

�zotropne t�lo harakterizu
t~s� na�vn�st� konf�-

gura
�Ý, �oden povorot �koÝ ne mo�na viznaqiti eks-

perimental~no [24℄. �kwo tako� konf�gura
�
� vva-

�ati poqatkovu, to opis �zotropnogo t�la ma
 buti

�nvar��ntnim wodo povorot�v zm�nnih �

i

:

�

i

�

= Æ

ij

�

j�k

�

k

; � = 1; 2; 3: (5.45)

Pri 
~omu, �k nasl�dok naxogo viboru poqatkovoÝ

konf�gura
�Ý,

�

0

= �

0

(�

2

); s = s(�

2

); �

2

� Æ

ij

�

i

�

j

: (5.46)

Tod� umovi �nvar��ntnosti (5.15) nabira�t~ vigl�du

�

ijk

Æ

jp

g

pl

�u

�g

kl

= 0 (5.47)

� sv�dqat~, wo u zale�it~ v�d komponent tenzora g

kl

lixe qerez �nvar��nti [24℄

g

1

= detkg

kl

k;

g

2

= trkg

kl

k;

g

3

=

1

2

tr

�

kg

kl

k

2

�

: (5.48)

Vrahovu�qi formuli

�g

1

�g

kl

= g

1

~g

kl

;

�g

2

�g

kl

= Æ

kl

;

�g

3

�g

kl

= g

kl

; (5.49)

de ~g

kl

| matri
�, obernena do g

kl

(~g

kl

g

ln

= Æ

k

n

),

neva�ko vstanoviti strukturu v�dpov�dnogo tenzora

ener��Ý-�mpul~su ta pobuduvati dodatkov� zbere�n�

veliqini.

VI. P�DSUMKI

Vih�dnim punktom rozvinutogo v pra
� p�dhodu


 formul�vann� umov �nvar��ntnosti var��
��nogo

opisu su
�l~nogo seredoviwa wodo r�znih grup simet-

r�Ý. C� umovi vira�a�t~s� sistemami diferen
��nih

r�vn�n~ perxogo por�dku na funk
�� La�ran�a sis-

temi, � prirodnim polem dl� Ýh formul�vann� slu-

�it~ prost�r la�ran�evih zm�nnih �

i

. Vimoga �nva-

r��ntnosti stosovno grupi Puankare vid�l�
 zagal~-

ni� klas la�ran���n�v, pridatnih dl� opisu rel�-

tiv�stiqnogo su
�l~nogo seredoviwa. Na v�dm�nu v�d

vipadku sistemi toqkovih qastinok, tut umovi �nva-

r��ntnosti ne naklada�t~ obme�enn� na por�dok po-

h�dnih u la�ran���n�. U 
�� statt� viklad obme�eno

na�prost�xim vipadkom zale�nosti la�ran���na v�d

perxih poh�dnih. Zagal~n�x� vipadki planu
mo roz-

gl�nuti v �nx�� robot�.

�k � v qastinkov�� mehan�
�, vikonann� umov Puan-

kare-�nvar��ntnosti �mpl�ku
 �snuvann� 10-ti zako-

n�v zbere�enn�, dozvol��qi, zokrema, vivesti (a

ne postul�vati okremo) strukturu tenzora ener��Ý-

�mpul~su sistemi, komponenti �kogo vira�a�t~s� v

term�nah funk
�Ý La�ran�a. �kwo vvesti v la�ran-

���n zale�n�st~ v�d entrop�Ý sistemi, vva�a�qi os-

tann� zadano� funk
�
� qasu, to zakon zbere�enn�

ener��Ý-�mpul~su peretvorit~s� v balansove sp�vv�d-

noxenn�, v�dobra�a�qi perxi� zakon termodina-

m�ki. Odnak evol�
��n� r�vn�nn� dl� entrop�Ý ta v�d-

pov�dn� potoki tak otrimati nemo�livo | 
e vima-

ga
 dodatkovih postulat�v ta metod�v ner�vnova�noÝ

termodinam�ki (div., napriklad, [7,27,28℄).

Postul�vann� dodatkovih simetr�� dozvol�
 vi-

d�liti konkretn� model� rel�tiv�stiqnogo su
�l~-

nogo seredoviwa. Vimoga �nvar��ntnosti wodo bez-

me�noparametriqnoÝ grupi peretvoren~, wo zber�ga-

�t~ m�ru v mater��l~nomu kontinuum�, privodit~ do

r�vn�n~ g�drodinam�ki, a �nvar��ntn�st~ stosovno 3-

parametriqnoÝ grupi evkl�dovih povorot�v u 
~omu

� kontinuum� | do model� rel�tiv�stiqnogo �zo-

tropnogo t�la. Vimoga parametriqnoÝ �nvar��ntnosti

z v�dpov�dno� reduk
�
� vim�rnosti mater��l~nogo

kontinuumu privede do rel�tiv�stiqnih la�ran�e-

vih modele� poxirenih ob'
kt�v | strun, membran

towo.
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VAR��C��NE FORMUL�VANN� � SIMETR�Õ REL�TIV�STIQNOGO NEDISIPATIVNOGO. . .

Pobudovani� u pra
� var��
��ni� opis rel�tiv�s-

tiqnogo su
�l~nogo seredoviwa mo�e slu�iti osno-

vo� dl� podal~xogo vrahuvann� vza
mod�Ý z elektro-

magnetnim ta �rav�ta
��nim pol�mi.
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VARIATIONAL FORMULATION AND SYMMETRIES OF THE RELATIVISTIC

NONDISSIPATIVE CONTINUUM

V. I. Tretyak

Institute for Condensed Matter Physi
s of the National A
ademy of S
ien
es of Ukraine

1 Svientsitskii Str., Lviv, UA{79011, Ukraine

The Poin
ar�e-invarian
e 
onditions for the variational des
ription of the nondissipative 
ontinuum are formu-

lated and analyzed. A general stru
ture of the Lagrangian fun
tion, whi
h provides su
h invarian
e and depends

on the derivatives not higher than the �rst order, is indi
ated. By means of the Noether theorem we got ten


onservation laws, the appearan
e of whi
h, spe
i�
ally, sets a stru
ture of the energy-momentum tensor of the

system. A transition from Lagrangean to Eulerian variables is dis
ussed. It is shown that postulating additional

symmetries allows formulating parti
ular models of the relativisti
 
ontinuum, espe
ially the hydrodynami
s and

isotropi
 body model.
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