ȷURNAL FIZIQNIH DOSLIDȷEN^ t. 7, ˝ 2 (2003) s. 161–166

JOURNAL OF PHYSICAL STUDIES v. 7, No. 2 (2003) p. 161–166

A COMPUTATIONAL STUDY OF THE EFFECTIVE THREE-ION INTERACTION POTENTIALS IN LIQUID METALS WITH A HIGH DENSITY OF ELECTRON GAS

E. V. Vasiliu A. S. Popov Odessa National Academy of Telecommunications, 1 Kuznechna Str., Odessa, UA–65029, Ukraine (Received June, 25, 2002; received in final form December 25, 2002)

Based on the many-body theory of metals in the third order of the perturbation expansion in electron–ion interaction pseudopotential, the potentials of pair and three-ion interactions are calculated in liquid lead, aluminium and beryllium at their melting temperatures. The reducible and the irreducible three-ion interactions have an attractive nature on distances approximately equal to an average distance between ions in metals. It results in the shortening of average interatomic distance in an equilibrium state of metal. The potential landscapes created by a pair of fixed ions relative to the third ion are constructed. It is shown that with the increasing of an electronic density the contribution of reducible, as well as irreducible three-ion interaction is increased. It is also shown that the influence of reducible three-ion interaction on a potential landscape in a cluster of three ions is considerably larger than the influence of irreducible three-ion interaction.

Key words: liquid metals, pseudopotential perturbation theory, three-ion interaction, potential landscapes.

PACS number(s): 31.15.Md, 61.20.Gy, 61.20.Ne, 71.10.Ca

I. INTRODUCTION

The study of a nature of multi-ion interactions, their influence on different physical properties of metals is now an urgent problem of condensed matter physics. But it is very complicated and an insufficiently studied. The main task for the solution of this problem as a whole is the calculation of multi-ion interaction potentials. A few methods of calculation of effective multi-ion interactions in metals now exist. First, this is a microscopic many-body theory of metals [1], which is grounded on perturbation theory in electron-ion interaction pseudopotential. Second, the embedded atom method [2,3], and the ‘glue potential’ method [4–6], where the multi-parameter potential functions fitted to experimentally measured physical properties of metals are used. These two last methods are widely used, for example, in molecular dynamic simulations, but in fact are semiempirical methods. Gurskii and Krawczyk [7–9] proposed recently in a general fashion one new microscopic approach, which is grounded on density functional theory.

Nowadays the main microscopic method of multi-ion interaction study is the many-body theory of metals. Within the framework of this theory, some evaluations of equilibrium [1,10] and kinetic [11] properties of simple metals have been already carried out. These evaluations take into consideration the contributions of the higher orders of a perturbation theory in powers of pseudopotential, which are multi-ion interactions. However, the majority of these evaluations are carried out without considering multi-ion potentials. It means that calculations of energy are carried out in reciprocating space. This is a conventional method for a crystalline state of metals, where generally it is possible not to consider interaction potentials, and the usage of symmetry of a crystal allows for considerably simplified evaluations [1,10]. For a homogeneous liquid state, the evaluations also can be carried out in reciprocating space [11]. However, in this case there remains opened the question about relative quantity of the so-called reducible and irreducible contributions in multi-ion potentials and the question about their influence on the short-range order in a liquid. Therefore, in amorphous, liquid and inhomogeneous metals the calculations in configuration space are preferable.

Within the framework of the many-body theory of metals, it is possible to separate irreducible and reducible contributions into multi-ion potentials correctly. The latter arise out of the terms of a certain order of perturbation theory in pseudopotential, when coordinates of two or more ions coincide. Hasegawa for the first time obtained the corresponding formulas for the three-ion interaction [12]. However, the numerical computations were done only for equilateral configurations of three ions in liquid sodium and potassium. Moriarty carried out computations of three-ion potentials for isosceles ion configurations in some transition metals [13,14]. However, a systematic analysis of the three-ion potentials within the framework of the same approaches for a row of metals with differing valency and density of electron gas has not as yet carried out.

It is known that the contributions of the third order perturbation theory is most essentials for polyvalent simple metals with high density of electron gas [1,10]. Therefore, in the present paper for the analysis of three-ion interactions, we chose quadrivalent lead, trivalent aluminium and divalent beryllium. The latter has the largest density of electron gas from all simple metals. The objectives of this paper are as follows: a computation of reducible and irreducible three-ion interactions in these metals at their melting temperature; a determination of relative contribution of the three-ion interactions into full interaction potential of three ions; a clarification of the value dependence of these interactions on density of electronic subsystem of metal.

II. MANY-BODY THEORY OF METALS

In the context of many-body theory of non-transition metals, the energy of a metal is being calculated with using the adiabatic approximation for the electron–ion system. The energy of electronic subsystem E_e, if ion positions are fixed, is written as a series in terms of powers of electron–ion pseudopotential [1]:

E_e = E^{(0)}_e + E^{(1)}_e + ∑ n≥2 E^{(n)}_e . (1)

Here E^{(0)}_e is the energy of homogeneous electron gas, E^{(1)}_e is the contribution of the first order due to undotted ions, and the sum ∑ n≥2 E^{(n)}_e is the energy of band structure. In (1) one can separate the contributions independent of ion positions, dependent on the locations of separate ions, ion pairs, triplets, etc. Then [1]:

E_e = φ_0 + ∑ n φ_1(R_n) + 1 2! ∑ m≠n φ_2(R_n, R_m)

+ 1 3! ∑ m≠n≠k φ_3(R_n, R_m, R_k) + · · · . (2)

Each term of series (2) describes indirect interactions of ion groups through the surrounding electron gas. Using (1) φ_2, φ_3, etc. can be represented as a series in terms of powers of pseudopotential:

φ_2(R_1, R_2) = ∞∑ i=2 Φ^{(i)}_2 (R_1, R_2), (3)

φ_3(R_1, R_2, R_3) = ∞∑ i=3 Φ^{(i)}_3 (R_1, R_2, R_3), (4)

where Φ^{(k)}n (R_1, ..., R_n) represents the indirect interaction of the n ions through electron gas in the k-order perturbation theory in electron–ion interaction. So, pair interaction in the third order is the sum of a direct Coulomb repulsion of ions (we neglect by the overlapping of ion shells), indirect interaction in the second order Φ^{(2)}_2 and indirect interaction in the third order Φ^{(3)}_2 (the latter is called as reducible three-ion interaction):

φ^∗_2(R) =

(ze)^2 R + Φ^{(2)}_2 (R) + Φ^{(3)}_2 (R), (5)

where z is the ion charge.

For simple metals good approximation is a local form of electron–ion pseudopotential. Then

Φ^{(2)}_2 (R) = 1 π^2 ∞∫ 0 dq q^2Γ^{(2)}(q)|W (q)|^2 sin(qR) qR , (6)

Φ^{(3)}_2 (R) = 3 4π^4 ∞∫ 0 dq_1 q^2_1

q_1∫

0 dq_2 q^2 1∫ −1 dx W (q_1)W (q_2)W (q_3)Γ^{(3)}(q_1, q_2, q_3) × ( sin(q_1R)

q_1R + sin(q_2R) q_2R ) . (7)

Here Γ^{(2)}(q) and Γ^{(3)}(q_1, q_2, q_3) are the sums of two- and three-pole diagrams, respectively; W (q) is a form-factor of the local pseudopotential; q_3 = (q^2_1 + q^2 + 2q_1q_2x)^{1/2}.

The first term in series (4) is the irreducible three-ion interaction in the third order of perturbation theory. It is described by expression [12]:

Φ^{(3)}_3 (R_{12}, R_{23}, R_{13}) = 3 2π^4 ∞∫ 0 dq_1 q^2_1 ∞∫ 0 dq_2 q^2 1∫ −1 dx W (q_1)W (q_2)W (q_3)Γ^{(3)}(q_1, q_2, q_3)

× 1∫ 0 dy cos ( y ( q_1R_{12}

R^2_{12} + R^2_3 − R^2_{13} 2R_{12}R_{23}

+ q_2R_{23}x )) × J_0 ( q_1R_{12} ( 1 − y^2 )_{1/2}( 1 − (R^2_{12} + R^2_3 − R^2_{13})^2 4R^2_{12}R^2_3 )_{1/2})

×J_0 ( q_2R_{23} ( 1 − y^2 )_{1/2}( 1 − x^2 )_{1/2}) , (8)

A COMPUTATIONAL STUDY OF THE EFFECTIVE THREE-ION INTERACTION POTENTIALS. . .

where J_0(x) is the Bessel function of the zero-order; R_{12}, R_{23} and R_{13} are the distances between the vertices of a triangle formed by the ions.

III. COMPUTATION RESULTS

The pair and the three-ion interaction potentials were calculated at the melting points of lead, aluminium and beryllium. The corresponding values of Wigner– Seitz radii are (r_s)_{Pb} = 2.3560, (r_s)_{Al} = 2.1677 and (r_s)_{Be} = 1.9185 (all the values in atomic units). For all the metals we use local two-parameter Animalu–Heine pseudopotential with the form-factor

W (q) = − 4πe^2z q^2Ω_0 [ (1 + U ) cos (qR_0) − U sin (qR_0) qR_0 ]

× exp ( −0.03 ( q 2k_F

)_4) . (9)

The permittivity function in the Vashishta–Singwi form was also used [15]. It provides a good description of exchange-correlation effects in an electron gas at small values of r_s. The parameters of the pseudopotential (9) for lead and aluminium are taken from [10], where they were fitted in the fourth order perturbation theory on requirements p = 0 and C_{44} = C_{44(exp)} (p is the pressure, C_{44} is the shear modulus). For beryllium the suitable data in the literature are absent, only the position of the first zero of pseudopotential form-factor it is known [16]. The aim of this paper was not an examination of the three-ion potential dependence from a choice of the pseudopotential form. Therefore, for beryllium we did not carry out the precise parameter adjustment procedure. The parameter R_0 was taken as equal to the ionic radius, and the second parameter U was fitted with use of condition W (q_0) = 0.

Fig. 1 shows computed potential φ^∗_2(R) (5) and its components. For all three metals reducible three-ion interaction Φ^{(3)}_2 (R) has an attractive nature at short distances between two ions; therefore, the pair interatomic potential is strongly renormalized. In the first place, the first minimum position shifts towards shorter distances. This effect is almost identical for all three metals. Secondly, a minimum depth is largely increased. This effect is already unequal: it least for lead, slightly more for aluminium and most for beryllium. In beryllium at taking into account only the second order of the perturbation theory, the depth of the first minimum of pair potential is smaller than that the second minimum. Taking into account a reducible three-ion interaction Φ^{(3)}_2 (R) leads to an increase of depth of the first minimum almost by five times. As a result, the potential φ^∗_2(R) in beryllium takes the form typical for simple metals (see Fig. 1(c)).

In the row of metals: lead, aluminium, beryllium, the values of r_s decrease while the contribution of Φ^{(3)}_2 increases. Consequently, one can conclude that the importance of Φ^{(3)}_2 consideration increases with a decrease of r_s. We note that this conclusion is in accordance with computations of pair interproton interaction in metallic hydrogen [17]. In this system at r_s = 1.65 pair potentials in the second order have not the minimum at all and only taking into account of Φ^{(3)}_2 leads to its formation.

Fig. 1. Pair interaction potential and its components corresponding to (a) lead, (b) aluminium, and (c) beryllium.

The irreducible three-ion interaction potential Φ^{(3)}_3 (R_{12}, R_{23}, R_{13}) is the three-dimensional function and can be represented either as the table or graphically as the ‘sections’: surfaces or curves for certain configurations of ions. So, for example, Moriarty has presented the results of three-ion potential calculations in transition metals for isosceles ion configurations as a function of a vertex angle of an isosceles triangle [13,14]. For the application purposes the potential Φ^{(3)}_3 should be tabulated or should be approximated by simple analytic function, however, for qualitative consideration preferably to present it as a potential landscape for a cluster of three ions (the table of Φ^{(3)}_3 values for any ion configurations and its analytic approximation will be given elsewhere). We consider that such a form of result representation is visual and informative as it allows to clear up the behaviour of the potential and its influence on the potential landscape in a cluster.

Fig. 2 shows the irreducible three-ion interaction potential for a special case where three ions form a regular triangle. The dotted line in this figure corresponds to liquid sodium at melting point. It was computed for comparing (the data for computation was taken from [12]). As well as the reducible three-ion interaction potential Φ^{(3)}_2 (R), the potential Φ^{(3)}_3 (R, R, R) has an attractive nature on short distances between ions and oscillates on large ones.

Fig. 2. The three-ion interaction potential for a regular triangle of ions.

In Figs. 3 and 4, two ions are located on an ordinate axis on fixed distance one from the other and a third ion is sited in the XY -plane. The potential landscapes in all these figures are shown only in one coordinate quarter, as they are symmetrical concerning the axes X and Y . The distance between two fixed ions for each metal is selected accordingly to the position of the first minimum of the pair potential φ^∗_2(R). This is 6.3 a. u. for lead, 5.16 a. u. for aluminium and 4.3 a. u. for beryllium (see Fig. 1). We note that these positions of the first minimum of φ^∗_2(R) are in good accordance with the corresponding experimental values of most probable distances between the neighbouring atoms.

The potential of irreducible three-ion interaction Φ^{(3)}_3 is similar for all three metals (see Figs. 2–4). It has a sufficiently deep potential well (in beryllium it has even two potential wells which are separated by a saddle point). On large distances, the potential Φ^{(3)}_3 has the damping oscillations. These oscillations are determined by Fridel’s oscillations of electronic density. The distance from a bottom location of a potential well up to the fixed ions approximately equal an average interatomic distance for each of the metals.

Fig. 4 shows a potential landscape which is created by the ions pair and taking into account pair- and threeion interactions. We do not show in this figure a potential landscape for lead, as here the potential Φ^{(3)}_3 almost does not influence the landscape and the latter cannot be drawn in a reasonable scale. The drawing has been executed on radial directions from the origin of coordinates. A solid line corresponds to pair interaction in the third order taken into account that described by the function φ^∗_2(R_{23}) + φ^∗_2(R_{13}). A dotted line corresponds to pair and irreducible three-ion interaction taken into account that described by the function φ^∗_2(R_{23}) + φ^∗_2(R_{13}) + Φ^{(3)}_3 (R_{min}, R_{23}, R_{13}). In these formulas indices 1 and 2 corresponds to the fixed ions and index 3 correspond to the free ion. The R_{min} are the positions of φ^∗_2(R) first minimum for each of the metals (see above).

Fig. 3. Irreducible three-ion interaction potential corresponding to (a) lead, (b) aluminium, and (c) beryllium.

As noted above, the potential Φ^{(3)}_3 almost does not influence a potential landscape in lead, it only increases insignificantly (∼ 1 %) a minimum depth in some directions. In aluminium (see Fig. 4(a)), an effect of irreducible three-ion interaction is something higher, but it shown is also small: ∼ 4% deepening the min-

A COMPUTATIONAL STUDY OF THE EFFECTIVE THREE-ION INTERACTION POTENTIALS. . .

imum on the X-axis (minimum A). In beryllium (see Fig. 4(b)) the contribution of Φ^{(3)}_3 is rather significant that is especially noticeable in the direction of X-axis.

Fig. 4. A potential landscape created by two fixed ions for the third ion corresponding to (a) aluminium and (b) beryllium.

In this direction, the Φ^{(3)}_3 potential taking into account results in the increase of the depth of the first minimum approximately twofold (minimum A) and in some increase of the depth of the second minimum. Thus in beryllium the effect of irreducible three-ion interaction is spread evenly to the second coordination shell.

IV. DISCUSSION OF THE RESULTS

There is an apparent tendency in a row of simple liquid metals with varied density of electron gas: with the increasing of density (decreasing of r_s) the contribution of both reducible and irreducible three-ion interactions increases.

Both reducible and irreducible three-ion interactions have an attractive nature on distances approximately equal to the equilibrium distance between ions. We note that the same nature has also indirect pair interatomic interaction in the second order Φ^{(2)}_2 . Thus, the attractive nature of all indirect interactions (in the second and in third order) leads to the shortening of an average interatomic distance in an equilibrium state of metal.

It is well known that the nature of pair interatomic interaction in the second order is identical for all of simple metals [18]. Our computations and the computations for liquid sodium and potassium [12] allow to draw the conclusion that the three-ion interactions are also similar in all simple metals.

For all metals the considered here the influence of reducible three-ion interaction Φ^{(3)}_2 on a potential landscape in a cluster of three ions is considerably larger than the influence of irreducible interaction Φ^{(3)}_3 . This fact to some extent can be a ground for the approach when at calculations of the physical properties of metals the Φ^{(3)}_3 is taken into account as perturbation at the accurate consideration of Φ^{(3)}_2 [12] or the Φ^{(3)}_3 contribution is neglected and only Φ^{(3)}_2 is taken into account [19], especially for metals with low density of electron gas. However, the final answer to a question on importance of irreducible three-ion interaction in simple metals can be obtained only by calculating energy and different physical properties of metals with considering this interaction.

[1] E. G. Brovman, Yu. M. Kagan, Usp. Fiz. Nauk 112, 369 (1974) [in Russian; translated in Sov. Phys. Usp. 17, 125, (1974)].

[2] S. V. Foiles, M. I. Baskes, M. S. Daw, Phys. Rev. B 33, 7983 (1986).

[3] F. Cleri, V. Rossato, Phys. Rev. B 48, 22 (1993). [4] F. Ercolessi, J. B. Adams, Europhys. Lett. 26, 583 (1994).

[5] F. D. Di Tolla, E. Tosatti, F. Ercolessi, Interplay of melting, wetting, overheating and faceting on metal surfaces: theory and simulation, in Monte Carlo and molecular dynamics of condensed matter systems, edited by K. Binder, G. Ciccotti (Societa Italiana di Fisica, Bologna, 1996, p. 345).

[6] U. Hansen, P. Vogl, V. Fiorentini, Phys. Rev. B 60, 5055

(1999).

[7] Z. Gurskii, J. Krawczyk, Metallofiz. Nov. Tekhnol. 21, 10 (1999).

[8] Z. Gurskii, J. Krawczyk, Condens. Matter Phys. 2, 383 (1999).

[9] Z. Gurskii, J. Krawczyk, Condens. Matter Phys. 4, 37 (2001).

[10] V. G. Bar’yakhtar, E. V. Zarochentsev, E. P. Troitskaia, Metody vychislitel’noj fiziki v tieorii tverdogo tela. Atomnye svojstva metallov (Computing methods in a solid state physics. Atomic properties of metals) (Naukova dumka, Kiev, 1990) [in Russian].

[11] V. T. Shvets, V. E. Belov, A. Kutshak, Metallofiz. Nov.

Tekhnol. 20, 3 (1998).

[12] M. Hasegawa, J. Phys. F: Met. Phys. 6, 649 (1976).

E. V. VASILIU

[13] J. A. Moriarty, Phys. Rev. B 38, 3199 (1988). [14] J. A. Moriarty, Phys. Rev. B 42, 1609 (1990). [15] P. Vashishta, K. S. Singwi, Phys. Rev. B 6, 875 (1972). [16] V. Heine, M. L. Cohen, D. Weaire, Solid State Physics, Advances in Research and Applications, vol. 24 (Academic Press, New York–London, 1970).

[17] S. D. Kaim, N. P. Kovalenko, E. V. Vasiliu, J. Phys.

Stud. 1, 589 (1997).

[18] N. P. Kovalenko, Yu. P. Krasny, S. A. Trigger, Statisticheskaia tieoriia zhidkikh metallov (Statistical Theory of Liquid Metals) (Nauka, Moscow, 1990) [in Russian]; N. P. Kovalenko, Yu. P. Krasny, U. Krey, Physics of Amorphous Metals (WILEY-VCH, Berlin, 2001).

[19] P. M. Yakibchuk, Condens. Matter Phys. Issue 9, 149 (1997).

QISEL^NE DOSL�DȷENN˚ POTENC�˚L�V EFEKTIVNIH TRI`ONNIH VZA�MOD�` U R�DKIH METALAH Z VISOKOı W�L^N�STı ELEKTRONNOGO GAZU

˝. V. Vas˛l˛u Odes~ka nac˛onal~na akadem˛ffl zv’fflzku ˛m. O. S. Popova vul. Kuzneqna, 1, Odesa, 65029, UkraÝna

Na osnov˛ bagatoqastinkovoÝ teor˛Ý metal˛v u tret~omu porffldku teor˛Ý zburen~ za psevdopotenc˛ffllom elektron–ȷonnoÝ vza‚mod˛Ý rozrahovano potenc˛fflli parnoÝ ta triȷonnoÝ vza‚mod˛ȷ u r˛dkomu svinc˛, alm˛n˛Ý ˛ beril˛Ý pri Ýhn˛h temperaturah plavlennffl. Redukovan˛ ta neredukovan˛ triȷonn˛ vza‚mod˛Ý mat~ pritfflguval~niȷ harakter na v˛dstanfflh, fflk˛ priblizno dor˛vnt~ seredn˛ȷ v˛dstan˛ m˛ı ȷonami v metalah. Ce skoroqu‚ seredn m˛ıatomnu v˛dstan~ u r˛vnovaınomu stan˛ metalu. Pobudovano potenc˛ffll~n˛ rel~‚fi, fflk˛ stvort~sffl paro f˛ksovanih ȷon˛v wodo tret~ogo ȷona. Pokazano, wo z˛ zb˛l~xennfflm elektronnoÝ w˛l~nosti vnesok fflk redukovanoÝ, tak ˛ neredukovanoÝ triȷonnoÝ vza‚mod˛Ý zb˛l~xu‚t~sffl. Pokazano takoı, wo vpliv redukovanoÝ triȷonnoÝ vza‚mod˛Ý na potenc˛ffll~niȷ rel~‚f u klaster˛ tr~oh ȷon˛v znaqno b˛l~xiȷ v˛d vplivu neredukovanoÝ triȷonnoÝ vza‚mod˛Ý.