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Cpektral~ne zobra�enn� statistiqnogo operatora, zaproponovane ran�xe dl� model� elek-

tronnoÝ r�dini, uzagal~neno dl� odnor�dnih sistem ferm�on�v qi bozon�v z bagatoqastinko-

vimi vzamod��mi, a tako� dl� elektron{fononnoÝ model�. Spektral~ne zobra�enn� funk��

�r�na bazisnih sistem (qastinok qi fonon�v) da zmogu formal�zuvati obqislenn� sum za

qastotami � sprowu proeduru rozrahunku d��gram teor�Ý zburen~.

Kl�qov� slova: S-matri�, temperaturn� funk�Ý �r�na, model~ elektronnoÝ r�dini, mo-

del~ ferm�on�v (bozon�v) z bagatoqastinkovimim vzamod��mi, elektron{fononna model~.

PACS number(s): 05.30.Fk

I. VSTUP

�k v�domo, pri rozrahunkah termodinam�qnih ha-

rakteristik modele� kvantovih sistem bagat~oh vza-

mod��qih qastinok xiroko vikoristovu�t~ teor��

zburen~ u term�nah temperaturnih funk�� �r�na.

Trudnow� tehn�ki Maubari [1℄ z ÝÝ koordinatnim zob-

ra�enn�m funk�� �r�na usunuto perehodom do spekt-

ral~nogo (�mpul~sno-qastotnogo) predstavlenn� v ro-

botah [2,3℄ (div. tako� [1℄). U statt�h [4,5℄ zapro-

ponovano spektral~ne zobra�enn� S-matri� model�

elektronnoÝ r�dini z meto� rozrahunku statistiq-

noÝ sumi bazisnim metodom, wo privodit~ do teo-

r�Ý zburen~ u term�nah n-qastinkovih korel���nih

funk�� bazisnoÝ sistemi | model�, termodinam�qn�

� korel���n� funk�Ý �koÝ v�dom� abo � mo�ut~ buti

legko rozrahovan�. Odnak spos�b obqislenn� sum za

qastotami v ~omu p�dhod� nedostatn~o formal�zova-

ni�, wo qasto stvor� praktiqn� trudnow�. Spekt-

ral~ne zobra�enn� S-matri� rob�t [4,5℄ v �� statt�

uzagal~neno dl� sistem ferm�on�v ta bozon�v z ba-

gatoqastinkovimi lokal~nimi vzamod��mi, a tako�

dl� elektron{fononnoÝ model�.

II. SPEKTRAL^NE ZOBRA�ENN�

STATISTIQNOGO OPERATORA KVANTOVIH

SISTEM

Rozgl�n~mo statistiqnu sumu odnor�dnoÝ model�

ferm�on�v qi bozon�v u velikomu kanon�qnomu an-

sambl�
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U formulah (2), (3) dl� kompaktnosti zapisu vi-

koristano tak� poznaqenn�:
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Skoristamos~ zobra�enn�m Æ-funk�� qerez funk�Ý  

�

(�

0

), zg�dno z umovo� povnoti (div. (10)), � pro�nte-
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zg�dno z umovo� (11), zobrazimo S-matri� u vigl�d� eksponenti v�d pol�nom��l~noÝ formi:
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 spektral~nim zobra�enn�m operatora gustini qas-
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III. SPEKTRAL^NE ZOBRA�ENN� FUNKC�� �R�NA

Uveden� formulami (13), (19) operatori 

p
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q
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poznaqenn�mi. Odnak takogo zm�stu Ým mo�na nadati, vstanovivxi pravila obqislenn� seredn�h p�d znakom

hronolog�qnogo vpor�dkuvann�.

Z �� meto� rozgl�n~mo odnoqastinkov� funk�Ý �r�na bazisnih sistem:
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Nastupni� rozgl�d provedemo na priklad� funk�� �r�na dl� bozon�v qi ferm�on�v, osk�l~ki fononn� funk�Ý

G

q

(�

1

� �

2

) u naxomu p�dhod�  lixe qastkovim vipadkom funk�� �r�na dl� bozon�v. Zastosu�mo b�l�n��ni�

rozklad funk�� G

p

(�

1

� �

2

� Æ) za funk��mi (9):

G

p

(�

1

� �

2

� Æ) =

P

�

G

p

(� ) 

�

(�

1

) 

�

�

(�

2

+ Æ) = �

�1

P

�

G

p

(� )e

i�Æ

e

�i��

;

(24)

de � = �

1

� �

2

. Osk�l~ki �� � � � �, zv�dsi znahodimo, wo

G

p

(� ) =

1

2

�

Z

��

G

p

(� )e

i��

d�: (25)

Vrahumo dal�, wo, zg�dno z oznaqenn�mi (8), (21),

G

p

(� ) = �(� )

�

�n

p

pri � � 0;

�(1 � n

p

) pri � > 0;

(26)

de

n

p

= fexp [�("

p

� �)℄� 1g

�1

(27)

| rozpod�l qastinok za ener���mi, a �(� ) = exp [�� ("

p

� �)℄. Verhn�� znak u formulah (26), (27) v�dpov�da

ferm�onam, a ni�n�� | bozonam. Z formuli (25) znahodimo:

G

p

(�) = �

1

2

n

p

0

Z

��

�(� )e

i��

d� �

1

2

(1 � n

p

) lim

�!+0

�

Z

�

�(� )e

i��

d�

= �

1

2

n

p

1� e

��(i��"

p

+�)

i� � "

p

+ �

�

1

2

(1� n

p

) lim

�!+0

e

(i��"

p

+�)�

� e

(i��"

p

+�)�

i� � "

p

+ �

=

�

�

1

2

n

p

(1� e

��(i��"

p

+�)

)�

1

2

(1 � n

p

)(e

(i��"

p

+�)�

� 1)

�

1

i� � "

p

+ �

(28)

�

1

2

(1� n

p

) lim

�!+0

n

1� e

(i��"

p

+�)�

o

:

Zg�dno z ostann~o� formulo�, mamo take zobra�enn� funk�� G
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1

X

n=0

(2n+ 1) sin [(2n+ 1) t℄

(2n + 1)

2

+ �

2

k

=

1

2

sign x h

h�

�

2

� t

�

�

k

i

seh

�

�

2

�

k

�

; (32)

de t �

�

�

jxj ; �

k

=

�

�

("

k

� �). Za analog�� do (32), rozrahovumo sumu za qastotami Boze{Maubari:

L

�

= �

�1

lim

Æ!+0

X

�

(i� + E)

�1

exp (�i�Æ) = �

1

2

+

1

2

th

�

�E

2

�

=

�

1 + n

E

n

E

�

;

de n

E

= fexp (�E)� 1g

�1

| rozpod�l Boze dl� qastinok z ener���mi E. U qastkovih vipadkah mamo tak�

virazi dl� sum za qastotami v�d funk�� �r�na:

�

�1

lim

Æ!+0

P

�

G

p

(� )e

i�Æ

= �n

p

;

�

�1

lim

Æ!+0

P

!

G

q

(!)e

i!Æ

= �n

q

;

(33)

de n

q

= fexp(�~!

q

)� 1g

�1

| rozpod�l za ener���mi dl� fonon�v.

Zavd�ki l�n��nost� sp�vv�dnoxen~ (13), (19) teorema V�ka spravedliva tako� wodo operator�v 

p

(�); b

q

(!)

| seredn znaqenn�

~

T -dobutku bud~-�kogo qisla operator�v zvodit~s� do vs�h mo�livih poparnih seredn�h,

zokrema u vipadku qastinok do

�

p

1

;p

2

(�

1

; �

2

) = �

D

~

T

�



p

1

(�

1

) 

+

p

2

(�

2

)

	

E

o

: (34)

Zg�dno z� sp�vv�dnoxenn�mi (13), (21), (24),

�

p

1

;p

2

(�

1

; �

2

) = Æ

p

1

;p

2

�

Z

0

�

Z

0

d�

1

d�

2

 

�

�

1

(�

1

) 

�

2

(�

2

)G

p

1

(�

1

� �

2

)
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= Æ

p

1

;p

2

lim

Æ!+0

�

Z

0

�

Z

0

d�

1

d�

2

 

�

�

1

(�

1

) 

�

2

(�

2

)G

p

1

(�

1

� �

2

� Æ )

= Æ

p

1

;p

2

Æ

�

1

;�

2

lim

Æ!+0

(

X

�

G

p

(�) e

i�Æ

Æ

�;�

1

)

: (35)

�k na�prost�xi� priklad vikoristann� oder�anih sp�vv�dnoxen~ rozgl�n~mo obqislenn� vnesku S-matri�

u form� (14) u termodinam�qni� poten��l ferm�-sistemi v perxomu por�dku teor�Ý zburen~:




1

=

P

n�2

(n!)

�1

V

1�n

P

q

1

;:::;q

n

�

n

(q

1

; : : : ;q

n

)Æ

q

1

+:::+q

n

;0

�

0

n

(q

1

; : : : ;q

n

);

�

0

n

(q

1

; : : : ;q

n

) = �

1�n

lim

Æ

1

;:::;Æ

n!+0

P

!

1

;:::;!

2

Æ

!

1

+:::+!

n

;0

�

0

n

(x

1

; : : : ; x

n

);

(36)

de

�

0

n

(x

1

; : : : ; x

n

) = �

�1

D

~

T f�̂

x

1

�̂

x

2

: : : �̂

x

n

g

E

zv

0

= (�1)

n�1

�

�1

(n � 1)!

X

k;s

X

�

G

k+q

1

;s

(� + !

1

)G

k+q

1

+q

2

;s

(� + !

1

+ !

2

) � : : :

�G

k+q

1

+:::+q

n

;s

(� + !

1

+ : : :+ !

n

) exp fi [Æ

1

(� + !

1

) + Æ

2

(� + !

1

+ !

2

) + : : :+ Æ

n

(� + !

1

+ : : :+ !

n

)℄g (37)

| spektral~ne zobra�enn� n-qastinkovoÝ korel���noÝ funk�Ý bazisnoÝ sistemi (model� ferm�on�v bez vza-

mod�Ý); x

i

� (q

i

; !

i

) [8℄. Simvol h: : :i

zv

0

oznaqa zv'�zne seredn v�d dobutku n operator�v �̂

x

, �ke ne rozpadat~s�

na dobutok seredn�h v�d menxogo qisla takih operator�v.

Rozrahunok �

0

n

(q

1

; : : : ;q

n

) mo�na zd��sniti dvoma xl�hami: abo sperxu obqisliti sumu za qastoto� �,

rozbiva�qi dobutok funk�� �r�na u formul� (37) na prost� mno�niki � koristu�qis~ pravilom (35), a pot�m

obqisliti sumi za qastotami !

i

zg�dno z pravilom (33); abo � u formulah (36), (37) pere�ti v�d sum za

qastotami �, !

1

; !

2

; : : : ; !

n

do nezale�nih qastot �, �

1

= � + !

1

; �

2

= � + !

1

+ !

2

; : : : ; �

n

= � + !

1

+ : : :+ !

n

�

vikoristati pravilo (33). Drugim sposobom oder�umo dl� �

0

n

(q

1

; : : : ;q

n

) taki� viraz:

�

0

n

(q

1

; : : : ;q

n

) = (�1)

n�1

(n� 1)!

X

k;s

n

k+q

1

;s

n

k+q

1

+q

2

;s

: : :n

k+q

1

+:::+q

n

;s

: (38)

Vikoristovu�qi perxi� spos�b, oder�umo zobra�enn� dl� strukturnih faktor�v u tak�� form�:

�

0

2

(q;�q) = ��

�1

lim

Æ!+0

P

!

�

0

2

(x;�x);

�

0

2

(x;�x) = 2Re

P

k;s

(i! + "

k

� "

k+q

)

�1

�

n

k;s

e

i!Æ

� n

k+q;s

e

�i!Æ

	

;

�

0

3

(q

1

;q

2

;�q

1

� q

2

) = �

�2

� lim

Æ

1

;Æ

2

!+0

P

!

1

;!

2

f

3

(x

1

;�x

2

) + 

3

(x

2

; x

1

+ x

2

) + 

3

(�x

1

;�x

1

� x

2

)g;



3

(x

1

; x

2

) � 2Re

P

k;s

n

k;s

(i!

1

+ "

k

� "

k+q

1

)

�1

� (i!

2

+ "

k

� "

k+q

2

)

�1

e

iÆ

1

!

1

e

iÆ

2

!

2

;

(39)

� t. d. Obqisl��qi sumi (39) za qastotami Boze{Maubari za pravilom (33), znovu prihodimo do virazu (39).

Vikoristann� mno�nik�v exp(iÆ

j

�) � pereh�d do grani� Æ

j

! +0 p�sl� obqislenn� sum za qastoto� obo-

v'�zkov� v tih vipadkah, koli qislo funk�� �r�na zb�gat~s� �z qislom nezale�nih sum za qastotami. �kwo

� qislo nezale�nih sum menxe v�d qisla funk�� �r�na, to de�k� perehodi do grani� Æ

j

! +0 mo�liv� do

obqislenn� sum za v�dpov�dnimi qastotami. Napriklad, pri rozrahunku vnesk�v sukupnosti pol�riza��nih

d��gram n-go por�dku teor�Ý zburen~ (n � 2), porod�enih dvoqastinkovo� vzamod�� �

2

(q;�q) � propor��nih

�

�

0

2

(x;�x)

	

n

(nezale�n� qastoti �

1

; �

2

; : : : ; �

n

� !), sl�d skoristatis� pravilom (35) dl� rozrahunku �

0

2

(x;�x),

p�sl� qogo pere�ti do grani� Æ ! +0 u �

0

2

(x;�x) pered obqislenn�m sumi za qastoto� ! (p�sl� poperedn~ogo

p�dsumovuvann� r�du d��gram tipu geometriqnoÝ progres�Ý za stepen�mi mno�nika �

2

(q;�q)�

0

2

(x;�x)).

We odn�� �l�stra�� mo�e buti rozrahunok pol�riza��nogo operatora ferm�-sistem u nabli�enn� qo-
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tiriqastinkovih korel��� bazisnoÝ sistemi pri vrahuvann� dvoqastinkovih vzamod��:

M (x;�x) = �

0

2

(x;�x) + �M (x;�x);

�M (x;�x) = �

1

2�V

lim

Æ

i

!+0

X

q

1

;!

1

�

2

(q

1

;�q

1

)"

�1

(x

1

)�

0

4

(x;�x; x

1

;�x

1

); (40)

"(x

1

) = 1 +

1

V

�

2

(q

1

;�q

1

)�

0

2

(x

1

;�x

1

);

de

�

0

4

(x;�x; x

1

;�x

1

) = �

�1

D

~

T f�̂

x

�̂

�x

�̂

x

1

�̂

�x

1

g

E

zv

0

= �2�

�1

Re

P

k;s

P

�

G

k;s

(� )G

k+q;s

(� + !)G

k+q

1

;s

(� + !

1

)

�

�

2G

k;s

(�)e

iÆ

3

�

+G

k+q+q

1

;s

(� + ! + !

1

)e

iÆ

4

(�+!+!

1

)

	

e

iÆ

3

�

e

iÆ

1

(�+!)

e

iÆ

2

(�+!

1

)

:

(41)

Perxi� dodanok f�gurnoÝ du�ki v�dpov�da d��gram� vlasnoÝ ener��Ý, a drugi� | obm�nn�� (x � (q; !), x

1

�

(q

1

; !

1

)). Wob skoristatis� formulo� (33) dl� obqislenn� sumi za qastoto� !

1

u formul� (40), neobh�dno

zobraziti "

�1

(x

1

) u vigl�d� dvoh dodank�v,

1

"(x

1

)

= 1�

"(x

1

)� 1

"(x

1

)

; (42)

zapisu�qi �M (x;�x) �k sumu dvoh qlen�v. Pri rozrahunku perxogo z nih pere�demo do nezale�nih qastot

�; �

1

= � + !

1

, skoristamos~ formulo� (33) � pere�demo do grani� Æ

j

! +0:

�M

1

(x;�x) =

~

2

m�V

X

q

1

(q;q

1

)�

2

(q

1

;�q

1

)

X

k;s

(n

k;s

� n

k+q;s

)(n

k+q

1

;s

� n

k+q

1

+q;s

)

� Re

n

[i! + "

k

� "

k+q

℄

�2

[i! + "

k+q

1

� "

k+q

1

+q

℄

�1

o

:

Dl� prostih poten��l�v pri T = 0 K e� viraz zvodit~s� do dvovim�rnogo �nte�rala xl�hom perehodu v�d

zm�nnoÝ q

1

do k

1

= k + q

1

ta nastupnim �nte�ruvann�m za vektorami k;k

1

u il�ndriqn�� sistem� koordi-

nat (div. [9℄). Dodanok �M

1

(x;�x) v�dpov�da nabli�enn� �eldarta{Te�lora, �k� rozrahuvali l�n��nu za

poten��lom popravku do pol�riza��nogo operatora model� elektronnogo gazu u statiqn�� grani� [10℄.

Dl� viznaqenn� drugogo dodanka, �M

2

(x;�x) sl�d spoqatku rozrahuvati �

0

4

(x;�x; x

1

;�x

1

), vikonu�qi p�d-

sumovuvann� za qastoto� � u formul� (41) za pravilom (33) � perehod�qi do grani� Æ

i

! +0. Obqislenn�

sumi za vektorom k vikonumo v anal�tiqn�� form�, u rezul~tat� qogo oder�umo zobra�enn�

�

0

4

(x;�x; x

1

;�x

1

) =

3N

(2"

F

)

3

I

4

(q; q

1

; t;u; u

1

); (43)

de N | qislo qastinok u sistem�; "

F

=

~

2

k

2

F

2m

| ener��� Ferm�; I

4

(: : :) | bezrozm�rna funk�� bezrozm�rnih

ar�ument�v | q � jqj k

�1

F

; q

1

� jq

1

jk

�1

F

; t = os([q;q

1

); u = !(2"

F

q)

�1

; u

1

= !

1

(2"

F

q

1

)

�1

(div. [5℄). Nastupni�

rozrahunok dodanka

�M

2

(x;�x) =

1

2�V

X

q

1

;!

1

�

2

(q

1

;�q

1

)

"(x

1

)� 1

"(x

1

)

�

0

4

(x;�x; x

1

;�x

1

) (44)

dl� absol�tnogo nul� temperaturi zvodit~s� do trivim�rnogo �nte�rala za zm�nnimi q

1

; u

1

; t, wo vikonut~s�

qisel~no.
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IV. VISNOVKI

Vikoristann� spektral~nogo zobra�enn� statis-

tiqnogo operatora kvantovih sistem | ferm�on�v,

bozon�v abo kvaz�qastinok | znaqno sprowu d��-

gramnu tehn�ku teor�Ý zburen~ dl� rozrahunku ter-

modinam�qnih ta strukturnih funk�� � nada bazis-

nomu p�dhodu un�versal~nih mo�livoste�.

Zaproponovane spektral~ne zobra�enn� funk��

�r�na bazisnih sistem u form� (23), (24) ta (29){(31),

(35) da zmogu formal�zuvati viznaqenn� d��gram te-

or�Ý zburen~ � usuva trudnow� obqislenn� sum za qas-

totami, �k� haraktern� dl� zviqa�noÝ tehn�ki [1℄.
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THE SPECTRAL REPRESENTATION OF STATISTICAL OPERATOR AND GREEN'S

FUNCTIONS AT THE FINITE TEMPERATURE

M. V. Vavrukh, S. B. Slobodyan

The Ivan Franko National University of Lviv, Department for Astrophysis,

8 Kyryla and Mefodia Str., Lviv, UA-79005, Ukraine

The spetral representation of the statistial operator for the eletron liquid model was suggested previosly by

one of autors. This approah is generalized for homogeneous Fermi or Bose systems with many-partile interations,

as well as for the eletron{phonon model. The spetral representation of Green's funtions referene systems

(partile or phonon) was proposed. It allows to formalize the alulation of the sum over the frequeny and

simplify the proedure of alulation of the pertubation theory diagram.

282


