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A numerial alulation of the DC Stark e�et for hydrogen atom and Wannier{Mott exitons in

an external uniform DC eletri �eld is arried out within the operator perturbation theory method.

New adequate model for desription of the unique espeialitites in the photoionization spetra of

the hydrogeni atoms is proposed. The positions of the high-exited resonanes alulated in the

ionization ontinuum are in a good agreement with known experiment of Glab et al. It is found

that the Stark shift for the n = 2 state of exitons in the Cu

2

O semiondutor (yellow series) at

the eletri �eld strength 600 V/m results in �3:1� 10

�4

eV whih agrees well with experimental

data of Gross et al. It is indiated also that the analogous unique espeialitites may possibly take

a plae in the Wannier{Mott exitons spetra near the threshold boundary.
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I. INTRODUCTION

Observation of the Stark e�et in a onstant (DC) ele-

tri �eld near threshold in hydrogen and alkali atoms led

to the disovery of resonanes extending into the ion-

ization ontinuum by Glab et al. and Freeman et al.

(. f. [1{8℄). Though the known semi-empirial approah

of Harmin (. f. [1{8℄) is e�etive enough, a full adequate

onsistent theory of this phenomena is absent hitherto.

Calulation of the atomi harateristis in a strong ele-

tri DC �eld remains very important problem of modern

atomi physis and also of the physis of semiondutors,

in partiular [1{24℄.

It is well known [12{16℄ that the availability of ex-

itons in semiondutors resulted experimentally in the

speial form of the main absorption band edge and ap-

pearane of disrete levels struture (f. e. hydrogen-like

spetrum in Cu

2

O). Beginning from known papers of

Gross{Zaharhenya, Thomas and Hop�eld et al. (. f. [7,

15, 23{25℄), a alulation proedure of the Stark e�et for

exiton spetrum attrats a deep interest permanently.

As it is well known [24℄, external eletri �eld shifts and

broadens the bound state atomi levels. The standard

quantum-mehanial approah mutually relates omplex

eigen-energies (EE) E = E

r

+ 0:5iG and omplex eigen-

funtions (EF) to the resonanes' shape. The alula-

tion diÆulties in the standard quantum mehanial ap-

proah are well known [24℄.

The WKB approximation overomes these diÆulties

for the states, lying far from \new ontinuum" bound-

ary and, as a rule, is appliable in the ase of a rela-

tively weak eletri �eld. The same ould be regarded

to the widespread asymptoti phase method (. f. [1, 3,

5℄, based on the Breit{Wigner parameterisation for the

phase shift dependene on sattering energy. Some mod-

i�ations of the WKB method were introdued by Popov

et al. and Ostrovsky et al. (. f. [1{5℄). Quite another al-

ulation proedures are used in the Borel summation of

the divergent perturbation theory (PT) series and in the

numerial solution of the di�erene equations following

from expansion of the wave-funtion over �nite basis.

In Ref. [6℄ a onsistent uniform quantum-mehanial

approah to the non-stationary state problems solution

has been developed inluding the Stark e�et and also

the sattering problems. The essene of the method is the

inlusion of the well known method of \distorted waves

approximation" in the frame of the formally exat PT.

The zeroth order Hamiltonian H

0

of this PT possesses

only stationary bound and sattering states. In order to

overome the formal diÆulties, the zeroth order Hamil-

tonian was de�ned using the set of the orthogonal EF

and EE without speifying the expliit form of the or-

responding zeroth order potential. In the ase of the opti-

mal zeroth order spetrum , the PT smallness parameter

is of the order of G=E, where G and E are the �eld width

and bound energy of the state level. One ould see that

G=E � 1=n even in the viinity of the \new ontinuum"

boundary (where n is the prinipal quantum number).

This method is alled the operator PT (OPT) approah

[6℄.

In Refs. [10, 11℄ a modi�ed versions of the OPT

approah have been developed for solution of the iso-

topes separation problem and an aount of the non-

hydrogeni e�ets was done as well as the improvement

of the onvergene proedure. It is very important to note

that the hamiltonian H

0

is de�ned so that it oinides

with the general HamiltonianH at "! 0. (" is the ele-

tri �eld strength). Let us note that perturbation in OPT

does not oinide with the eletri �eld potential though

they disappear simultaneously. An inuene of the orre-

sponding eletri potential model funtion hoie on the

values of the Stark resonanes energies and bandwidths
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does not signi�antly hange the �nal results for the res-

onanes shifts and widths [6, 11℄. All said above regards

the Wannier{Mott exiton harateristis in semiondu-

tors as well.

In this paper we have used the OPT method [6℄ for

exat alulation of the DC Stark e�et for hydrogen

atom and Wannier{Mott exitons in an external uni-

form DC eletri �eld and the orresponding photoion-

ization spetra. New adequate model for desription of

the unique espeialitites in the photoionization spetra

of the hydrogeni atoms is proposed. The positions of the

high-exited resonanes in the ionization ontinuum al-

ulated are in a good agreement with known experiment

of Glab et al. (. f. [3, 5℄). A ase of alkali atoms has been

onsidered in Refs. [7, 8, 15℄. It is indiated also that the

analogous unique espeialitites may possibly take a plae

in the Wannier{Mott exitons spetra near the threshold

boundary.

II. QUANTUM-MECHANICAL MODEL

As usually, the Shr�odinger equation for the eletroni

eigen-funtion taking into aount the uniform DC ele-

tri �eld and the �eld of the nuleus (Coulomb units are

used: a unit is ~

2

=Ze

2

m and a unit of mZ

2

e

4

=~

2

for en-

ergy) looks like:

[�(1� N=Z=r+ "z � 0:5��E℄ = 0; (1)

where E is the eletroni energy, Z is harge of nuleus,

N is the number of eletrons in atomi ore. Our ap-

proah allow to use more adequate forms for the ore

potential (. f. [17{22℄), inluding the most onsistent

quantum eletrodynamis proedure for onstrution of

the optimized one-quasi-eletron representation and ab

initio ore potential, providing a needed spetrosopi

auray. After separation of variables, equation (1) in

paraboli o-ordinates ould be transformed to the sys-

tem of two equations for the funtions f and g:

f

00

+

jmj+ 1

t

f

0

+ [0:5E + �

1

�N=Z)=t

� 0:25 "(t) t℄ f = 0; (2)

g

00

+

jmj+ 1

t

g

0

+ [0:5E+ �

2

=t+ 0:25 "(t) t℄ g = 0 (3)

oupled through the onstraint on the separation on-

stants:

�

1

+ �

2

= 1:

For the uniform eletri �eld "(t) = ". In Ref. [6℄, the

uniform eletri �eld " in (3) and (4) was substituted

by model funtion "(t) with parameter � (� = 1:5 t

2

).

Here we use another funtion, whih satis�es to nees-

sary asymptoti onditions (.f. [11℄):

"(t) =

1

t

�

(t� � )

�

2

�

2

+ t

2

+ �

�

: (4)

Potential energy in equation (4) has the barrier. Two

turning points for the lassial motion along the � axis,

t

1

and t

2

, at a given energy E are the solutions of the

quadrati equation � = �

1

, E = E

0

). It should be men-

tioned that the �nal results do not depend on the pa-

rameter � . It is neessary to know two zeroth order EF

of H

0

: bound state funtion 	

Eb

("; �; ') and sattering

state funtion 	

Es

("; �; ') with the same EE in order to

alulate the width G of the onrete quasi-stationary

state in the lowest PT order. Firstly, one would have to

de�ne the EE of the expeted bound state. It is the well

known problem of states quanti�ation in the ase of the

penetrable barrier. We solve the (2){(3) set here with the

total Hamiltonian H using the onditions [6℄:

f(t)) ! 0; t!1;

�x(�;E)=�E = 0 (5)

with

x(�;E) = lim

t!1

[g

2

(t) + fg

0

(t)=kg

2

℄ t

jmj+1

:

These two onditions quantify the bounding energy

E, with separation onstant �

1

. The further proedure

for this two-dimensional eigenvalue problem results in

solving of the system of the ordinary di�erential equa-

tions (2), (3) with probe pairs of E; �

1

. The bound state

EE, eigenvalue �

1

and EF for the zero order Hamil-

tonian H

0

oinide with those for the total Hamilto-

nian H at " ! 0, where all the states an be las-

si�ed due to quantum numbers: n; n

1

; l;m (prinipal,

paraboli, azimuthal) that are onneted with E; �

1

;m

by the well known expressions. We preserve the n; n

1

;m

states-lassi�ation in the " 6= 0 ase. The sattering

states' funtions must be orthogonal to the above de-

�ned bound state funtions and to eah other. Aording

to the OPT ideology [6, 9, 17℄, the following form of g

E

0

s

is possible:

g

E

0

s

(t) = g

1

(t) � z

0

2

g

2

(t) (6)

with f

E

0

s

, and g

1

(t) satisfying the di�erential equa-

tions (2) and (3). The funtion g

2

(t) satis�es the non-

homogeneous di�erential equation, whih di�ers from (3)

only by the right hand term, disappearing at t ! 1.

The oeÆient z

0

2

ensures the orthogonality ondition

and ould be de�ned as:

z

0

2

=

R R

d�d� (� + �) f

2

Eb

(�) g

Eb

(�) g

1

(�)

R R

d�d� (� + �) f

2

Eb

(�) g

Eb

(�) g

2

(�)

:
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The imaginary part of state energy in the lowest PT

order is:

Im E = G=2 = �h	

Eb

jHj	

Es

i

2

(7)

with the general HamiltonianH (G is resonane width).

The state funtions 	

Eb

and 	

Es

are assumed to be nor-

malized to unity and by the Æ(k� k

0

)-ondition, aord-

ingly. The photoionization ross setion ould be de�ned

as follows:

�

F

=

4�

2

~!

137

X

l;l

0

h0jr

m

j	

l

0

i

�

h	

0

j	i

�1

�

ll

0

h	

l

jr

m

j0i; (8)

where j0i is the initial state of the atom, r

m

= z for �-polarized light and r

m

=

�

1=

p

2

�

(x� iy) for �-polarization;

h	

0

l

0

j	

l

i is the overlap matrix of the set f	g (see details of its de�nition in [4℄ and referenes therein). Note then

that the whole alulation proedure at known resonane energy E and separation parameter � has been redued to

the solution of one system of the ordinary di�erential equations. For its solution we use our numeral atomi ode

[6{9, 15{20℄. The alulation results for Stark resonanes energies and bandwidths for some states of N atom are

presented in Tables 1, 2. For omparison we have indiated the data obtained within another approah | omplex

eigen-values and numerial alulation [5℄.

n n

1

n

2

m E, Ref. [5℄ G, Ref. [5℄ E, Present paper G, Present paper

24 23 0 0 0.1192 0.2752 0.1194 0.2754

25 23 1 0 0.2748 1.0868 0.2749 1.0871

25 23 0 1 0.8298 0.7484 0.8301 0.7487

25 24 0 0 1.4329 0.4175 1.4331 0.4177

Table 1. The energies E

r

(atomi units) and widths G (atomi units) of Stark resonanes of the hydrogen atom in

a DC eletri �eld with strength: " = 6:5 kV/m.

n n

1

n

2

m E, Present paper G, Present paper

24 23 0 0 1.9495 0.5245

25 23 1 0 2.0397 1.6814

25 23 0 1 2.6983 1.1878

25 24 0 0 3.3827 0.6382

Table 2. The energies E

r

(atomi units) and widths G

(atomi units)of Stark resonanes of the hydrogen atom

ina DC eletri �eld with strength: " = 8:0 kV/m.

For the most long-living Stark resonanes with quan-

tum numbers n

2

= 0; m = 0, a width of energy level is

signi�antly less than a distane between them. These

states are mostly e�etively populated by �-polarized

light under transitions from states with (n

1

� n

2

) =

max;m = 0. As a result, the sharp isolated resonanes

(their positions under E > 0 are determined by ener-

gies of quasi-stationary states with n

2

= 0; m = 0) are

appeared under photo ionization from these states in a

ase of �-polarization. In partiular, alulated values of

photo ionization ross-setions (" = 6:5 kV/m): (24, 23,

1, 0) �

F

= 0:63 (atomi units), (24, 23, 0, 0) �

F

= 1:7

(atomi units) [5℄.

III. WANNIER{MOTT EXCITONS IN A DC

ELECTRIC FIELD

The analogous method an be formulated for desrip-

tion of the Stark e�et in the Wannier{Mott exitons in

semiondutors (CdS, Cu

2

O). The Shr�odinger equation

for the Wannier{Mott exiton has a standard form:

�

�

~

2

r

2

e

2m

�

e

�

~

2

r

2

h

2m

�

h

�

e

2

"r

eh

� eEr

e

� eEr

h

�

	 = E	: (9)

Here all notations are standard. A vetor potential is

as follows: A(r) = 1=2[Hr℄. Under transition to system

of exiton masses entre by means of introduing the rel-

ative oordinates: r = r

e

� r

h
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� = (m

�

e

r

e

+m

�

h

r

h

) = (m

�

e

+m

�

h

)

0

;

one ould rewrite (9) as:

h

�

~

2

r

2

2�

�

e

2

"r

�

~

2

�

1

m

�

h

�

1

m

�

e

�

�K p � eEr

i

F =

h

E �

~

2

K

2

8�

i

F:

This equation then ould be solved by the method,

desribed above. Preliminary estimates show that this

approah, in a ase of eletri DC �eld, gives the results

for Stark states in a reasonable agreement with known

results of Thomas and Hop�eld (TH) [15℄. Aording to

our preliminary estimate, the Stark shift for the n = 2

state of exitons in the Cu

2

0 semiondutor (yellow se-

ries) at the eletri �eld strength 600 V/m results in

�3:1 � 10

�4

eV. This value agrees well with experimen-

tal data of Gross et al. [23℄. Ionization of the exiton in

an eletri DC �eld ours if a hange of potential on

a small enough distane (the orbits diameter) is om-

parable with a bonding energy of partile on this orbit.

Aording to data of Gross et al. [23℄, the orresponding

eletri �eld is � 9 � 10

3

V/m. Our alulation agrees

with this value. Near ionization boundary, a hydrogen

atom demonstrates a behaviour of quantum haoti sys-

tem, inluding the di�usion mehanism of ionization. Be-

sides, for non-hydrogen atoms, there are unique espeial-

itites in the photoionization spetra (alkali atoms). Prob-

ably, the analogous unique espeialitites may take a plae

in the Wannier{Mott exitons spetra in semiondutors

(of Cu

2

O type) near the threshold boundary. One ould

suppose very interesting mehanism of the exiton ion-

ization under di�erent values of the eletri �eld strength

with possible positive energy resonanes in spetra.

IV. CONCLUSIONS

1. We have demonstrated for the �rst time the ex-

istene of ommon features in behaviour of suh a dif-

ferent physial objets as hydrogen atom, non-hydrogen

(alkali) atoms and Wannier{Mott exiton under Stark

e�et aused by a DC eletri �eld.

2. The alulation proedure seems to be the genera-

tor of the states mixture leading to the resonane states

ionization threshold lying in the ontinuum.
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EFEKT XTARKA TA REZONANSI V �ON�ZAC��NOMU KONTINUUM�

DL� ATOMA VODN� TA EKSITON�V VAN^�{MOTTA

V POST��NOMU ELEKTRIQNOMU POL�
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Metodom operatornoÝ teor�Ý zburen~ rozrahovano efekt Xtarka dl� atoma vodn� ta eksiton�v Van~{

Motta (nap�vprov�dnik Cu

2

O) v odnor�dnomu elektriqnomu pol�. Nezviqa�n� osoblivost� u spektr� foto-

�on�za�Ý vodnepod�bnih sistem opisan� na p�dstav� adekvatnoÝ kvantovomehan�qnoÝ model�. Ener��Ý visoko

roztaxovanih rezonans�v u �on�za��nomu kontinuum� dobre uzgod�u�t~s� z v�domimi eksperimental~nimi

danimi �laba � sp�vrob�tnik�v. Rozrahovano xtark�vs~k� zsuvi dl� nizki stan�v eksitonu v nap�vprov�dniku

Cu

2

0 (�ovta ser��) v elektriqnomu pol� 600 V/m. Rezul~tati rozrahunku dobre uzgod�u�t~s� z eksperi-

mental~nimi danimi �rossa � sp�vrob�tnik�v. Peredbaqeno mo�liv�st~ vi�vu nezviqa�nih osoblivoste� u

spektrah eksiton�v Van~{Motta poblizu me�� �on�za�Ý ostann�h.
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